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Preface

Theory of formal languages (or automata) constitutes a cornerstone of theoretical com-

puter science. Ho w ev er, its origin and motiv ation come from di�eren t sources:

1. Switching cir cuits as mo dels for electrical engineers.

2. Gr ammars as mo dels for the structure of natural languages (Chomsky , 1956).

3. Mo dels for biological phenomena:

Neur al networks whic h lead to �nite automata (McCulloh, Pitts, 1943).

Lindenmayer systems as mo dels for the gro wth of organisms (Lindenma y er, 1968).

4. Mo dels in di�eren t parts of theory of programming languages:

parsing, compiling, text editing, . . .

5. Mo dels for mathematical (and philosophical) questions of computabilit y (T uring,

1936; P ost).

The ab o v e list also pro vides examples of applications of formal languages. Other new er

application areas are crypto gr aphy and c omputer gr aphics .

F ormal language theory is part of discrete mathematics ha ving connections to man y

other �elds:
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In this course w e concen trate on languages (e.g. sets of w ords) describ ed b y �nite

automata , c ontext-fr e e gr ammars and T uring machines .
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Chapter 1

Preliminaries

1.1 Basic notions of w ords and languages

First w e �x some notions and notations of w ords:

A lphab et � : nonempt y (�nite) set of sym b ols, lik e � = f a; bg.

W or d w : a sequence of sym b ols, lik e (a; b; a) = aba.

� �
(resp. � +

): the set of all �nite (resp. �nite nonempt y) w ords.

L anguage L : a set of w ords, L � � �
.

Empty wor d 1: the sequence of 0 sym b ols.

Catenation or pr o duct of w ords:

a1 � � � an � b1 � � � bm = a1 � � � anb1 � � � bm :

Clearly , this is an asso ciativ e op eration, so that (� � ; �) (resp. (� + ; �) ) is a monoid

(resp. semigroup) ha ving 1 as the unit elemen t. Moreo v er, they are fr e e , i.e. eac h w ord

has the unique presen tation as the pro duct of letters. They are called the fr e e monoid

and fr e e semigr oup generated b y � .

Let w; u 2 � �
, � � � , a 2 � and L; K � � �

. W e set:

L ength of w = jwj : total n um b er of letters in w ; j1j = 0 .

jwja : n um b er of a's in w .

A lphab et of w : alph(w) = f a 2 � j jwja � 1g.

F actors : u is a factor of w (resp. left factor or pr e�x , right factor or su�x ) if there

exists w ords x and y suc h that

w = xuy ( resp. w = uy ; w = xu):

F actors are pr op er if they are di�eren t from w . In the case of left or righ t factors w e

write:

u = wy� 1
and u = x � 1w;

as w ell as u � w ( resp. u < w )

if u is a (resp. prop er) left factor of w .

1



1.1 Basic notions of w ords and languages 2

R everse of w = a1 � � � an ; ai 2 � : wR = an : : : a1 .

F actorization of w : an y sequence u1; : : : ; un of w ords suc h that

w = u1 � � � un : (1.1)

(1.1) is L -factorization i� eac h ui 2 L . It is natural to write

L � = f u1 � � � un j n � 0; ui 2 Lg;
and L+ = f u1 � � � un j n � 1; ui 2 Lg:

Hence, eac h w ord in L �
has at le ast one L -factorization. If there exists only one suc h

factorization then L is a c o de and it fr e ely gener ates the monoid L �
(Indeed, L �

is a

monoid, and a submonoid of � �
).

n :th p ower of w : w0 = 1; wn = ( wn� 1)w = w(wn� 1) .

Finally , w 2 � +
is primitive i� it is not a prop er p o w er of an y w ord:

w = un =) n = 1 ( and hence u = w):

Most of the ab o v e notions extend in a natural w a y to languages:

alph(L) =
[

w2 L

alph(w);

L � 1K = f u� 1w j u 2 L; w 2 K g; etc.

Next w e pro v e a few basic com binatorial prop erties of w ords:

Theorem 1.1. W or ds u; v 2 � �
c ommute, i.e. uv = vu, i� they ar e p owers of a some

wor d, i.e. ther e exists z such that u; v 2 z�
.

Pr o of. ( : Clear.

) : By induction on juvj .

Case juvj = 0 is clear: u = v = 1 . Assume that juvj = k . No w

uv = vu (1.2)

whic h can b e illustrated as:

u v

v u
If juj = jvj , then necessarily u = v , and w e can c ho ose z = u . So b y symmetry , w e ma y

assume juj < jvj . Hence there exists t 2 � +
suc h that

v = ut:

If u = 1 w e can c ho ose z = v . Otherwise w e can write (1.2) in the form

uut = utu;
or equiv alen tly , ut = tu: (1.3)

Since juj 6= 0 , jutj < juvj and w e can apply induction h yp othesis to (1.3) to conclude

that there exists z suc h that u; t 2 z�
. Hence u; v 2 z�

, to o.
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Theorem 1.1 c haracterizes comm utation of t w o w ords. Similarly w e can c haracterize

the prop ert y that w ords u and v are c onjugates , i.e. for some w ords p and q, u = pq and

v = qp.

Theorem 1.2. W or ds u; v 2 � +
ar e c onjugates i�

9z : uz = zv (1.4)

i� 9z; p; q : u = pq ; v= qp and z 2 p(qp)� : (1.5)

Pr o of. Clearly , if u and v are conjugates, they satisfy (1.5), and con v ersely (1.5) implies

that u and v are conjugates. So it remains to b e pro v ed that (1.4) and (1.5) are equiv-

alen t.

(1.5) ) (1.4): Clear. Indeed, if u = pq, v = qp and z = p(qp)n
, n � 0, then

uz = pq p(qp)n = p qp(qp)n = p(qp)n qp= zv:

(1.4) ) (1.5): Assume that uz = zv. Then for all n � 1:

unz = un� 1uz = un� 1zv ind. =
h yp.

zvn� 1v = zvn :

No w, c ho ose n suc h that

njuj � j zj > (n � 1)juj

and consider the equation

unz = zvn : (1.6)

Then necessarily

z = un� 1p and zq = un
for some p and q:

No w

un = zq = un� 1pq ; so that u = pq

and, b y (1.6) and ab o v e,

vn = qz = q(pq)n� 1p = ( qp)n ; so that v = qp:

This completes the pro of.

The pro of of Theorem 1.1 translates straigh tforw ardly to

Theorem 1.3. A ny wor ds u; v 2 � �
satisfying a nontrivial identity ar e p owers of a

some wor d.

Theorem 1.3 is a v ersion of so�called Defect Theorem (cf. Lothaire: Combinatorics

of wor ds ). It also has an in teresting corollary

Theorem 1.4. F or e ach wor d u 2 � +
ther e exists a unique primitive wor d � such that

u = � n
for some n � 1.

Pr o of. Clearly , there exists at least one suc h � . Assume that b oth � and � 1 are suc h

w ords, sa y � n = u = � m
1 . Then � and � 1 satisfy a non trivial iden tit y

� 2n = xx = � 2m
1

so that they are p o w ers of a w ord, and hence b y the primitiv eness � = � 1 .
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The w ord � = � (u) of the previous theorem is called the primitive r o ot of u .

As the �nal example of com binatorial prop erties of w ords w e men tion (without a

pro of ) the follo wing basic p erio dicit y lemma. Here u!
denotes the in�nite w ord uu : : : .

Theorem 1.5. L et u; v 2 � +
. If u!

and v!
have a c ommon pr e�x of length juj + jvj �

gcd(juj; jvj) , then � (u) = � (v) .

A w eak er form of Theorem 1.5 is as follo ws:

Corollary 1.6. If x � u!
, x � v!

and jxj � j uj + jvj , then � (u) = � (v) .

No w, w e turn from w ords to languages, i.e. sets of w ords. There are a n um b er of

natural op erations on languages. F or languages L; K � � �
w e de�ne:

union : L [ K

interse ction : L \ K

c omplement : � � n L = L0

9
>>>=

>>>;

Bo olean op erations

di�er enc e : L n K = f w j w 2 L; w 62K g

c atenation or pr o duct : LK = f uv j u 2 L; v 2 K g

left quotient : L � 1K = f u� 1v j u 2 L; v 2 K g

p ower : L0 = f 1g; Ln = ( Ln� 1)L

iter ation or Kle ene star : L � =
S

i � 0 L i = f u1 � � � un j n � 0; ui 2 Lg

1-fr e e iter ation or Kle ene plus : L+ =
S

i � 1 L i = f u1 � � � un j n � 1; ui 2 Lg:

Op erations union, catenation and iteration are called r ational . Indeed, they cor-

resp ond arithmetic op erations sum, pro duct and in v erse (L � = f 1g [ L [ L2 : : : $
(1 � L)� 1) .

T w o other imp ortan t op erations are morphic and inverse morphic image of a lan-

guage:

h(L) = f h(u) j u 2 Lg � � �

and

h� 1(L) = f v j h(v) 2 Lg � � � ;

where h : � � ! � �
is a morphism , i.e. mapping satisfying

h(uv) = h(u)h(v) ; 8u; v 2 � � :

W e can easily conclude a n um b er of iden tities on languages, for example

(LM )N = L(MN );

L(M [ N ) = LM [ LN;

(L � )� = L � L � = L � ; etc.
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1.2 Sp eci�cations of languages and language families

An ob vious problem is: How to sp e cify a language ? In the case of �nite languages the

simplest w a y is to make a list of all w ords of a language. F or an in�nite language this

w ould not lead to a �nite description.

Is is also w orth noting that although � is �nite, � �
is den umerable and, hence the

n um b er of subsets of � �
, i.e. languges o v er � is nonden umerable. Consequen tly , w e can

�e�ectiv ely� describ e only v ery few of all p ossible languages.

The three metho ds used in this course to describ e languages are as follo ws:

I. Via certain op er ations ,

I I. Via ac c eptanc e b y a device,

I I I. Via gener ation b y a grammar.

I. W e sa y that a family L of languages (o v er � ) is close d under op eration ' , if

whenev er ' is applied to a language in L the result is also in L . No w, one w a y to de�ne

a family L is to �x certain family of initial languages and certain closur e op er ations ,

and sa y that L constitutes of those languages whic h are obtained b y applying a �nite

n um b er of times these op erations to initial languages. Or more concretely:

De�nition 1.1. The family of r ational languages o v er � , in sym b ols Rat(�) , is de�ned:

(i) ; 2 Rat(�) and f ag 2 Rat(�) , for a 2 � ,

(ii) if L1; L2 2 Rat(�) , then L1 [ L2 2 Rat(�) ,

(iii) if L1; L2 2 Rat(�) , then L1L2 2 Rat(�) ,

(iv) if L 2 Rat(�) , then L � 2 Rat(�) ,

(v) Rat(�) is the smallest family satisfying (i)-(iv).

Clearly , (v) can b e replaced b y

(vi) Rat(�) con tains only those languages whic h are obtained from languages in (i) b y

applying op erations (ii)-(iv) a �nite n um b er of times.

Th us eac h rational language is obtained b y applying op erations union, catenation

and iteration �nitely man y times to singleton languages and the empt y language. Conse-

quen tly , w e can asso ciate with a rational language a sequence of applications of (ii)-(iv),

in other w ords, an expression, called r ational expr ession , whic h describ es the initial lan-

guages and applications of the op erations. In order to a v oid unnecessary paren thesis in

these op erations w e agree the pr efer enc e of the op erations to b e

iteration, catenation, union.

Moreo v er w e iden tify f ag and a. Then, for example

ab� [ ba=
�
a(b� )

�
[ (ba) ; ; � = f 1g;

and the iden tit y

a(aa)� [ (aa)� = a� (= f ag� )

sho ws that the represen tation is not unique.
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De�nition 1.2. F ormally r ational expr essions are de�ned as:

(i) ; and a, for a 2 � , are rational expressions,

(ii-iv) if � and � are rational expressions, so are (� [ � ); (�� ) and (� � ) .

(v) these are all rational expressions.

No w languages de�ned b y rational expressions are de�ned in a natural w a y: ; de�nes

empt y language, a de�nes f ag and (� [ � ) de�nes the union of those de�ned b y � and

� , etc.

I I. W e tak e here only a v ery simple example. Con-

sider the set of paths in the follo wing lab eled graph lead-

ing from the no de 1 in to itself. The sequence of lab els

encoun tered forms a w ord o v er f a; bg, and hence the

ab o v e rule de�nes a language, whic h is (a+ b)�
.

1 2

a

b

a

I I I. In this metho d an initial sym b ol, as w ell as (substitution) rules ho w from a w ord

new w ords are deriv ed and the language generated consists of those w ords (of certain

t yp e) whic h are obtained from the initial sym b ol b y these rules.

F or example, if the initial sym b ol is S and the rules are � S can b e replaced b y aSb or

1�, formally S ! aSb, S ! 1, then the set of w ords in f a; bg�
obtained is f anbn j n � 0g.

Or more formally:

De�nition 1.3. Chomsky gr ammar , or gr ammar in short, is a quadruple

G = ( V;� ; P; S);
where

� V is an alphab et con taining terminal and nonterminal alphab ets, � and N = Vn� ,

� P is a �nite set of pr o ductions , whic h are of the form

� �! � ; � 2 V � NV �
and � 2 V � ;

� S is the initial symb ol .

De�ne a relation ) G in V � � V �
as follo ws:

u ) G v i� 9u0; u00; �; � 2 V � : u = u0�u 00; v = u0�u 00
and � ! � 2 P :

Let ) �
G b e the tr ansitive and r e�exive closur e of ) G, i.e.

u ) �
G v i� u = v or 9k � 1 and u1; : : : ; uk 2 V � : u = u1 ) G u2 ) G : : : ) G uk = v

| {z }
= D

:

No w, the language gener ate d by G is

L(G) = f w 2 � j S ) �
G wg:

F or brevit y , w e often write ) instead of ) G. F urther if u ) G v (resp. u ) �
G v ) w e

sa y that u derives dir e ctly (resp. derives ) v according to G. A derivation of v from u is

the ab o v e sequence D .
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Example 1.1. Consider grammar (f a; b; S; S0g; f a; bg; P; S) , where P = f S ! S0; S !
aSb; S0 ! S0b; S0 ! 1g. Then w e ha v e

S ) aSb) aaSbb) aaS0bb) aaS0bbb) aabbb2 L(G);

and S ) S0 ) S0b ) S0bb) bb2 L(G):

It is not di�cult to see that

L(G) = f anbm j m � n � 0g:

Example 1.2. Consider grammar G = ( f a;# ; t; t 0; Sg; f ag; P; S) , where P consists of

S �! # ta# ;

ta �! aat;

t# �! t0# j t0;

at0 �! t0a;

# t0 �! # t j 1:

With t w o exceptions next step of an y deriv ation is unique. Based on this one can

conclude that L(G) = f a2n
j n � 1g.

Our goal is to de�ne di�eren t families of languages b y grammars. This is ac hiev ed

b y restricting the form of pro ductions leading to so�called Chomsky hier ar chy

L 3 � L 2 � L 1 � L 0 (1.7)

de�ned b elo w. As w e shall see eac h of these families can b e de�ned as families accepted

b y di�eren t t yp es of automata, as w ell.

F amily F orm of pro ductions T yp e of languages Corresp onding automata

L 0 no restriction

RE , recursiv ely

en umerable

T uring mac hine

L 1
�A
 ! ��
; S ! 1
A 2 N; �; �; 
 2 V � ; � 6= 1

CS, con text�

sensitiv e

linearly b ounded

automaton (lba)

L 2 A ! �; A 2 N; � 2 V �
CF, con text�free

pushdo wn automaton

(p da)

L 3
A ! � j �B (righ t linear)

A; B 2 N; � 2 � �
Rat or Reg

rational or regular

�nite automaton (F A)

T able 1.1: Classi�cation of grammars

Of course, languages in L i in table 1.1 on page 7 can b e called typ e i languages.

W e shall see that the hierarc h y (1.7) is strict. A ctually , there are man y p ossibilities

to re�ne the Chomsky hierarc h y . The diagram 1.2 on page 8 illustrates these p ossibilities

(b ecomes clearer later).
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LinDet

Rec

different
complexity
classes

L

0

= RE

L

1

= C S = SP A CE ( n )

L

2

= C F

L

3

= Rat = Reg

Figure 1.1: Re�ned Chomsky hierarc h y



Chapter 2

Regular languages

2.1 Finite automata

F amily of regular languages is v ery basic in formal language theory . Mathematically

regular languages are natural extensions of �nite languages, and from the computer sci-

ence p oin t of view, they corresp ond languages whic h can b e recognized b y �nite memory

devices.

Informally , �nite automaton can b e describ ed as follo ws:

It consists of an input tap e, a reading head and a �nite n um b er

of in ternal states. It reads the input sym b ol b y sym b ol, and

in a step the automaton can c hange its in ternal state based

on the sym b ol and the curren t state. Initially the automaton

is in a sp eci�ed initial state, and it accepts the input, if after

reading it the automaton is in some of sp eci�ed �nal states.

I N P U

� � �

�!

read only head

q0 q1

qf

.

.

.

^

De�nition 2.1. F ormally , deterministic �nite automaton , DF A for short, is a quin tuple

A = ( Q; � ; �; q0; F );
where

(i) Q is a �nite set of states

(ii) � is a �nite input alphab et ,

(iii) � : Q � � ! Q is a partial tr ansition function ,

(iv) q0 2 Q is the initial state,

(v) F � Q is a set of �nal states.

The (partial) mapping � : Q� � ! Q is extended to a (partial) mapping Q� � � ! Q
(whic h is still denoted b y � ) as follo ws:

� (q;1) = q

� (q; wa) = �
�
� (q; w); a

�
8w 2 � � ; a 2 � :

DF A A ac c epts or r e c o gnizes the language

L(A ) = f w 2 � � j � (q0; w) 2 F g:

9
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F urther a language L � � �
is r e gular or r e c o gnizable i� it is accepted b y a DF A. The

family of all regular languages o v er � is denoted b y Reg (�) or Rec (�) .

No w, the relation w = a1 � � � an 2 L(A ) , with ai 2 � , means that there exist states

q1; : : : ; qn suc h that

� (qi � 1; ai ) = qi for i = 1; : : : ; n and qn 2 F:

This can b e illustrated as follo ws:

q0
a1���! q1

a2���! : : :
an � 1���! qn� 1

an���! qn 2 F (2.1)

or (q0; a1 � � � an ) ` (q1; a2 � � � an ) ` � � � ` (qn� 1; an ) ` (qn ; 1): (2.2)

More brie�y , the ab o v e illustrations, whic h sho w ho w A ac c epts w or ho w A c omputes

on w , can b e written:

q0
a1 ��� an����! qn 2 F

or (q0; a1 � � � an ) ` � (qn ; 1):

Note that ` �
here denotes the re�exiv e transitiv e closure of ` whic h corresp onds to one

step deriv ation in A (cf. grammars on page 6).

As a conclusion, A accepts exactly those w ords whic h lead from the initial state to

a �nal state. Corresp onding paths are called suc c essful .

Example 2.1. Let A = ( f 0; 1; 2; 3g; f a; bg; �; 0; f 3g) , where � is giv en as:

�
Q a b

! 0 1 0

� : 1 1 2

2 3 0

 3 3 3

c
c

c
A can b e illustrated as:

1 20 3
a ab

b

a a , bb

As illustrated in this example, DF A can b e giv en as a tr ansition table or as a lab elled

tr ansition gr aph , where edge p a�! q corresp onds transition � (p; a) = q, and initial and

�nal states are giv en b y incoming and outgoing arro ws, resp ectiv ely .

It is not di�cult to conclude that

L(A ) = f a; bg� abaf a; bg� =
�

w 2 f a; bg� j w con tains aba as a factor

	
:

This b ecomes ev en more illustrativ e if the states 0, 1, 2 and 3 are replaced b y 1; a; ab
and aba � then the state remem b ers ho w m uc h of aba is already found!

Remark 2.1. DF A A is c omplete i� � is a total function. Then also its extension to

Q � � �
w ould b e total. A giv en A = ( Q; � ; �; q0; F ) c an b e c omplete d as follo ws:

Let A c = ( Q [ f gg; � ; � 0; q0; F ) , where

� 0(q; a) =

(
g if � (q; a) is not de�ned,

� (q; a) otherwise,

and � 0(g; a) = g 8a 2 � :

Ob viously , A c
is complete, and e quivalent with A , i.e. L(A ) = L(A c) . Indeed, eac h

computation of A can b e carried out in A c
, and if a computation in A stops, due to the

lac k of the next transition, A c
mo v es to g, so�called garb age state , from where no �nal

state is reac hable. Due to this remark, there is normally no need to pa y atten tion to

the completeness of DF A.
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In DF A eac h w ord, either accepted or not, has a unique (if at all) computation. This

is not true in nondeterministic automata.

De�nition 2.2. A nondeterministic �nite automaton , NF A for short, is lik e a DF A

except that � and q0 are replaced b y E and Q0 :

(iii

0
) E � Q � � � Q is a tr ansition r elation ,

(iv

0
) Q0 � Q is a set of initial states .

A language ac c epte d b y an NF A A is

L(A ) = f w j 9a1; : : : ; an 2 � ; q0; : : : ; qn 2 Q : w = a1 � � � an ;

q0 2 Q0; qn 2 F and (qi � 1; ai ; qi ) 2 E for i = 1; : : : ; ng:

Ob viously , notations (2.1) and (2.2), as w ell as the transition table and the transition

graph represen tations suit for nondeterministic �nite automata, to o. F or example, p w�!
q means that w causes in A a transition from p to q. In these terms

L(A ) = f w j 9p 2 Q0; q 2 F : p w�! q in Ag:

As a conclusion, a w ord is accepted b y NF A A i� there exists at le ast one accepting

path from an initial state in to a �nal one.

Example 2.1 (con tin ued). The language of Example 2.1 is accepted b y an NF A:

1 20 3
a ab

a , ba , b

Remark 2.2. The extension (iv') is not essen tial. F or an NF A A = ( Q; � ; E; Q0; F )
w e de�ne A 0 = ( Q [ f q0g; � ; E [ E 0; f q0g; F ) , where q0 is a new state and E 0 =
f (q0; a; q) j 9p 2 Q0 : (p; a; q) 2 Eg. Ob viously , A 0

con tains only one initial state,

and L(A ) = L(A 0) .

Theorem 2.1. A language L is r e gular i� it is ac c epte d by an NF A.

Pr o of. It has to b e sho wn that eac h language L accepted b y an NF A, sa y A = ( Q; � ; E;
Q0; F ) , is accepted b y a DF A as w ell.

W e construct a DF A B = ( P; � ; �; q0; G) as follo ws:

P = 2Q = the p o w er set of Q;

� (H; a) = f q 2 Q j 9p 2 H : (p; a; q) 2 Eg for H 2 P; a 2 � ;

q0 = Q0;

G = f H 2 P j H \ F 6= ;g :

Clearly , B is deterministic (and complete) and w e sho w:

Claim. � (H; w) = f q 2 Q j 9p 2 H : p w�! q in Ag for al l w 2 � �
, H 2 P .

This is sho wn b y induction on jwj .

jwj = 0 : No w

� (H; 1)
def. of �

#
= H

b y con v en tion!

#
= f q 2 Q j 9p 2 H : p 1�! q in Ag:
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Induction step:

� (H; ua) = �
�
� (H; u); a

�
i.h. = �

�
= Q0

f
z }| {
q 2 Q j 9p 2 H : p u�! q in Ag; a

�

= f r 2 Q j 9q 2 Q0 : q a�! r in Ag

= f r 2 Q j 9q 2 Q0; p 2 H : p u�! q and q a�! r in Ag

= f r 2 Q j 9p 2 H : p ua�! r in Ag:

No w the theorem follo ws easily:

L(B) = f w 2 � � j � (Q0; w) 2 Gg = f w 2 � � j � (Q0; w) \ F 6= ;g

= f w 2 � � j 9p 2 Q0; q 2 F : p w�! q in Ag = L(A ):

Remark 2.3. The construction of the pro of of Theorem 2.1 is called subset c onstruction .

Clearly , it increases the n um b er of states exp onen tially . It can b e sho wn that this

exp onen tial blo w up cannot b e a v oided in general, cf. Figure 2.1 on the next page.

Remark 2.4. F or certain purp oses NF A�s are m uc h more suitable than DF A�s. F or

example the fact that the rev erse of a regular language L , that is LR = f wR j w 2 Lg,

is also regular. Indeed, in NF A accepting L it is enough to c hance the directions of the

arro ws and initial and �nal state sets in order to obtain an NF A for LR
.

Example 2.1 (con tin ued). A subset construction for an automaton of page 11 yields:

023

03

01 020 013
a ab

b

a ab

a

b

b

b

a

This should b e compared to the DF A of page 10. Note that if the construction is

done step�b y�step the transitions need to b e de�ned only for those states whic h are

r e achable from the initial state.

W e can alw a ys assume that an F A con tains cycles from a state in to itself lab eled b y

the empt y w ord (cf. pro of of Theorem 2.1). Indeed, suc h cycles ha v e no a�ect to the

language generated. On the other hand transitions p 1�! q cannot b e added without

a�ecting the language generated. In a generalized automaton also suc h transitions are

allo w ed.

De�nition 2.3. A gener alize d �nite automaton A = ( Q; � ; E; I; F ) , GF A for short, is

lik e an NF A except that transition relation is no w of the form:

(iii

00
) E � Q � � � � Q is a �nite transition relation.
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1 20
a a

a b b

n-1
a

b

. . .

a

n=4 : Subset construction

1 20
aa

a , b

b b

3

a

b

a

12 2301
aa

a b b

03 13 02

b

a

b

b

b

123 023012
aa

a b b

013

b

a

0123

b

b

a

b

a

a

a

0

Figure 2.1: The smallest DF A for L(A 4) is of the size 2jQ4 j
.

Remark 2.5. As for NF A for GF A one can alw a ys �nd an equiv alen t automaton of the

same t yp e ha ving only one initial state.

Example 2.1 (con tin ued). Clearly the language of this example is accepted b y 2-state

GF A:

10
aba

a , ba , b

Next w e sho w that ev en this generalization of an F A do es not increase the accepting

p o w er.

Theorem 2.2. A language L is r e gular i� it is ac c epte d by a GF A.
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Pr o of. W e ha v e to sho w, b y Theorem 2.1, that the language accepted b y a GF A is

accepted b y an NF A as w ell. By the ab o v e remark w e can assume that the GF A con tains

only one initial state. So let L = L(A ) for suc h a GF A A .

A ma y con tain t w o t yp es of �illegal� transitions:

p w���! q ; with w = a1 � � � an ; n � 2; ai 2 � ;
or

p 1���! q ; with p 6= q: ( � )

Clearly , a transition of the former t yp e can b e eliminated b y replacing it with the

transitions

p a1���! p1 ; p1
a2���! p2 ; : : : ; pn� 1

an���! q;

where p1; : : : ; pn� 1 are new states not in A . Ob viously , the language accepted is not

c hanged, so that after a �nite n um b er of applications of this pro cedure w e obtain a GF A

accepting the same language and ha ving no pro ductions of this form. Consequen tly , w e

ma y assume that E � Q � (� [ f 1g) � Q.

In order to eliminate pro ductions of the form ( � ) w e need an auxiliary notion: F or a

state p, its 1-closur e , clos(p) for short, is de�ned as follo ws:

clos(p) = f q j p 1�! q in Ag:

1-closure of p can b e computed b y the follo wing pro cedure. Set

C0(p) = f pg;

Ci +1 (p) = Ci (p) [ f q j 9r 2 Ci (p) : (r; 1; q) 2 Eg:

Then clearly ,

clos(p) =
[

i � 0

Ci (p)

and

Ci (p) � Ci +1 (p) ; 8i � 0:

Therefore clos(p) =
S i 0

i =0 Ci (p) , where i0 is the smallest index s.t. Ci 0 � 1(p) = Ci 0 (p) .

No w, let a GF A A b e (Q; � ; E; f q0g; F ) , with E � Q � (� [ f 1g) � Q. W e construct

an NF A A 0 = ( Q; � ; E0; Q0; F ) as follo ws:

Q0 = clos(q0);

(p; a; q) 2 E 0; a 2 � , 9 r 2 Q : (p; a; r) 2 E; a 2 � and q 2 clos(r ):

W e claim that

L(A 0) = L(A ):

Inclusion L(A 0) � L(A ) is clear: Eac h successful path in A 0

� starts from a state in Q0 , and

� leads through transitions in E 0
to a state in F.

The same w ord is accepted b y A since
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� b y the de�nition of Q0 , A can go from q0 to an y state of Q0 b y reading the empt y

w ord,

� eac h transition of E 0
can b e sim ulated in A b y a sequence of transitions.

Con v ersely , the inclusion L(A ) � L(A 0) follo ws since eac h computation of A can b e

factorized uniquely to the form

q0
1���! q1

a1���! q0
1

1���! q2
a2���! � � � 1���! qn

an���! q0
n

1���! q; with ai 2 � :

^ q q q

The dot line sho ws ho w this computation can b e sim ulated in A 0
.

Remark 2.6. The pro of of Theorem 2.2 is algorithmic, that is it pro vides an algorithm

to construct for eac h GF A an equiv alen t NF A. The same applies to the pro of of Theorem

2.1.

2.2 Prop erties of regular languages

In this section w e establish sev eral basic prop erties of regular languages, whic h are useful

to sho w that certain languages are regular, or also to sho w that they are not. W e start

with closur e pr op erties .

Theorem 2.3. The family of r e gular languages is close d under Bo ole an op er ations.

Pr o of. Let L1; L2 � � �
b e accepted b y DF A�s A 1 and A 2 , resp ectiv ely , sa y A i =

(Qi ; � ; � i ; q0(A i ); Fi ) , with i = 1; 2.

Union : L1 [ L2 is accepted b y a GF A A [ describ ed as:

A [ : ! q0

q0(A 1) �! � � �

q0(A 2) �! � � �
graphs of A 1 and A 2 ,

�

�

�

�
�

�

�

�

� ��

H HH

@@

��

q

y

p

x

1

1

where q0 is the initial state of A [ , and F1 [ F2 is its set of �nal states. Here w e ha v e to

assume, as w e can, that Q1 \ Q2 = ; . No w, b y Theorem 2.2, L1 [ L2 2 Reg.

Complement : If A 1 is complete, as w e can assume, then � � n L1 is accepted b y the

automaton A C
1 whic h is obtained from A 1 b y c hanging its �nal states to non�nal, and

con v ersely . Indeed, in a complete DF A eac h w ord has the unique computation whic h is

successful in A 1 i� it is not successful in A C
1 .

Interse ction : By de Morgan La w L1 \ L2 =
�
LC

1 [ LC
2

� C
or directly:

De�ne A \ = ( Q; � ; �; q0; F ) as follo ws:

Q = Q1 � Q2;

�
�
(q1; q2); a

�
=

�
� 1(q1; a); � 2(q2; a)

�
;

q0 =
�
q0(A 1); q0(A 2)

�
;

F = f (q1; q2) j q1 2 F1; q2 2 F2g:

By construction a w ord w causes a successful computation in A \ i� it causes successful

computations in A 1 and A 2 .
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Theorem 2.4. The family of r e gular languages is close d under r ational op er ations.

Pr o of. W e use the notations of Theorem 2.3.

Union : Theorem 2.3.

Catenation : L1L2 is accepted b y a GF A A � illustrated as follo ws:

A � : ! q0(A 1)
x�! � � � f 2 F1

1�! q0(A 2)
y

�! � � � f 2 F2 !

graphs of A 1 and A 2 ,

'

&

$

%

'

&

$

%

@@

��
@@ ��

@@

��

a

b

y
x

p q

c

d

y
x

Kle ene star : If w e add to A 1 transitions f (p;1; q0) j p 2 F g w e obtain an automaton

accepting Kleene plus of L1 , i.e. L+
1 . So the result follo ws from the iden tit y L �

1 =
L+

1 [ f 1g.

Theorem 2.5. The family of r e gular languages is close d under morphisms and inverse

morphisms.

Pr o of. Let h : � � ! � �
b e a morphism.

Morphism : If a regular language L � � �
is accepted b y a DF A A , then a GF A A h

accepting h(L) � � �
is obtained from it b y c hanging the input alphab et to � and

transitions as follo ws:

p
h(a)

���! q in A h i� p a���! q in A .

Inverse morphism : Let L � � �
b e accepted b y a F A A . W e mo dify A to a new

automaton A h � 1
as follo ws:

p a���! q in A h � 1
i� p

h(a)
���! q is a path in A:

Then ob viously L(A h � 1 ) = h� 1(L) .

Remark 2.7. Note that the n um b er of states of a DF A in the ab o v e construction for

in v erse morphisms do es not gro w while for morphisms it ma y gro w.

Next w e pro vide a to ol to sho w that some languages are not regular.

Theorem 2.6 (Pumping Lemma). L et L b e ac c epte d by an n -state F A A . Then for

e ach w 2 L , with jwj � n , ther e exist wor ds u; v and z such that

w = uvz ; with juvj � n; v 6= 1
and mor e over, uv� z � L:

Pr o of. Let w = a1 � � � ajwj with ai 2 � . Since A has only n states it follo ws from the

pigeon hole principle that the sequence

q0; q1 = � (q0; a); : : : ; qn = � (q0; a1 � � � an )

con tains a rep etition, i.e. there exist indices i and j , 0 � i < j � n , suc h that qi = qj .

Cho ose u = a1 � � � ai , v = ai +1 � � � aj and z = aj +1 � � � ajwj . Then the �rst claim follo ws.

Assuming that w 2 L , w e conclude from the fact � (qi ; v) = qj = qi , that uv� z � L ,

as required.
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Remark 2.8. Sometimes the ab o v e Pumping Lemma is giv en in the follo wing w eak er

forms:

(i) Eac h w ord w of length at least n accepted b y an n -state F A A admits a factoriza-

tion w = uvz, with v 6= 1 , suc h that uv� z � L(A ) .

(ii) F or eac h in�nite regular language L , there exist w ords u , v and z, with v 6= 1 ,

suc h that uv� z � L .

Example 2.2. W e claim that the languages

L1 = f anbn j n � 1g
and

L2 =
�

w 2 f a; bg� j jwja = jwjb
	

are not regular. If L1 w ould b e regular, then b y Theorem 2.6, w e w ould �nd m > 0 and

k suc h that

ak+ mt bk 2 L1 ; for all t � 0;

whic h is not the case.

T o pro v e that L2 62Reg, w e assume the con trary . Then, b y Theorem 2.3,

L2 \ a� b� 2 Reg:

Ho w ev er, L2 \ a� b� = L1 .

Theorem 2.6 has also theoretical applications.

Corollary 2.7. L et A b e an n -state automaton. Then

(i) L(A ) 6= ; i� 9w 2 L(A ) : jwj < n .

(ii) L(A ) is in�nite i� 9w 2 L(A ) : n � j wj < 2n .

Pr o of. (i) ( : Clear.

) : Let w b e (some) shortest w ord in L(A ) . If jwj < n w e are done; otherwise b y the

ab o v e Remark 2.8 (i) w e can write w = uvz, v 6= 1 and uz 2 L(A ) , a con tradiction to

the minimalit y of w .

(ii) ( : Clear, b y Theorem 2.6.

) : No w L(A ) is in�nite, therefore it con tains a w ord of the length at least n . Let w
b e (some) shortest w ord of this t yp e. If jwj < 2n w e are done. Otherwise, b y Theorem

2.6 w e can factorize w = uvz with juvj � n and v 6= 1 , and moreo v er uz 2 L(A ) . But

jwj > juzj � n , a con tradiction.

F undamen tal problems in formal language theory are di�eren t kinds of de cision pr ob-

lems . In these problems it is ask ed whether a language of certain t yp e (or more precisely

a device determining the language) has a certain prop ert y . As a solution to a decision

problem one has to construct an algorithm to solv e the problem, or to pro v e that suc h

an algorithm do es not exist.

Standard decision problems are for example:

Memb ership pr oblem , � w 2 L(A ) ?� That is, giv en a w ord w and automaton A , decide

whether w is in L(A ) .
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Emptiness pr oblem , � L(A ) = ; ?� That is, giv en an automaton A , decide whether

L(A ) con tains no w ords (or equiv alen tly a w ord).

Equivalenc e pr oblem , � L(A ) = L(B) ?� That is, giv en t w o automata, decide whether

they accept the same language.

Remark 2.9. Of course, there is no reason to consider the ab o v e problems only for

�nite automata � A can b e an y device de�ning languages.

Remark 2.10. The ab o v e form ulation of decision problems emphasizes the fact whether

problems are in principal algorithmically decidable. Of course, in the case of decidable

problems one can also ask, ho w complicated the problem is computationally . This asp ect

is only brie�y considered in this course.

Theorem 2.8. Memb ership, emptiness and e quivalenc e pr oblems ar e de cidable for r e g-

ular languages (given by F A�s ac c epting those).

Pr o of. Memb ership pr oblem : Here w e are giv en a F A A and a w ord w 2 � �
. An

algorithm to test � w 2 L(A ) ?� is ob vious: Carry out the computations caused b y

w in A , if some of them is accepting, output �y es�, otherwise �no�. In the case A is

deterministic there exists only one suc h computation to b e c hec k ed.

Emptiness pr oblem : An algorithm: Decide the mem b ership problem for all w satisfying

jwj < the n um b er of states of A , and if one of these is accepted then output �y es�,

otherwise �no�. By Corollary 2.7 the algorithm is correct.

A more e�cien t algorithm is obtained as follo ws: Set

R0 = f q0g
and

Ri +1 = Ri [ f q j 9a 2 � ; p 2 Ri : p a�! q in Ag:

Compute Ri �s as long as they are prop erly increasing, and then test whether the set

Ri 0 suc h obtained con tains a �nal state.

Clearly , the algorithm

� terminates, since the sequence of Ri �s is increasing and the total n um b er of states

is �nite;

� w orks correctly , since Ri �s compute the states whic h are reac hable b y w ords of

length at most i .

Equivalenc e pr oblem : Here t w o F A�s A and B are giv en. The algorithm is based on the

equiv alence:

L(A ) = L(B) i�

= Lz }| {�
L(A ) n L(B)

�
[

�
L(B) n L(A )

�
= ; :

Clearly , this equiv alence is correct. On the righ t hand side w e ha v e the emptiness

problem for a certain regular language. It can b e solv ed b y our second problem, if w e

can algorithmically construct an F A for L . This, in turn, can b e done b y Theorem

2.3.
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Remark 2.11. Let us consider brie�y the computational complexit y of the ab o v e al-

gorithms, i.e. ho w man y steps are needed measured as the function on the size of an

input. The size of a w ord is clear: its length. Let us measure the size of an automaton

b y the n um b er of its states (more precise w ould b e the n um b er of transitions).

Assume further that the automaton is giv en as a DF A (if it w ould b e an NF A then the

size could b e drastically smaller, cf. Remark 2.3 on page 12). No w the ab o v e problems

can b e solv ed as follo ws:

Memb ership : In time O(jwj) , if the size of A is not coun ted and eac h computation step

in A can b e done in a constan t time.

Emptiness : In time O(nj� jn ) , where n is the size of A , b y the �rst algorithm; and in

time O(n2) , b y the second, assuming that the size of the alphab et of A is a constan t.

Equivalenc e : In a p olynomial time of some rather small degree. This follo ws from the

second algorithm for the emptiness problem, and the fact that a deterministic automaton

for L is of p olynomial size in n um b er of states of A and B .

Finally , let us lo ok what happ ens if w e assume that the language is giv en b y an NF A.

F or the mem b ership problem the ab o v e trivial algorithm b ecomes exp onen tial; for the

emptiness the second algorithm remains p olynomial of degree at most 3. The equiv alence

problem, in turn, b ecomes m uc h more complicated (since the complemen tation ma y

increase the n um b er of states drastically). Indeed, for this problem no p olynomial

time algorithm is kno wn, more precisely it is kno wn to b e so�called PSP A CE�complete

problem.

2.3 Characterizations

In this section w e giv e sev eral di�eren t c haracterizations for the family of regular lan-

guages. The �rst one is one of the oldest and most imp ortan t results in automata

theory .

Theorem 2.9 (Kleene, 1956). A language L � � �
is r e gular i� it is r ational.

Pr o of. ( : W e ha v e to sho w that (i) the initial languages in the de�nition of rational

languages, cf. page 5, are regular, and that (ii) the family of regular languages is closed

under rational op erations.

Condition (i) is clear: ; and f ag are regular. Condition (ii), w as pro v ed in Theorem

2.4.

) : Let L = L(A ) for a DF A A = ( Q; � ; �; q0; F ) , where Q = f q0; q1; : : : ; qn� 1g. W e

ha v e to construct a rational expression for L . F or 0 � m � n and qi ; qj 2 Q let

Lm
ij =

�
w 2 � � j qi

w�! qj in A and 8u < w; u 6= 1 : � (qi ; u) 2 f q0; : : : ; qm� 1g
	

:

In other w ords, Lm
ij consists of exactly those w ords whic h lead in A from qi to qj using

only in termediate states from the set f q0; : : : ; qm� 1g. W e shall sho w that these sets are

rational, whic h implies the theorem, since

L =
[

qj 2 F

Ln
0j :
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T o pro v e that Lm
ij �s are rational w e pro ceed b y induction on m .

Case m = 0 :

L0
ij =

(
f a 2 � j � (qi ; a) = qj g , if i 6= j;

f a 2 � j � (qi ; a) = qj g [ f 1g , if i = j

pro ving that L0
ij is rational.

Induction step : W e assume that languages Lm
ij for 0 � m < n and 0 � i; j � n � 1 are

rational. And w e claim that

Lm+1
ij = Lm

ij [ Lm
im (Lm

mm )� Lm
mj : (2.3)

In order to pro v e this w e conclude from the de�nition of Lm
ij �s that

w 2 Lm+1
ij i�

� w leads from qi to qj without visiting states qk for k > m , i�

� w leads from qi to qj without visiting states qk for k > m � 1 or

� w leads from qi to qj visiting the state qm , p ossibly sev eral times, but without

visiting the states qk for k > m .

In the �rst case w b elongs to the �rst mem b er of the union of the righ t hand side of

(2.3), and in the second case to the second mem b er.

F orm ula (2.3) pro v es the claim b y induction h yp othesis.

Remark 2.12. Again the pro of of Theorem 2.9 is constructiv e. That is, giv en a reg-

ular expression one can construct an F A (and hence also a DF A) recognizing it, and

con v ersely giv en a DF A one can construct a rational expression de�ning this language.

The constructions are based on Theorem 2.4 and the pro of of Theorem 2.9, resp ectiv ely .

The former problem is called the synthesis pr oblem for �nite automata and the latter

the analysis pr oblem for �nite automata.

Our ab o v e solutions for analysis and syn thesis problems are not computationally

e�cien t. A more practical algorithm for the analysis problem can b e based on the

follo wing:

Lemma 2.10. L et K � � +
and L � � �

b e r e gular languages. Then the e quation

X = XK [ L has a unique solution X = LK �
which is r e gular.

Pr o of. Clearly LK �
is a solution:

(LK � )K [ L = L(K � K ) [ L = LK + [ L = L(K + [ f 1g) = LK � :

In order to pro v e the uniqueness let L1 and L2 b e t w o di�eren t solutions, and w a

minimal (with resp ect to length) w ord in the symmetric di�erence of L1 and L2 , sa y in

L1 n L2 . No w w e can conclude:

w 62L2
L 2= L 2K [ L=) w 62L L 1= L 1K [ L=) w 2 L1K;

so w e can write w = uv , with u 2 L1 and v 2 K . Moreo v er, since K � � +
, jvj > 0, so

that juj < jwj . But since u 2 L1 , b y the minimalit y of w , u m ust b e in L2 , to o. Hence

w e get a con tradiction

w = uv 2 L2K � L2:
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No w, w e apply Lemma 2.10 to the analysis problem.

Let A = ( Q; � ; �; q0; F ) b e a DF A (or an NF A). Denote q0 = 1 , Q = f 1; : : : ; ng and

L i = L(A i ); for A i = ( Q; � ; �; 1; f ig); i = 1; : : : ; n;
K ij = f a 2 � j � (j; a ) = ig; for 1 � i; j � n:

These languages are connected b y the iden tities:

8
>>>><

>>>>:

L1 = L1K 11 [ L2K 12 [ � � � [ LnK 1n [ f 1g

L2 = L1K 21 [ L2K 22 [ � � � [ LnK 2n
.

.

.

Ln = L1K n1 [ L2K n2 [ � � � [ LnK nn :

(2.4)

Here the languages L i are unkno wn languages, while K ij �s can b e immediately deter-

mined from A . Also w e ha v e

L =
[

i 2 F

L i :

No w, w e apply Lemma 2.10 to solv e (2.4). First since K 11 � � +
w e can solv e L1 , in

terms of L2; : : : ; Ln , from the �rst equation and then substitute it to other equations.

Th us a system with few er unkno wns is obtained, and the equations still satisfy the

condition for the co e�cien ts K . Consequen tly , the pro cedure can b e con tin ued, and

�nally the v alues for unkno wns are found. Ab o v e applies for NF A�s as w ell.

Example 2.3. Consider the DF A A :

W e obtain (replacing [ b y +):

8
><

>:

L1 = L1b+ L2; + L3b+ 1

L2 = L1a + L2a + L3;

L3 = L1; + L2b+ L3;

21
a b

b

ab

3

,

8
><

>:

L1 = L1b+ L3b+ 1

L2 = L1a + L2a

L3 = L2b

L 3= L 2b,

(
L1 = L1b+ L2bb+ 1

L2 = L1a + L2a

L 2= L 1aa�

, L1 = L1b+ L1aa� bb+ 1 , L1 = 1( b+ a+ bb)�

)

8
><

>:

L1 = ( b+ a+ bb)�

L2 = ( b+ a+ bb)� a+

L3 = ( b+ a+ bb)� a+ b

) L(A ) = ( b+ a+ bb)�
�
1 + a+ (1 + b)

�

In the second c haracterization of regular languages w e use grammars. W e recall that

a con text�free grammar G = ( V;� ; S;P) is right line ar or typ e 3 i� the pro ductions are

of the form:

A �! � or A �! �B with A; B 2 V n � ; � 2 � � :

W e call languages generated b y suc h grammars right line ar as w ell. F urther w e sa y that

a righ t linear grammar is in a normal form if the pro ductions are of the form:

A �! aB; A �! a or A �! 1 with A; B 2 V n � ; a 2 � :
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Theorem 2.11. L � � �
is r e gular i� it is gener ate d by a right line ar gr ammar.

Pr o of. ) : Assume that L = L(A ) for a DF A A = (� ; Q; �; q0; F ) . De�ne a righ t linear

grammar G = ( V;� ; q0; P) b y setting

V = � [ Q , where � \ Q is (assumed to b e) empt y ;

P = f p ! aq j � (p; a) = qg [ f p ! a j � (p; a) 2 F g [ P 0 , where

P0 =

(
f q0 ! 1g , if q0 2 F;

; , otherwise.

W e claim that L(A ) = L(G) .

T o pro v e this w e �rst note that

1 2 L(G) , q0 �! 1 2 P , q0 2 F , 1 2 L(A ):

Moreo v er, for w 6= 1 w e ha v e, b y the construction,

p w���! q in A , p ) �
G wq

and

p w���! q 2 F in A , p ) �
G w:

(If y ou w an t a precise formal pro of for these equiv alences, note that directions � ) � are

clear � paths in A giv e directly the deriv ations. F or the rev erse implication y ou can

apply induction together with the fact, what y ou can sa y ab out the last steps of the

deriv ation).

Since S = q0 the claim follo ws.

( : No w assume that L = L(G) for a righ t linear grammar G = ( V;� ; S;P) . W e

de�ne a GF A A = ( Q; � ; E; f Sg; F ) as follo ws:

Q = ( V n �) [ f f g , where f is a new sym b ol,

F = f f g , and

E = f (p; �; q ) j p ! �q 2 P ; q 2 V n � g [ f (p; �; f ) j p ! � 2 P ; � 2 � � g

As ab o v e w e claim that L(G) = L(A ) .

T o see this w e �rst note that, if w 2 L(A ) , then S w�! f in A , so that w p ossesses

a factorization w = u1 � � � un , with ui 2 � �
, and moreo v er there exist states q1; : : : ; qn� 1

suc h that

(S; u1; q1); (q1; u2; q2); : : : ; (qn� 2; un� 1; qn� 1); (qn� 1; un ; f ) 2 E

and, b y the construction, none of the qi �s equal f . Consequen tly , S ) �
G w .

Con v ersely , if S ) �
G w 2 � �

, then in the last step of the deriv ation a pro duction of

the form p ! � , with � 2 � �
, m ust b e applied, and in all other steps (if an y) pro ductions

of the form p ! �q , with q 2 V n� , m ust b e applied. So it follo ws from the construction

of A that S w�! f in A , that is w 2 L(A ) .

Corollary 2.12. Each right line ar language is gener ate d by a right line ar gr ammar in

normal form.
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Pr o of. Let L b e generated b y a righ t linear grammar. Then, b y Theorem 2.11, it is

regular, and th us accepted b y a DF A. But, b y the �rst part of the pro of of Theorem

2.11, a language accepted b y a DF A, is generated b y a righ t linear grammar in normal

form.

Remark 2.13. The construction indicated ab o v e to replace a righ t linear grammar with

an equiv alen t normal form grammar is rather complicated:

RLG �! GF A �! DF A �! NRLG.

W e conclude our c haracterization results with some other algebraic c haracterizations.

W e need some terminology .

De�nition 2.4. W e recall that e quivalenc e r elation � on � �
is a relation, whic h is

r e�exive , symmetric and tr ansitive , that is satis�es for all u; v; w 2 � �
:

u � u;

u � v ) v � u;

u � v; v � w ) u � w:

F urther an equiv alence relation � is right c ongruenc e (resp. c ongruenc e ) if it satis�es

for all w (resp. w1 and w2 )

u � v ) uw � vw

( resp. u � v ) w1uw2 � w 1vw2):

De�nition 2.5. Let L � � �
b e a language. W e asso ciate to L t w o equiv alence relations

� L and � L as follo ws:

u � L v i� u� 1L = v� 1L (2.5)

and so called syntactic c ongruenc e of L :

u � L v i� 8x; y 2 � � : [xuy 2 L , xvy 2 L]: (2.6)

Since these relations are de�ned either b y the equalit y or b y the equiv alence they

are clearly equiv alence relations. Moreo v er, � L is a righ t congruence:

u � L v ) u� 1L = v� 1L ) w� 1(u� 1L) = w� 1(v� 1L)
) (uw)� 1L = ( vw)� 1L ) uw � L vw:

The relation � L , in turn, is a congruence (cf. Exercises).

Finally , w e sa y that an equiv alence relation is �nite if the n um b er of its equiv alence

classes is �nite.

The ab o v e notions w ere asso ciated with a language (whic h w as not necessarily reg-

ular). No w, w e asso ciate a righ t congruence on � �
to a regular language L via a DF A

A = ( Q; � ; �; q0; F ) accepting L .

De�nition 2.6. W e de�ne a relation � A on � �
b y the condition:

u � A v i� � (q0; u) = � (q0; v): (2.7)
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Again it is de�ned b y the equalit y so that � A is an equiv alence relation, and since

A is deterministic it is also a righ t congruence: If u and v leads in A to a same state,

so do uw and vw, for an y w .

Relations (2.5) and (2.7) are related as follo ws:

Lemma 2.13. L et L = L(A ) for a DF A A . Then for al l u; v 2 � �
:

u � A v ) u � L v:

Pr o of. Assume that u � A v , that is with our standard notations � (q0; u) = � (q0; v) = q.

W e ha v e to sho w that

u� 1L = v� 1L: (2.8)

But, b y the de�nition of the quotien t,

u� 1L = f w j uw 2 Lg

whic h, b y the iden tit y L = L(A ) , is equal to the language

f w j � (q0; uw) 2 F g = f w j � (q; w) 2 F g:

So (2.8) follo ws from the assumption.

Lemma 2.13 sa ys that the relation � A is a r e�nement

of � L , that is eac h equiv alence class of � L is a union of

those of � A .

� �

 � � A class

 � � L class

W e pro v e

Theorem 2.14. L � � �
is r e gular i� � L is �nite.

Pr o of. ) : Assume that L = L(A ) for a DF A A . Since the n um b er of states of A is

�nite, so is the righ t congruence � A , cf. (2.7). But then, b y Lemma 2.13, � L is �nite

as w ell.

( : Assume that � L is �nite, i.e. the set

Q = f u� 1L j u 2 � � g

is �nite. W e de�ne a DF A A L = ( QL ; � ; � L ; iL ; FL ) as follo ws:

QL = Q = f u� 1L j u 2 � � g;

iL = L = 1 � 1L;

FL = f u� 1L j u 2 Lg and

� L (u� 1L; a) = a� 1(u� 1L) = ( ua)� 1L:

Since Q is �nite, this is a w ell de�ned DF A. Moreo v er,

w 2 L(A L ) , � L (L; w) 2 FL , w� 1L 2 f u� 1L j u 2 Lg
, 9 u 2 L : w� 1L = u� 1L , w 2 L;

where the last equiv alence is based on the fact u 2 L , 1 2 u� 1L .

Consequen tly , w e ha v e found a DF A accepting L .
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Remark 2.14. The automaton A L for the language L constructed ab o v e is called the

minimal automaton for L . W e justify this terminology later.

In the ab o v e pro of w e noted that

u 2 L and w� 1L = u� 1L ) w 2 L;

that is, L is some union of equiv alence classes of � L � and this is indep enden t of

whether L is regular or not. F or regular L w e can sa y more:

Theorem 2.15 (Myhill�Nero de). A language L � � �
is r e gular i� it is some union

of e quivalenc e classes of a �nite right c ongruenc e on � �
.

Pr o of. ) : In the pro of of Theorem 2.14: If L is regular, then � L is a �nite righ t

congruence and L is a union of some equiv alence classes of � L .

( : Assume that L =
S

u2 F f w j w � u g, where � is a �nite righ t congruence and F
is a �nite language. W e claim, in accordance with Lemma 2.13, that for all u; v 2 � �

u � v ) u � L v: (2.9)

So assume that u � v , that is, since � is a righ t congruence,

8w : uw � vw: (2.10)

No w, let x 2 u� 1L . Then ux 2 L and so b y (2.10) and the fact that L is a union of

� -classes, also vx 2 L , whic h means that x 2 v� 1L . Consequen tly , b y symmetry , u � L v
and w e ha v e pro v ed (2.9).

Finally , since � is �nite, so is � L , b y (2.9), so that the regularit y of L follo ws from

Theorem 2.14.

In Theorems 2.14 and 2.15 w e c haracterized regular languages in terms of righ t

congruences lik e � L . Similarly , this family can b e c haracterized b y using the syn tactic

congruence � L , whic h w as de�ned b y the form ula (2.6). In tuitiv ely , the form ula means

that u and v o ccur in w ords of L in exactly the same con text.

Theorem 2.16. A language L � � �
is r e gular i� its syntactic c ongruenc e � L is �nite.

Pr o of. ( : Assume that � L is �nite. Then � L is �nite, to o, since as a congruence � L

is also a righ t congruence, so that w e can apply (2.9). Hence, b y Theorem 2.15, L is

regular.

) : Assume that L is regular, sa y it is accepted b y a DF A A = ( Q; � ; �; q0; F ) . W e

asso ciate eac h w 2 � �
with a partial mapping tw : Q ! Q b y the condition:

tw(q) = � (q; w):

No w, the relation de�ned b y

u � v i� tu = tv

is a congruence: Since it is de�ned b y the equalit y , it is an equiv alence relation, and

since A is deterministic it is a congruence. F or example: for x 2 � �
if tu = tv , then



2.3 Characterizations 26

txu (q) = � (q; xu) = �
�
� (q; x); u

�
= tu

�
� (q; x)

�
= tv

�
� (q; x)

�
= txv (q) , so that txu = txv .

Moreo v er, since the n um b er of mappings tw is �nite, the index of � is �nite, as w ell.

It follo ws that it is enough to pro v e that for all u; v 2 � �

u � v ) u � L v:

So assume that u � v , in other w ords, that tu = tv . No w for an y x; y 2 � �
w e ha v e

xuy 2 L , � (q0; xuy) 2 F , �
�

= tu (� (q0 ;x ))
z }| {
�
�
� (q0; x); u

�
; y

�
2 F

, �
�

�
�
� (q0; x); v

�
; y

�
2 F , xvy 2 L:

Our �nal c haracterization result is in terms of monoids. W e need some terminology .

De�nition 2.7. W e sa y that a monoid M r e c o gnizes L � � �
if there exist a morphism

' : � � ! M and a subset B � M suc h that L = ' � 1(B ) . Languages recognized b y

�nite monoids are often called r e c o gnizable .

Theorem 2.17. A language L � � �
is r e gular i� it is r e c o gnize d by a �nite monoid.

Pr o of. ) : Assume that L is regular. Then, b y Theorem 2.16, the syn tactic congruence

� L is �nite, and so is the quotien t monoid M = � � =� L . Let ' : � � ! M b e the

canonical morphism: ' (x) = [ x]. W e claim that, in addition to these, w e can tak e

B = ' (L) . It remains to b e sho wn that L = ' � 1(B ) . But this is clear since L is a union

of � L -classes: u 2 L; u � L v ) [u 2 L; 1 � u � 1 2 L , 1 � v � 1 2 L].

( : Let ' : � � ! M , where M is a �nite monoid, b e a morphism and B � M suc h

that L = ' � 1(B ) .

W e de�ne a DF A A = ( M; � ; �; 1; B) , where

� (m; a) = m � ' (a):

Clearly , A is w ell de�ned. F urther, for an y w = a1 � � � an ; ai 2 � ,

� (1; w) = 1 � ' (a1) � � � ' (an ) = ' (w);

so that indeed L = ' � 1(B ) = L(A ) .

The monoid M = � � =� L in the pro of of Theorem 2.17 is called the syntactic monoid

of the language L .

Remark 2.15. W e ha v e sho wn that the family of regular languages has man y di�eren t

c haracterizations. This is a clear evidence of the imp ortance of the family . F urther

these c haracterizations are based on rather di�eren t notions. T w o are based on the

notion of accepting or generating w ords sequen tially (F A and LR G), one is based on

closure prop erties (rationalit y) and three more are based on �niteness of certain algebraic

structures (righ t congruences, syn tactic congruences and syn tactic monoids). There exist

still sev eral other c haracterizations some of whic h are purely com binatorial.
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2.4 Minimization

In this section w e sho w that there exists the unique minimal (with resp ect to the n um b er

of states) c omplete DF A accepting a giv en regular language. This automaton is the

automaton of the pro of of Theorem 2.14, although in practice it is normally constructed

b y a di�eren t pro cedure.

De�nition 2.8. Recall that the minimal automaton accepting a regular language L � � �

w as A L = ( QL ; � ; � L ; iL ; FL ) , where

QL = f u� 1L j u 2 � � g;

iL = L = 1 � 1L;

FL = f u� 1L j u 2 Lg and

� L (u� 1L; a) = a� 1(u� 1L) = ( ua)� 1L:

Clearly , A L is deterministic, complete and as w e sa w L(A L ) = L . Moreo v er, A L is

c onne cte d , that is eac h state is r e achable from the initial one b y some w ord u .

No w, let A b e a complete, connected DF A accepting L . Let A = ( Q; � ; �; q0; F ) , with

Q = f q0; : : : ; qn� 1g. F urther let L i = L(A i ) , where A i is obtained from A b y taking qi

to its initial state. W e de�ne a mapping � : Q ! QL b y setting:

� (q) = u� 1L ; where q = � (q0; u):

W e claim that

(i) � is w ell de�ned, that is a mapping,

(ii) � is surjectiv e, and

(iii) if � (q) = u� 1L and � (q; a) = q0
, then � (q0) = ( ua)� 1L , in other w ords the follo wing

diagram comm utes:

q a���! q0
in A

�

?
?
y �

?
?
y

u� 1L a���! (ua)� 1L in A L

;

and moreo v er, � (q0) = iL

and q 2 F i� � (q) 2 FL :

Pr o of of (i) : Let � (q0; u) = q = � (q0; v) for u; v 2 � �
. W e ha v e to sho w that

u� 1L = v� 1L . But this is just Lemma 2.13.

Pr o of of (ii) : Clear, b y the completeness of A .

Pr o of of (iii) : Let � (q0; u) = q and � (q; a) = q0
. Then

� L
�
� (q); a

�
= � L (u� 1L; a) = ( ua)� 1L = � (q0) = �

�
� (q; a)

�

pro ving the diagram. Secondly ,

� (q0) = 1 � 1L = the initial state of A L = iL ;
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and �nally ,

q 2 F A is,
connected

9u 2 L : q0
u�! q in A , 9 u 2 L : � (q) = u� 1L , � (q) 2 FL

It follo ws from (ii) that an y complete DF A accepting L con tains at least n = jQL j
states! Condition (iii), in turn, sa ys that an y complete DF A accepting L can b e c hanged

to A L simply renaming the states b y the function � . In general, this renaming is not

one�to�one, but if the DF A con tains the minimal n um b er of states, then it is one�to�one,

that is a real renaming. So w e obtain:

Theorem 2.18. F or e ach r e gular language L ther e exists the unique c omplete DF A of

the minimal size obtainable fr om A L by r enaming the states.

Of course, the ab o v e also giv es a metho d to construct the minimal DF A: Compute

all the sets u� 1L . This, ho w ev er, is tedious, so w e describ e a more practical metho d.

Assume that a complete DF A A is found, for example, b y the subset construction.

W e de�ne the minimization pr o c e dur e :

I. R emove from A those states (and transitions connected to them) whic h are not

reac hable from the initial state � this mak es A connected. This can b e done b y a

pro cedure similar to that computing 1-closure of a state in the pro of of Theorem 2.2.

I I. Mer ge t w o e quivalent states of A , that is states qi and qj satisfying

L i = L j : (2.11)

Let us merge qj to qi . Then, of course, transitions lea ving from qj are remo v ed, and

transitions of the form � (p; a) = qj are replaced b y � (p; a) = qi . The automaton remains

deterministic, and, b y (2.11), equiv alen t to the original one. Ho w ev er, it do es not need

to b e connected an y more.

I I I. R ep e at the ab o v e t w o pro cedures a �nite n um b er of times, un til y ou �nd an

automaton A r (equiv alen t to A ), whic h is connected and r e duc e d , that is do es not

con tain t w o equiv alen t states.

By considerations pro ving Theorem 2.18, A r can b e renamed to A L . Moreo v er, since

A r is reduced, this renaming m ust b e one�to�one. So w e ha v e pro v ed

Theorem 2.19. A c omplete DF A is the minimal one (up to a r enaming the states) i�

it is c onne cte d and r e duc e d. Mor e over, the minimization pr o c e dur e always yields such a

DF A.

Remark 2.16. In the minimal DF A A L there migh t b e a state u� 1L = ; . Of course,

if this is the case it can b e remo v ed and a smaller DF A is found, but it is not an ymore

complete.

Remark 2.17. Assume that qi and qj are equiv alen t, i.e. they should b e merged. Then

also the states � (qi ; w) and � (qj ; w) are equiv alen t and forced to b e merged (or deleted).

Remark 2.18. T o apply the ab o v e minimization pro cedure, it is imp ortan t to kno w

ho w to test (2.11), i.e. L i
?= L j . This is a sp ecial case of the equiv alence problem of

DF A�s, and hence can b e algorithmically solv ed, cf. page 19. A b etter algorithm can

b e based on the follo wing equiv alence:

L i = L j i� L i \ � <n = L j \ � <n ;

where n = jQj and � <n
denotes the set of w ords shorter than n . W e omit the pro of

here.
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Example 2.1 (con tin-

ued). W e found on page 12

the follo wing DF A for the

language � � aba� �
. Clearly ,

the states 013, 023 and 03

are equiv alen t, and can b e

merged, either directly or in

t w o steps. All the other

states are pairwise inequiv-

alen t:

023

03

01 020 013
a ab

b

a ab

a

b

b

b

a

1 2 L013 n (L0 [ L01 [ L02) ; a 2 L02 n (L0 [ L01) and ba2 L01 n L0:

2.5 Generalizations of F A

In the next t w o sections w e de�ne brie�y three generalizations of F A, and consider a bit

more F A with outputs, that is �nite transducers.

A lternating �nite automaton , AF A for short, is lik e an NF A, but acceptance is de�ned

in a more general w a y . Recall that a DF A asso ciates to an input w a unique computation,

while an NF A asso ciates to it a c omputation tr e e , whic h is accepting if at least one leaf

is lab eled b y a �nal state. In an AF A the set of states is divided in to t w o parts Q9

and Q8 , existential and universal states, and an input w ord is accepted if an y subtree

starting from a univ ersal state has the prop ert y that all lea v es are lab eled b y accepting

states. Without giving a formal de�nition w e illustrate ab o v e as follo ws:

w :

q0

qf

DF A:

_

_

_

NF A:

q0

qf

@@��
�� @@

�� @@ �� @@

@@��
�� @@

�� @@

AF A:

q0

all �nal

9
98

8
.

.

.

�� @@

�
�

�

A
A
A

@@

Figure 2.2: A ccepting computations in DF A, NF A and AF A.

The follo wing example sho ws that some languages can b e accepted with a lot few er

states b y an AF A than b y an NF A.

Example 2.2. F or a prime n um b er p let Lp = f anpa j n � 0g. T ak e the t �rst primes

and consider the language

L t =
\

i � t

Lpi = f anqa j n � 0g;

where pi denotes the i th prime and q =
Q

i � t pi . Clearly , an y NF A accepting L t m ust

con tain at least q states. On the other hand L t is accepted b y an AF A A constructed

as follo ws:
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First let A pi b e a DF A accepting Lpi :

a
q0

qpi

api

Second A is built from these as sho wn b eside:

q0

a
qp1

ap1

qp

ap

a

apt

qpi
qpt

No w, the n um b er of states of A is 1+
P

i � t pi = n . It can b e sho wn, b y the result that

there alw a ys exists a prime in the in terv al [n; 2n], that q is not p olynomially b ounded

on n .

On the other hand, one can sho w

Prop osition 2.20. Each language ac c epte d by an AF A is r e gular.

As another extension of an F A w e men tion two�way �nite automata , 2F A for short.

A (deterministic) t w o�w a y F A is (Q; � ; �; q0; F ) , where � is a partial mapping Q � � !
Q � f� 1; 0; 1g and ev erything else is as in DF A. The second comp onen t in the v alue of �
tells whether the reading head go es to the left, sta y where it is, or go es to the righ t. The

computation starts at the left end of the input w ord and is ac c epting if the automaton

enters to a �nal state after le aving the input wor d at its right end .

Prop osition 2.21. Each language ac c epte d by a 2F A is r e gular.

Remark 2.19. Sometimes 2F A�s are de�ned with endmark ers, that is, input is of the

form $w# , where $; # 62� . Also one can de�ne nondeterministic 2F A�s in a natural

w a y . In b oth cases Prop osition 2.21 holds.

Example 2.3. Let L � � �
b e accepted b y an n -state DF A A . Then $LR# is accepted

b y an (n + 2) -state 2F A. Indeed, let A = ( Q; � ; � 1; i; F ) , and de�ne the 2F A A 2 as

follo ws:

� 2(q0; a) = ( q0; 1) for a 2 � [ f $g;
� 2(q0; #) = ( i; � 1);

� 2(q; a) =
�
� 1(q; a); � 1

�
for q 2 Q; a 2 � ;

� 2(f; $) = ( qf ; 1) for f 2 F;
� 2(qf ; x) = ( qf ; 1) for all x;

where q0 and qf are initial and �nal states of A 2 .

No w w e apply the ab o v e to the follo wing: Consider the language

L i =
�

w 2 f 0; 1g� j i th letter equals to 1

	
:

Clearly , L i is accepted b y an (i +1) -state DF A. Its rev ersal is accepted also b y an (i +1) -

state F A, but only nondeterministically . Indeed, one can sho w that an y DF A accepting

LR
i con tains at least 2i

states.

As a conclusion: 2F A ma y sa v e exp onen tial n um b er of states!
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As the third extension of an F A w e consider �nite automata with multiplicities , whic h

leads to the the ory of r ational p ower series . Here w e do not only sp ecify , whether the

input w ord is accepted or not, but also c ount how many times it is ac c epte d � zero,

of course, means that it is not accepted. Consequen tly , w e asso ciate with an NF A A a

function f A : � � ! N

f A (w) = the n um b er of times w is accepted in A:

Example 2.4. Consider the follo wing NF A A .

Then clearly , f A (1) = 1 , f A (a) = 1 and 0 1

a

a

a

f A (an ) = f A (an� 1) + f A (an� 2); for n � 2;

since eac h accepting path is uniquely of the form 0 an � 1

�! 0 a�! 0 or of the form 0 an � 2

�!
0 a�! 1 a�! 0. Consequen tly , the v alue of f A on an

is the n th Fib onacci n um b er.

As an example of results in this theory w e state

Prop osition 2.22. Given two NF A A 1 and A 2 . It is unde cidable whether

f A 1 (w) � f A 2 (w) for al l w 2 � � :

Remark 2.20. Recen tly the ab o v e theory has turned out useful in computer graphics,

in generating and compressing pictures.

2.6 Finite transducers

This section is dev oted to �nite tr ansduc ers , whic h are �nite automata with outputs.

So far the only output w e ha v e had has b een �accept� or �reject�. Finite transducers

are capable of pro ducing outputs in ev ery step of their computations, th us computing

functions (or relations) � � ! � �
.

De�nition 2.9. A �nite tr ansduc er , FT for short, is a sixtuple T = ( Q; � ; � ; E; q0; F ) ,

where

Q is a �nite set of states ,

� and � are input and output alphab ets ,

E � Q � � � � � � � Q is a �nite set of tr ansitions ,

q0 2 Q is the initial state ,

F � Q is the set of �nal states .
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If w e forget the output structure, that is � , w e obtain a GF A, the underlying F A of

T . If the underlying F A is an NF A, then T is called a gener alize d se quential machine ,

gsm for short, or a se quential tr ansduc er . Finally , if the underlying F A is a DF A, then

T is called a deterministic gener alize d se quential machine , dgsm for short (actually ,

sometimes gsm and dgsm are de�ned without �nal states). By a normalize d FT w e

mean a FT satisfying E � Q � (� [ f 1g) � (� [ f 1g) � Q.

W e can extend our notations of an F A in a straigh tforw ard w a y:

p
u;v

���! q means that (p; u; v; q) 2 E;

p
u;v

���! q in T

8
<

:

means that there exist n � 0, w ords u1; : : : ; un in � �
,

v1; : : : ; vn in � �
, and states p0; : : : ; pn suc h that p =

p0 , q = pn and (pi � 1; ui ; vi ; pi ) 2 E for i = 1; : : : ; n.

No w a �nite transducer de�nes the r elation R(T ) : � � ! � �
or c omputes the function

or tr ansduction T : � � ! P (� � )

R(T ) = f (u; v) 2 � � � � � j 9q 2 F : q0
u;v

���! q in T g:

Here P(� � ) denotes the p o w er set of � �
, i.e. the family of subsets of � �

.

The domain and r ange of T are de�ned in a natural w a y:

dom(T ) = f u 2 � � j 9v 2 � � : (u; v) 2 R(T )g;

range(T ) = f v 2 � � j 9u 2 � � : (u; v) 2 R(T )g:

Finally , a relation R of � � � � �
, often denoted R : � � ! � �

, is r ational if it is de�ned

b y a �nite transducer. A r ational function � � ! � �
is a rational relation, whic h is a

p artial function.

Remark 2.21. Finite transducers are sp ecial cases of �nite automata on arbitrary

monoids. Indeed, the lab els of the transitions are elemen ts of the pro duct monoid

� � � � �
. But, since this monoid is not free, the theory is in man y resp ects more com-

plicated.

Example 2.5. The follo wing FT com-

putes all nonempt y factors of an y input

w ord w 2 f a; bg�
.

1 20
a , a

b , b

a , 1
b , 1

b , 1

b , 1
a , 1a , a

b , b

a , 1

Example 2.6. Note that the v alue of T for a

giv en input w need not b e �nite, in general:

10
a , 1

1 , a

Directly from the de�nitions ab o v e w e deriv e:

Theorem 2.23. F or e ach FT b oth dom(T ) and range(T ) ar e r e gular.

It is also clear, cf. Examples 2.5 and 2.6, that w e cannot eliminate the empt y w ord

from the lab els of transitions. Ho w ev er, the easy part of the pro of of Theorem 2.2

immediately yields:
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Theorem 2.24. F or e ach FT ther e exists an e quivalent normalize d FT.

Example 2.7. The partial function f : f a; bg� ! f a; bg�

f
�
(ab)n

�
= anbn

for n � 0;

f (w) = 1 for w 62(ab)�

is not rational. Indeed, if it w ere, then b y Theorem 2.23 range(f ) = f anbn j n � 0g
w ould b e regular, whic h is not the case.

Our next theorem sho ws a connection b et w een rational relations and rational (reg-

ular) languages.

Theorem 2.25 (Niv at, 1968). A r elation R � � � � � �
is r ational i� ther e exist an

alphab et � , morphisms h : � � ! � �
and g : � � ! � �

and a r e gular language L � � �

such that

R =
��

h(w); g(w)
�

j w 2 L
	

: (2.12)

Pr o of. ) : Let R = R(T ) for a FT T = ( Q; � ; � ; E; q0; F ) . Set � = E and de�ne

I = f (p; u; v; q) 2 E j p = q0g � � ;

T = f (p; u; v; q) 2 E j q 2 F g � � ;

M = f (p; u; v; q)(p0; u0; v0; q0) 2 E 2 j q 6= p0g � � 2;
and �nally ,

L = ( I � � \ � � T) n � � M � � :

Consequen tly , b y the closure prop erties of Reg, L is regular. W e shall sho w

Claim. L consists of exactly those sequences of transitions of T , whic h are accepting

in T .

No w, b y the de�nition of I , T and M , sequence s is in L i�

� it starts with a sym b ol in I , that is, with a transition ha ving the �rst comp onen t

equal to q0 , and

� it ends with a sym b ol in T , that is, with a transition ha ving the last comp onen t

in F , and

� it do es not con tain a factor from M , that is, consecutiv e transitions for whic h the

last comp onen t of the former 6= the �rst comp onen t of the latter.

The last condition is clearly equiv alen t to: in eac h factor of s of the length 2 the last

comp onen t of the former letter = the �rst comp onen t of the latter letter.

So the claim follo ws.

No w, the presen tation (2.12) follo ws when w e de�ne the morphisms

h : � � ! � � ; h(p; u; v; q) = u
and g : � � ! � � ; g(p; u; v; q) = v

for all (p; u; v; q) 2 � .

( : Assume that R has the presen tation (2.12) with L = L(A ) for a DF A A =
(Q; � ; �; q0; F ) . Change A to a FT T = ( Q; � ; � ; E; q0; F ) b y setting

p
h(a); g(a)

�����! q in E i� � (p; a) = q:

Ob viously , R(T ) = R .
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Theorem 2.25 has a n um b er of v ariations or corollaries. T o state those w e recall some

terminology . First a relation R � � � � � �
can b e view ed as a man y v alued function

R : � � ! � �
, so that, for example, the expression � (u; v) 2 R � can b e written as

� v 2 R(u) �. Second a comp osition of relations R : � � ! � �
and R0 : � � ! � �

is w ell

de�ned: (u; v) 2 R � R0 : � � ! � �
i� 9w 2 � � : (u; w) 2 R and (w; v) 2 R0

. F urther w e

need the op eration � interse ction with a r e gular language �: F or a giv en regular language

L � � �
the op eration

T
L : � � ! � �

maps w to the language f wg \ L .

Corollary 2.26. A r elation R : � � ! � �
is r ational i� it c an b e factorize d as

R = g �
\

L � h� 1;

wher e L � � �
is r e gular and h : � � ! � �

, g : � � ! � �
ar e morphisms.

Pr o of. This is just a reform ulation of Theorem 2.25:

(u; v) 2 R , v 2 R(u) , v 2 g �
T

L � h� 1(u)

, v 2 g
�
h� 1(u) \ L

�
, 9 w 2 L : v = g(w); w 2 h� 1(u)

, 9 w 2 L : v = g(w); u = h(w) , (u; v) 2 r.h.s. of (2.12) :

Corollary 2.27. F or e ach FT T and a r e gular language L T (L) is r e gular, that is the

family of r e gular languages is close d under r ational tr ansductions.

Pr o of. W e ha v e to sho w that T (L) = fT (w) j w 2 Lg is regular. But, b y Corollary

2.26, T (L) = g
�
h� 1(L) \ L0

�
, for suitably de�ned morphisms h and g, and a regular

language L0
. So the claim follo ws from closure prop erties of the family Reg.

Example 2.7 (con tin ued). There exists no FT T satisfying T
�
(ab)n

�
= anbn

. Indeed,

if suc h an FT w ould exist then T
�
(ab)�

�
= f anbn j n � 0g w ould b e regular.

Before stating a sharp ening of Theorem 2.25, w e need one more notion.

De�nition 2.10. A morphism � : � � ! � �
, with � � � , is a pr oje ction if � (a) = a,

for a 2 � , and � (a) = 1 , for a 2 � n � .

Corollary 2.28. Each r ational r elation R � � � � � �
, with � \ � = ; , has a pr esentation

R =
��

� 1(w); � 2(w)
�

j w 2 L1
	

;

wher e L1 � (� [ �) �
is r e gular and � 1 : (� [ �) � ! � �

and � 2 : (� [ �) � ! � �
ar e

pr oje ctions.

Pr o of. F ollo ws directly from the pro of of Theorem 2.25, when w e assume that transducer

T is normalized, as w e can do b y Theorem 2.24, and set

L1 = f (L);

where L � � �
is as in the pro of of Theorem 2.25, and f : � � ! (� [ �) �

is a morphism

de�ned as:

f (p; a;1; q) = a for all a 2 � ; p; q2 Q;

f (p;1; b; q) = b for all b2 � ; p; q2 Q;
and

f (p;1; 1; q) = 1 for all p; q2 Q:
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No w w e are ready for another basic result of rational relations.

Theorem 2.29. R ational r elations ar e close d under c omp osition.

Pr o of. Let T : � � ! � �
and T 0 : � � ! � �

b e rational relations. By renaming w e can

assume that � \ � = ; and � \ � = ; . Hence w e can apply Corollary 2.28, and so

b y Corollary 2.27, w e ha v e the situation illustrated b y the solid lines of the follo wing

diagram:

(� [ � [ �) �

(� [ �) � (� [ �) �

� �

(� [ �) �

� �

(� [ �) �

,� �

�
��

@
@@

�
��

@
@@

x y
> >

> >
x y x y

� � 0

T
L

T
L0

� � 0

� 1 � 2 � 0
1

� 0
2

where L and L0
are regular languages o v er appropriate alphab ets and all � �s are pro-

jections of the indicated form.

Assume �rst that � \ � = ; . A dd to the ab o v e diagram the pro jections � and � 0

(denoted b y dotted lines). W e claim that

(� 0
1)

� 1 � � 2 = � 0 � � � 1: (2.13)

Indeed, for an y w = � 0a1� 1 � � � an � n , with � i 2 � �
, ai 2 � , w e ha v e

(� 0
1)� 1 � � 2(w) = f � 0a1 � � � an � n j � 1; : : : ; � n 2 � � g = � 0 � � � 1(w):

No w, w e can write

(T 0 � T )(u) = � 0
2

�
(� 0

1)� 1
�

� 2

�
� � 1

1 (u) \ L
� �

\ L0

�

= � 0
2

�
(� 0

1)
� 1 � � 2

�
� � 1

1 (u) \ L
�

\ L0
�

(2:13)
= � 0

2

�
� 0 � � � 1

�
� � 1

1 (u) \ L
�

\ L0
�

(� )
= � 0

2

�
� 0

�
(� 1 � � )� 1(u) \ � � 1(L)

�
\ L0

�

(�� )
= � 0

2 � � 0
�
(� 1 � � )� 1(u) \ � � 1(L) \ (� 0)� 1(L0)

�

= h
�
g� 1(u) \ L00

�
;

where h = � 0
2 � � 0

, g = � 1 � � are morphisms and L00= � � 1(L) \ (� 0)� 1(L0) is a regular

language. Step (� ) follo ws since in v erse mappings are distributiv e o v er in tersections,

and (�� ) follo ws from the iden tit y � (K ) \ L = �
�
K \ � � 1(L)

�
, whic h holds when � is a

pro jection.

So w e conclude, b y Theorem 2.25, that T � T 0
is rational if � \ � = ; . If this is

not the case, w e rename � b y a morphism � , apply the ab o v e, and �nally remo v e the

renaming b y � � 1
.
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W e conclude this section with t w o examples.

Example 2.8. W e sho w that an FT can add

t w o binary n um b ers. W e use the rev erse binary

presen tation for binary n um b ers. The input for

an FT is a pair presen ting the same bit of n um-

b ers, and the mac hine uses an endmark er. The

transducer is giv en b y its graph, where for clar-

it y w e use � for the empt y w ord.

0 1

h

1
0( (, 1

0
0( (, 0

0
1( (, 1

0
0( (, 1

0
1( (, 0 1

0( (, 0
1
1( (, 11

1( (, 0

# , # , 1�

Example 2.9. Con trary to the ab o v e w e claim that no FT can compute the pro duct

of binary n um b ers (under the ab o v e notations). Assume the con trary: T� computes the

pro duct. Consider the w ord

wn = 10n� 11; n � 2;

whic h represen ts the n um b er 2n + 1 . So b y our assumption,

T� (( wn
wn ) #) = 10 n10n� 21:

Clearly , the language

L = f ( wn
wn ) # j n � 1g = ( 1

1 ) ( 0
0 )+ ( 1

1 ) # � f ( 0
0 ) ; ( 1

1 ) ; # g�

is regular. So should b e T� (L) , b y Corollary 2.27, but this is not the case.



Chapter 3

Con text�free languages

3.1 Con text�free grammars

Con text�free languages ha v e turned out v ery useful in di�eren t areas of computer sci-

ence, suc h as in the theory of programming languages, in compiling and in parsing.

Con text�free languages, CF languages for short, as w ell as con text�free grammars, CF

gr ammars for short, w ere de�ned on pages 6 and 7. In order to �x notations w e recall

that a CF grammar is a quadruple

G = ( V;� ; P; S);

where P consists of the pro ductions of the form

A �! � ; with A 2 N = V n � and � 2 V � :

Pro ductions of this form are called CF pr o ductions , in general. CF pro ductions are

line ar , if they are of the form

A �! �B� 0 ; with A; B 2 N and �; � 0 2 � � :

CF grammar is called line ar , if its pro ductions are linear, and the family of languages

generated b y suc h grammars is called the family of line ar languages , Lin for short.

Example 3.1. Consider the grammar G with the pro ductions

S �! SS j (S) j 1;

where � = f ( ; ) g. W e claim that L(G) consists of exactly all correctly built sequences

of righ t and left paren thesis. Indeed, it follo ws from the pro ductions (b y induction) that

all w in L(G) are in this language. Con v ersely , again b y induction, eac h suc h sequence

can b e generated b y ab o v e pro ductions, cf. Exercises. This language is denoted b y D1

and called Dyck language o v er the binary alphab et.

Example 3.2. The CF grammar with pro ductions

E �! E + T j T;

T �! T � F j F;

F �! (E) j a;

and � = f a; (; ); + ; �g , and E as the start sym b ol generates all correct arithmetic ex-

pressions, as can b e seen straigh tforw ardly .

37
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Next, w e �x some further terminology .

De�nition 3.1. Consider a deriv ation according to G:

S ) w1 ) w2 ) : : : ) wn� 1 ) w: (D)

The deriv ation (D) is called terminal , if w 2 � �
. W ords wi , as w ell as w , are called

sentential forms . If in (D), in eac h deriv ation step the non terminal rewritten in wi is the

leftmost one, then the deriv ation is called the leftmost deriv ation of w . Of course, w e can

consider also deriv ations starting from A 2 N n f Sg � these are called A -derivations .

No w w e asso ciate the deriv ation (D) (or A -deriv ation in general) with a derivation

tr e e (or A -derivation tr e e ) as follo ws:

(i) F or n = 1 :

A ) 1 or A ) x1 � � � xk ; x i 2 V :

1

A

or

A
�

�
�

T
T
T

�
��

x1 x2 � � � xk

(ii) F or n � 2:

If w1 = u1A1u2 � � � Akuk+1 and

w = u1v1u2 � � � vkuk+1 and

A i ) � vi is asso ciated with pi :

vi

�
�

B
B

then (D) is asso ciated with the

tree sho wn b esides.

S
�

�
�

�
��

�
�

�
�

��

�
�

�
�

��

�
�

�
�

��

A
A
A
A
AA

T
T

T
T

TT

@
@

@
@

@@� � �|{z}
u1

� � �|{z}
u2

� � � � � �|{z}
uk +1

�
�

�
��

B
B
B
BB

�
�

�
��

B
B
B
BB

p1 pk

v1 vk

Of course, the corresp ondence b et w een deriv ations and deriv ation trees is not one�to�

one, in general. Ho w ev er, if w e restrict our considerations to the leftmost deriv ations

only , then this corresp ondence b ecomes one�to�one.

F rom a deriv ation tree T w e can read the w ord generated b y a corresp onding deriv a-

tion simply b y catenating the lea v es from left to righ t. This w ord is called the yield of T ,

in sym b ols yield(T) . Finally , T(G) denotes the set of all trees asso ciated with terminal

deriv ations, so that L(G) = yield
�
T(G)

�
.

De�nition 3.2. W e call CF grammar G ambiguous , if for some w ord w 2 L(G) there

exist at least t w o di�eren t deriv ation trees, that is t w o di�eren t leftmost deriv ations

(of course, deriv ations are the same if they consist of exactly the same sequence of

applications of pro ductions). Otherwise G is unambiguous . A CF language is inher ently

ambiguous , if eac h grammar generating it is am biguous.

Example 3.3. A CF grammar with the pro ductions

S �! aAbB j aAbBcB;

A �! � 1 j � 2;

B �! S j � 1 j � 2

is am biguous:

S
�

��

�
��

B
BB

@
@@

a A b B

� 1 S
�
��

E
EE

�
��

�
��

T
TT

@
@@

a A b B c B

� 2 � 1 � 2

S
�
��

E
EE

�
��

�
��

T
TT

@
@@

a A b B c B

� 1 S � 2
�

��

�
��

B
BB

@
@@

a A b B

� 2 � 1
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An example of a CF language whic h can b e pro v ed inheren tly am biguous is the

language f anbncm dm j n; m � 1g [ f anbm cm dn j n; m � 1g.

W e mo v e to pro v e sev eral normal forms for CF grammars.

De�nition 3.3. Let G = ( V;� ; P; S) b e a CF grammar. W e call a non terminal A

� terminating , if f w 2 � � j A ) �
G wg 6= ; , and

� r e achable , if 9u; v 2 V � : S ) �
G uAv .

F urther G is called r e duc e d , if all of its non terminals are b oth terminating and reac hable,

or formally

8A 2 V; 9u; v 2 V � ; w 2 � � : S ) �
G uAv ) �

G uwv:

Theorem 3.1. F or e ach CF gr ammar one c an e�e ctively �nd an e quivalent r e duc e d CF

gr ammar.

Pr o of. Let G = ( V;� ; P; S) . W e construct the set T of terminating non terminals and

the set R of r e achable non terminals as follo ws:

T0 = f A 2 N j 9w 2 � � : A ! w 2 Pg;

Ti +1 = Ti [ f A 2 N j 9u 2 (Ti [ �) � : A ! u 2 Pg; for i � 0;
and

R0 = f Sg;

Ri +1 = Ri [ f A 2 N j 9B 2 Ri ; u; v 2 V � : B ! uAv 2 Pg; for i � 0:

W e note that:

1) T0 � T1 � � � � � Ti � � � � ,

2) If Ti = Ti +1 , then also Ti +1 = Ti +2 ,

3) Ti = Ti +1 at the latest when i = jN j � 1, and

4) T =
S

i � 0 Ti .

Consequen tly , b y 1) � 3) T can b e e�ectiv ely found.

The argumen t for �nding R is exactly the same.

No w w e construct an equiv alen t reduced CF grammar for G. This is done in t w o

steps.

I. Eliminate al l nonterminating nonterminals . By the ab o v e pro cedure, w e can �nd

the set N nT , and omit these and pro ductions using these non terminals (in either of the

sides). W e claim that the grammar th us obtained, sa y GT , is equiv alen t to G.

First GT cannot generate an y terminal w ords outside L(G) , since all pro ductions of

GT are a v ailable in G. Con v ersely , if w 2 L(G) , w is in � �
and it has a deriv ation D w

according to G. Since w 2 � �
all non terminals in D w are in T , so that D w is a deriv ation

according to GT , as w ell.

I I. Eliminate al l nonr e achable nonterminals in GT . As in case I this is done b y

thro wing out some non terminals and pro ductions asso ciated to those � namely those

whic h are nonreac hable in GT . A new grammar th us obtained, sa y GT R , is equiv alen t to

GT (and hence also to G). Indeed, as ab o v e the inclusion L(GT R ) � L(GT ) is clear, and
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the rev erse follo ws from the fact that an y (terminating) deriv ation of GT con tains only

reac hable non terminals, and so it is a deriv ation of GT R , to o.

T o conclude the pro of, w e claim that GT R is reduced. Surely it con tains only reac hable

non terminals. So it is enough to sho w that an y non terminal of GT R is terminating in

GT R . Assume the con trary , that A is not terminating in GT R . No w, A is terminating in

GT , but not in GT R , whic h means that for some B w e ha v e

A ) �
GT

uBv ) �
GT

w 2 � � ;

where A is in GT R , but B is not . Since A is non terminal of GT R , it is reac hable in GT .

But then, b y ab o v e, so is B , and th us B 2 GT R , a con tradiction.

Remark 3.1. The t w o steps of the pro of of Theorem 3.1 cannot b e done in the other

order: Assume that A ! BC is the only pro duction for A and

S ) � � � � A � � � ) � � � � BC � � �

and B ) � w 2 � �
and 8u : if C ) � u , then u 62� � :

No w, if w e �rst remo v e nonreac hable terminals and then non terminating ones, then A ,

B and C remain in the �rst step, and in the second step C and A are remo v ed, but B
is not. Ho w ev er, B do es not remain reac hable!

In the ab o v e normal form w e eliminated unnecessary non terminals. In what follo ws,

w e restrict the form of pro ductions in di�eren t w a ys.

De�nition 3.4. W e sa y that a CF grammar G = ( V;� ; P; S) is in

A) Chomsky normal form if the pro ductions are of the form

(i) A ! BC; A; B; C 2 N ,

(ii) A ! a; A 2 N; a 2 � , or

(iii) S ! 1,

and moreo v er, if the pro duction S ! 1 o ccurs, then B 6= S and C 6= S for all

pro ductions in (i).

B) Gr eib ach normal form if the pro ductions are of the form

(i) A ! aA1 : : : An ; n � 0; A; A i 2 N; a 2 � , or

(ii) S ! 1, and in this case, S do es not o ccur on the r.h.s. in other pro ductions.

C) Standar d 2-form if it is in Greibac h normal form with n at most 2 for all pro ductions

in (i) of B).

Theorem 3.2. Each CF language is gener ate d by a CF gr ammar GCNF in Chomsky

normal form. Mor e over, GCNF c an b e e�e ctively found.

Pr o of. Let L b e generated b y a CF grammar G = ( V;� ; P; S) . W e �rst replace S b y a

new initial sym b ol S0
and add the pro duction S0 ! S. Clearly , the language generated

is not c hanged, and S0
do es not o ccur on the righ t hand sides of the pro ductions. By

renaming w e can assume that G satis�es this condition.
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Next w e eliminate from G pro ductions of the form B ! 1, with B 6= S. De�ne a

subset N1 of N b y:

N1 =
�

B 2 N n f Sg j B ) �
G 1

	
:

Consequen tly , N1 consists of those non terminals whic h deriv e the empt y w ord according

to G. Clearly , N1 can b e found b y a pro cedure similar to those used in Theorem 3.1 to

�nd T and R .

No w, let

A �! x1 � � � xn ; x i 2 V;

b e a pro duction in G. W e replace it b y the follo wing set of pro ductions

�
A ! � j � = � (x1) � � � � (xn ) 6= 1; � (x i ) 2 f x i ; 1g if x i 2 N1 and � (x i ) = x i otherwise

	
:

Moreo v er, if 1 2 L(G) , whic h can b e tested, w e add the pro duction S ! 1. Let G1 b e

the CF grammar th us constructed. Clearly , the only p ossible erasing pro duction in G1

is S ! 1.

Claim I. L(G1) = L(G) .

Pr o of. L(G1) � L(G) . Let w 2 L(G1) . If w = 1 , then clearly 1 2 L(G) . Otherwise,

b y the construction of G1 , w e can translate a deriv ation

S ) �
G1

w to S ) �
G u1a1u2 � � � unanun+1

for some ai �s and ui �s suc h that w = a1 � � � an and ui 2 N +
1 . Since, b y the c hoice of N1 ,

ui ) �
G 1, w e conclude that w 2 L(G) .

L(G) � L(G1) . Let w 2 L(G) . Again the case w = 1 is clear. Otherwise w e deriv e

from a deriv ation

S ) �
G w 2 � +

(3.1)

a deriv ation S ) �
G1

w

as follo ws: in eac h step of (3.1) w e erase all those o ccurrences of the righ t hand side

of the considered pro duction whic h con tributes to w only the empt y w ord. By the

construction of G1 , this yields a deriv ation according to G1 .

So w e ha v e pro v ed Claim I, and th us eliminated the erasing pro ductions.

Next w e in tro duce a new set of non terminals

f Aa j a 2 � g;

add the pro ductions Aa �! a; a 2 �

and c hange eac h o ccurrence of a terminal a b y its coun terpart Aa . Clearly , the grammar

th us obtained is equiv alen t to the original one, and moreo v er, satis�es the requiremen ts

for the Chomsky normal form except that the pro ductions of the form

A �! B1 � � � Bn ; n � 1; B i 2 N (3.2)

are still p ossible.

A pro duction of the form (3.2) with n � 3 is easy to eliminate: Replace it b y the

follo wing set of pro ductions:

A ! B1C1; C1 ! B2C2; : : : ; Cn� 1 ! Bn� 1Bn ;
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where Ci �s are new non terminals (distinct for eac h pro duction of the form (3.2)). Ob-

viously , this op eration preserv es the language.

Finally , w e ha v e to eliminate chain pro ductions, i.e. pro ductions of the form A ! B .

A t this p oin t w e assume that suc h pro ductions are the only illegal pro ductions in G.

F or eac h A 2 N w e de�ne (lik e N1 ab o v e) the sets

NA = f B 2 N j A ) �
G Bg;

and the set of pro ductions

PA = f A ! � j 9B 2 NA ; � 2 � [ N 2 : B ! � g:

Clearly , if A ! � 2 P A , then A ) �
G � , so that w e can add PA to G without c hanging

the language it generates. Let G+ b e obtained b y adding all ab o v e PA �s to G. No w,

w e omit all the c hain pro ductions from G+ to obtain a Chomsky normal form grammar

GCNF .

Claim I I. L(GCNF ) = L(G+ ) ( = L(G) ) .

Pr o of. L(GCNF ) � L(G+ ) . Ob vious since all pro ductions of GCNF are in G+ .

L(G+ ) � L(GCNF ) . Let w 2 L(G+ ) , i.e.

S ) �
G+

w 2 � � : (3.3)

If no c hain pro ductions are used in (3.3), then the deriv ation is according to GCNF , as

w ell. If, in turn, (3.3) uses a c hain pro duction, sa y is of the form

S ) �
G+

uAv ) G+ uBv ) �
G+

uCv ) G+ u�v ) �
G+

w; with � 2 � [ N 2;

w e can transform a deriv ation uAv ) �
G+

u�v to a deriv ation uAv ) �
GCNF

u�v , and hence

b y induction w 2 L(GCNF ) .

So w e ha v e pro v ed Claim I I and Theorem 3.2.

By calling a language L 1-fr e e if L � � +
, w e obtain from the pro of of Claim I

Corollary 3.3. Each 1-fr e e CF language is gener ate d by a noner asing CF gr ammar i.e.

by a CF gr ammar having no pr o ductions of the form A ! 1.

W e turn to pro v e that eac h CF language can b e generated b y a CF grammar in

Greibac h normal form, as w ell.

W e need t w o auxiliary constructions.

De�nition 3.5. Let G = ( V;� ; P; S) b e a CF grammar. A pro duction A ! � is called

an A -pr o duction . F urther w e call a pro duction left r e cursive , if it is of the form

A �! A�; with � 2 V � :

In the follo wing constructions w e eliminate from G I) a non terminating A -pro duction

I I) all left recursiv e A -pro ductions.

I. Elimination of a nonterminating A -pr o duction . Let A ! � 1B� 2 b e an A -pro duction

and B ! � 1 j � 2 j � � � j � r b e all B -pro ductions of G. If w e replace the pro duction

A ! � 1B� 2 b y the pro ductions A ! � 1� 1� 2 j � 1� 2� 2 j � � � j � 1� r � 2 , then the language

remains unc hanged.
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Pr o of . Let G1 b e the grammar obtained as ab o v e from G.

L(G1) � L(G) . A use of pro duction A ! � 1� i � 2 can b e sim ulated b y a deriv ation of

G as follo ws: A ) G � 1B� 2 ) G � 1� i � 2 .

L(G) � L(G1) . If a pro duction a ! � 1B� 2 is used in a terminal deriv ation, then

the ab o v e o ccurrence of B m ust b e replaced later b y some � i . Consequen tly , the ab o v e

deriv ation of G can b e sim ulated b y G1 .

I I. Elimination of al l left r e cursive A -pr o ductions . Let A ! A� 1 j � � � j A� r b e the

set of all left recursiv e A -pro ductions of G and A ! � 1 j � � � j � s the set of all other

A -pro ductions of G. Let G1 = ( V [ f Bg; � ; P1; S) b e a CF grammar, where B is a

new non terminal, and P1 is obtained from P b y replacing all A -pro ductions b y the

pro ductions

A �! � i j � i B; i = 1; : : : ; s;

B �! � i j � i B; i = 1; : : : ; r:

Then L(G1) = L(G) .

Pr o of . L(G) � L(G1) follo ws from the facts that in a leftmost terminal deriv ation of

G a sequence of pro ductions A ! A� i is follo w ed b y a pro duction A ! � j and that the

sequence

A ) A� i 1 ) A� i 2 � i 1 ) : : : ) A� i p � � � � i 1 ) � j � i p � � � � i 1

can b e replaced in G1 b y

A ) � j B ) � j � i p B ) : : : ) � j � i p � � � � i 1 :

L(G1) � L(G) follo ws since the ab o v e argumen t can b e rev ersed.

No w, w e are ready for

Theorem 3.4. Each CF language c an b e gener ate d by a CF gr ammar GGNF in Gr eib ach

normal form. Mor e over, such a GGNF c an b e e�e ctively found.

Pr o of. Let L b e generated b y a CF grammar G = ( V;� ; P; S) in Chomsky normal form.

If 1 2 L(G) , then G con tains a pro duction S ! 1, and deleting it w e get Chomsky

normal form grammar for L nf 1g. If w e can construct a Greibac h normal form grammar

for this language, w e get it also for L b y adding S ! 1 and p ossibly c ho osing a new

start sym b ol. Therefore, w e can assume that L is 1-free.

Let

N = f A1; A2; : : : ; Amg:

In the �rst step w e mo dify G suc h that

if A i ! A j 
 is a pro duction, then j > i: (3.4)

This is ac hiev ed b y applying pro cedures I and I I rep eatedly starting from A1 and pro-

ceeding to Am :

F or A1 it is enough to apply I I once to obtain a grammar satisfying (3.4). Assume

that w e already reac hed a situation, where (3.4) is satis�ed for i < k .

If Ak ! A j 
 , with j < k , is a pro duction in our grammar constructed at this p oin t,

w e apply pro cedure I to eliminate it, or more precisely to replace it b y new pro ductions
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whic h are obtained b y substituting for A j all p ossible righ t hand sides of A j -pro ductions.

Since A j �s, for j < k , already satisfy (3.4), after at most k� 1 applications of pro cedure I

(for all c hoices) w e obtain a grammar, where pro ductions Ak ! A j 
 , j < k , are replaced

b y pro ductions of the form Ak ! A j 
 , with j � k (and of the form Ak ! a
 , with

a 2 � ). No w pro ductions of the form Ak ! Ak 
 can b e eliminated sim ultaneously b y

pro cedure I I b y in tro ducing a new non terminal Bk .

All in all this �rst step leads to a grammar, where pro ductions are of the follo wing

forms:

(i) A i �! A j 
; j > i;

(ii) A i �! a
; with a 2 � ;

(iii) B i �! 
 2 (V [ f B1; : : : ; B i g)� :

In the se c ond step w e c hange A i -pro ductions to Greibac h normal form. W e �rst note:


 �s in (i) and (ii) are in

(N [ f B1; : : : ; Bmg)� :

This follo ws, since for the original grammar this is true, since it w as in CNF, and

the pro cedures lead from pro ductions in this form to new ones b eing still in the same

form. Consequen tly , Am -pro ductions are in GNF, since there are none of the form

(i). Moreo v er, Am� 1 -pro ductions can b e replaced b y pro ductions in GNF b y applying

pro cedure I once. Rep eating in the same w a y all A i -pro ductions can b e replaced b y

pro ductions in GNF.

In the thir d step w e ha v e to deal with new B i -pro ductions. B i -pro ductions are

in tro duced in pro cedure I I, when they are created from A i -pro ductions b y the rule:

A i ! A i � ) B i ! � j �B i . So w e ha v e to analyze righ t hand sides of A i -pro ductions.

As w e already noted they are in (f 1g [ �)( N [ f B1; : : : ; Bm g)�
. Moreo v er, if suc h a

pro duction do es not start with a terminal, it starts, b y the same argumen t w e used

to conclude the form of 
 ab o v e, with t w o A -non terminals. Consequen tly , eac h B i -

pro duction is either in a GNF or starts with some A i , so that after one application of

pro cedure I it can b e replaced b y GNF pro ductions.

So w e ha v e completed our construction and found a Greibac h normal form grammar

for L .

One can strengthen Theorem 3.4 to

Prop osition 3.5. Each CF language c an b e gener ate d by a CF gr ammar in standar d

2-form.

Remark 3.2. The normal forms w e pro v ed are useful to pro v e prop erties of CF lan-

guages. F or example, CNF guaran tees that CF languages can b e generated b y v ery

regular deriv ation trees: eac h no de has either exactly t w o non terminal descendan ts or

only one terminal descendan t.

GNF and standard 2-form resem ble RL grammars, since pro ductions are of the form

A �! aB1 � � � Bn ; n � 0; a 2 � ; B i 2 N:

In particular, standard 2-form grammar can con tain, b esides RL pro ductions A ! a
and A ! aB , only pro ductions of the form A ! aBC . This, ho w ev er, mak es a big
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di�erence in generating p o w er, since, as w e shall see, �the family of CF languages is

m uc h larger than the family of regular languages�.

Note also that GNF sho ws that CF languages can b e generated in r e al time , i.e.

in the leftmost deriv ation of a terminal w ord eac h deriv ation step pro duces a terminal

letter.

3.2 Prop erties of CF languages

In this section w e consider prop erties of CF languages. Some further prop erties are

sho wn later after sho wing that the family of CF languages can b e c haracterized as

languages accepted b y a certain t yp e of automata � pushdo wn automata. The prop-

erties considered are closur e pr op erties , in order to b e able to sho w that languages are

CF, pumping pr op erties , in order to sho w that languages are not CF, and de cidability

prop erties.

W e start with closure prop erties.

De�nition 3.6. W e sa y that a transduction � : � � ! � �
is a substitution , if it satis�es

� (1) = f 1g and

� (ww0) = � (w) � � (w0) 8w; w0 2 � � :

Consequen tly , as in the case of a morphism, a substitution � is completely de�ned

b y the languages � (a); a 2 � . In fact, � can b e view ed as a morphism from � �
in to

the monoid of all languages o v er � . A substitution � is �nite , r e gular or c ontext�fr e e , if

languages � (a) , for a 2 � are so.

Theorem 3.6. The family of CF languages is close d under CF substitutions.

Pr o of. Let G = ( V;� ; P; S) b e a CF grammar and � : � � ! � �
a CF substitution, i.e.

eac h � (a) , for a 2 � , is CF, sa y generated b y

Ga = ( Va; � ; Pa; Sa):

Assuming that (as w e can)

(Va n �) \ V = ; and (Va n �) \ (Vb n �) = ; ; 8a; b2 � ;

w e de�ne a CF grammar

G� = ( V [
[

a2 �

Va; � ; P� [
[

a2 �

Pa; S);

where P� is obtained from P b y replacing eac h o ccurrence of an y terminal a in eac h

pro duction of P b y Sa .

It follo ws immediately that L(G� ) = �
�
L(G)

�
.

Corollary 3.7. A morphic image of a CF language is CF.

Theorem 3.8. The family of CF languages is close d under r ational op er ations.
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Pr o of. Let L i = L(Gi ) for CF grammars Gi = ( Vi ; � ; Pi ; Si ) , i = 1; 2, where (V1 n � 1) \
(V2 n � 2) = ; . Then CF grammars for the languages L1 [ L2 , L1L2 and L �

1 can b e

de�ned, resp ectiv ely , as follo ws:

G[ = ( V1 [ V2 [ f Sg; � ; P1 [ P 2 [ f S ! S1 j S2g; S);

G� = ( V1 [ V2 [ f Sg; � ; P1 [ P 2 [ f S ! S1S2g; S);
and

G� = ( V1 [ f Sg; � ; P1 [ f S ! SS1 j S1 j 1g; S);

where S is a new sym b ol.

It is ob vious that the ab o v e constructions w ork as in tended.

Since for an y language L w e ha v e L+ = LL �
, w e obtain

Corollary 3.9. The family of CF languages is close d under 1-fr e e iter ation.

The closure under the other Bo olean op erations than the union do es not hold true

for con text�free languages, as w e shall see as a consequence of pumping prop erties of

these languages, whic h w e start to consider no w.

W e recall that a pumping lemma for regular languages sa ys that, if L is regular then

for eac h long enough w ord z there exists a factorization z = uxv , with x 6= 1 , suc h that

ux � v � L . F urther as sho wn b y the CF language L = f anbn j n � 0g this do es not

hold for CF languages. Ho w ev er, eac h w ord z of L can b e factorized as z = uxwyz suc h

that uxnwynz 2 L with xy 6= 1 , for all n � 0. Indeed, tak e u = w = z = 1 , x = a and

y = b. Consequen tly , in L one can pump sim ultaneously in t w o places! This is true for

CF languages, in general, as w e shall no w sho w.

A ctually , w e pro v e a CF pumping lemma in a stronger form. In what follo ws, w e are

allo w ed to sp ecify some p ositions, i.e. o ccurrences of letters, in a giv en w ord � these

are called marke d .

Theorem 3.10 (Iteration Theorem for CF languages). L et L b e a CF language.

Ther e exists a c onstant m such that for any wor d z in L if we mark at le ast m p ositions

in z, we c an factorize z as z = uxwyv such that

(i) x and y c ontain to gether at le ast one marke d p osition,

(ii) xwy c ontains at most m marke d p ositions, and

(iii) uxnwynv 2 L for al l n � 0.

Pr o of. Assume that L n f 1g is generated b y Chomsky normal form grammar G =
(V;� ; P; S) . Let k = jV n � j and set m = 2 k+1

.

Let z 2 L and assume that there exist at least m mark ed p ositions in z (hence

jzj � m ). W e consider the deriv ation tree D z of z. W e construct a particular path pz in

D z as follo ws:

� The ro ot of D z , that is S, is in pz ;

� If A is in pz and it has t w o non terminal descendan ts B and C , then that one whic h

�con tributes� more mark ed p ositions to z is in pz , and in the case they con tribute

equally man y w e can c ho ose either B or C arbitrarily;
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� If A is in pz and it has just one terminal descendan t, then that is in pz .

Clearly , since G is in CNF pz is w ell de�ned. F urther �what X con tributes to z� is that

factor of z, whic h is the yield of the subtree of D z starting at X . Finally , w e sa y that

a non terminal A ab o v e (as a no de lab eled b y A in pz ) is a br anch p oint , if it has t w o

descendan ts and b oth of those con tribute some mark ed p ositions to z. The construction

of pz can b e illustrated as:

� = mark ed p osition

= pz

b = branc h p oin t
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No w, a crucial observation is that eac h branc h p oin t con tributes to z at least half

as man y mark ed p ositions as its previous branc h p oin t. By the c hoice of m there are at

least 2k+1
mark ed p ositions in z all of whic h are descendan ts of S. So in pz there are

at least k + 1 branc h p oin ts. Consequen tly , among the k + 1 last branc h p oin ts there

m ust b e t w o with the same non terminal lab el, sa y v1 and v2 with v1 closer to the ro ot

and b oth lab eled b y A .

Let x , y and w b e w ords in � �
suc h that w and xwy are yields of the subtrees of D z

starting at v2 and v1 , resp ectiv ely . Therefore

A ) �
G w and A ) �

G xAy:

Moreo v er, since v1 is among the last k + 1 branc h p oin ts in pz w e conclude from our

crucial observ ation that xwy con tains at most 2k+1
mark ed p ositions. Hence, condition

(ii) in Theorem is satis�ed. On the other hand, v1 is a branc h p oin t, so b oth of its

descendan ts con tribute at least one mark ed p osition. Therefore so do es at least one of

the w ords x or y , sho wing that condition (i) is satis�ed, to o. Finally , condition (iii) is

ful�lled if w e c ho ose w ords u and v suc h that uxwyv = z. Indeed, then for an y n � 0
w e ha v e

S ) �
G uAv ) �

G uxnAynv ) �
G uxnwynv:

Often the ab o v e theorem is pro v ed b y assuming that all p ositions in z are mark ed

� then instead of mark ed p ositions w e can consider simply lengths of w ords:

Corollary 3.11 (Pumping Lemma for CF languages). F or e ach CF language L
ther e exists a c onstant m such that any wor d z of the length at le ast m has a factorization

z = uxwyv such that

(i) jxyj � 1;
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(ii) jxwyj � m , and

(iii) uxnwynv 2 L for al l n � 0.

Remark 3.3. The use of a CNF grammar in the ab o v e pro of is not necessary , but it

mak es the pro of neater.

By Pumping Lemma w e can pro v e that some languages are not CF.

Example 3.4. W e sho w that the language

L = f anbncn j n � 0g

is not CF. Marking b�s w e could sligh tly decrease the n um b er of di�eren t cases needed

to b e analyzed in the b elo w pro of. Ho w ev er, Iteration Theorem w ould not mak e the

pro of essen tially simpler than the ordinary Pumping Lemma.

The ordinary Pumping Lemma w orks here: F or some large enough n w e can write

anbncn = uxwyv with jxyj � 1
and uxm wymv 2 L for all m � 0:

W e ha v e to analyze the follo wing cases:

1) If x or y is in d+ e+
, with d; e 2 f a; b; cg, d 6= e, then clearly ux2wy2v 62a� b� c�

, a

con tradiction.

2) If x; y 2 a� [ b� [ c�
, then either juwvja 6= juwvjb or juwvja 6= juwvjc , a con tradiction.

Remark 3.4. There are languages whic h can b e sho wn non�CF b y Iteration Theorem,

but not b y Pumping Lemma. An example of suc h a language is f a� bcg [ f apbancan j
p 2 P; n � 0g, cf. Exercises.

No w w e are ready for some nonclosure prop erties.

Theorem 3.12. The family of CF languages is not close d under interse ction or c om-

plementation.

Pr o of. Let

L1 = f ai bi cj j i; j � 1g
and

L2 = f ai bj cj j i; j � 1g:
Then

L1 \ L2 = f anbncn j n � 1g;

whic h b y Example 3.4 is non�CF (of course, it do es not matter whether the index go es

from 0 or 1).

Ho w ev er, L1 is generated b y CF pro ductions

S �! AC; A �! aAb j 1; C �! cC j 1:

Similarly , L2 is CF. So w e ha v e established the nonclosure under in tersection.

The nonclosure under complemen tation follo ws from ab o v e and Theorem 3.8:

L \ K = � � n
�
(� � n L) [ (� � n K )

�
:
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No w w e use pumping prop erties of CF languages to establish a connection b et w een

regular and con text�free languages � P arikh Theorem.

De�nition 3.7. W e call a mapping

� : � � ! Nj � j; � (w) = ( jwja1
; : : : ; jwjan

);

where � = f a1; : : : ; ang, Parikh mapping . F urther w e call t w o languages L and L0
letter

e quivalent , if their P arikh images coincide, i.e. � (L) = � (L0) .

P arikh Theorem states that eac h CF language is letter equiv alen t to a regular lan-

guage. W e need as an auxiliary result the follo wing mo di�cation of pumping lemma.

Lemma 3.13. L et G b e a CF gr ammar in CNF and k a natur al numb er. Ther e exists

a c onstant p (dep ending on G and k ) such that for any wor d z 2 L(G) of the length at

le ast p, ther e exists a derivation

S ) � uAv ) � ux1Ay1v ) � ux1x2Ay2y1v ) � : : : ) � ux1 � � � xkAyk � � � y1v

) � ux1 � � � xkwyk � � � y1v = z
(3.5)

for some A 2 N and wor ds x i ; yi ; u; v; w 2 � �
such that

(i) jx i yi j � 1, for i = 1; : : : ; k ,

(ii) jx1 � � � xkwyk � � � y1j � p.

Pr o of. W e �rst note that since G is in CNF, that is pro ductions are either length in-

creasing A ! BC or terminating A ! a, there exists a constan t q suc h that for an y

w ord z of length at least q an y deriv ation tree con tains a path rep eating a non terminal

at least k + 1 times, that is z has a deriv ation of the form (3.5), where condition (i) is

satis�ed since G is in CNF.

In the ab o v e deriv ation tree considered w e can c ho ose the path yielding (3.5) in suc h

a w a y that the subtree starting at the topmost o ccurrence of A do es not con tain on an y

path an y non terminal more than k times (except that A o ccurs k + 1 times as c hosen).

Of course, suc h a deriv ation (3.5) can b e found. Then the length of x1 � � � xkwyk � � � y1

w ould b e b ounded b y a constan t r ( = 2 k�jN j+1
).

W e can c ho ose p = max( r; q) .

W e still need one more notion. F or a CF grammar G = ( V;� ; P; S) and a subset

Q � N = V n � , b y a derivation in Q w e mean a deriv ation of G whic h uses al l

nonterminals of Q, and only nonterminals of Q. W e set

L(G; Q) = f w 2 � � j w has a deriv ation in Q from Sg:

Clearly ,

L =
[

Q� N

L(G; Q): (3.6)

Theorem 3.14 (P arikh Theorem). Each CF language is letter e quivalent to a r e gular

language.
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Pr o of. Let L = L(G) for a CNF grammar G = ( V;� ; P; S) . F urther let Q � N (= V n�) .

Since the family of regular languages is closed under union, it follo ws from (3.6) that it

is enough to sho w that L(G; Q) is letter equiv alen t to a regular language.

Let k = jQj and p the constan t of Lemma 3.13 asso ciated to G and k . W e set

F = f w 2 � � j jwj < p; w 2 L(G; Q)g

and

T = f w 2 � � j w = xy; A ) �
G xAy using only non terminals from Q ; A 2 Q; 1 � j xyj < pg:

Then F and T are �nite, so that F T �
is regular. Hence it is enough to pro v e

Claim. � (F T � ) = �
�
L(G; Q)

�
.

Pr o of of Claim. � (F T � ) � �
�
L(G; Q)

�
: W e ha v e to sho w that for z 2 F T �

, there

exists z0 2 L(G; Q) suc h that � (z) = � (z0) . This is done b y induction on i in F T � =S
i � 0 F T i

.

i = 0 : Then z 2 F and so also z 2 L(G; Q) .

Induction step : Let z 2 F T i
. W e write z = f t with f 2 F T i � 1

and t 2 T . W e �nd,

b y induction h yp othesis, an f 0
in L(G; Q) suc h that � (f ) = � (f 0) . No w, b y the c hoice

of T , w e ha v e

t = xy and A ) � xAy for some A 2 Q:

But f 0 2 L(G; Q) and A 2 Q, so that w e ha v e the follo wing deriv ation in Q

S ) � uAv ) � uwv = f 0:

Consequen tly , uxwyv has a deriv ation in Q, and since clearly � (uxwyv) = � (f 0t) =
� (f t ) = � (z) w e are done.

�
�
L(G; Q)

�
� � (F T � ) : Let z 2 L(G; Q) . Again w e �nd, b y induction on jzj , z0 2 F T �

suc h that � (z) = � (z0) .

jzj < p : Then z 2 F and w e are done.

Induction step : Assume that jzj = n � p. No w z has a deriv ation in Q: S ) � z
using exactly non terminals from Q. By Lemma 3.13, w e can write this in the form

S ) � uAv ) + ux1Ay1v ) + : : : ) + ux1 � � � xkAyk � � � y1v

) + ux1 � � � xkwyk � � � y1v = z;
(3.7)

where, for eac h i , 1 � j x i yi j � p. (Note that here w e ha v e used Lemma 3.13 not for the

w ord z, but for its deriv ation S ) � z, whic h is b y the pro of of Lemma 3.13 OK).

No w, (3.7) is a deriv ation in Q. So all k non terminals app ear in (3.7). F or eac h of

the k � 1 non terminals in Q n f Ag w e pic k one of the k + 2 steps of (3.7) con taining this

non terminal. There remains at least one step of the form

ux1 � � � x i Ay i � � � y1v ) + ux1 � � � x i +1 Ay i +1 � � � y1v;

whic h is not pic k ed. By remo ving this w e obtain a deriv ation in Q for the w ord �z =
ux1 � � � x i x i +2 � � � xkwyk � � � yi +2 yi � � � y1v 2 � �

, with j �zj < jzj . By induction h yp othesis,

there exists a �z0
in F T �

suc h that � (�z) = � (�z0) . Set z0 = �z0x i yi and w e are done:

z0 2 F T �
and � (z) = � (z0) .
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Since for w ords w; w0 2 a�
w e ha v e: � (w) = � (w0) i� w = w0

, w e obtain

Corollary 3.15. Each CF language L � a�
is r e gular.

Example 3.5. W e claim that unary CF language, i.e. CF languages o v er f ag, are

ultimately p erio dic , i.e. of the form

f an1 ; : : : ; an i g [ f an i +1 ; : : : ; an i + j gf apg�
for some i; j � 0; (3.8)

where 0 � n1 < n 2 < � � � < n i + j and p � 0. By previous corollary , it su�ces to pro v e

this for regular languages. Let L � a�
b e accepted b y a complete DF A A . Then A is of

the form:

a
q0 q1 qt-1. . . aa aq1 qt

a
a

a

qt+1

qt+2

qt+p-1

(3.9)

No w, an y c hoice of the �nal states giv es a presen tation of the form (3.8), and also

con v ersely an y presen tation of the form (3.8) yields a DF A of the form (3.9) accepting

the language.

No w, w e turn to the decidabilit y questions for CF languages. W e consider the same

questions w e did for regular languages.

Theorem 3.16. The memb ership, emptiness and �niteness pr oblems ar e de cidable for

CF languages (given by CF gr ammars).

Pr o of. Memb ership . Here a grammar G and a w ord w 2 � �
are giv en, and the algorithm

has to decide � w 2 L(G) ?�.

A n algorithm : First c hange G to an equiv alen t GNF grammar G0
, b y Theorem 3.4.

Then decide whether S ! 1 is in G0
, if w = 1 , or whether G0

deriv es w in an y deriv ation

of the length jwj , if w 6= 1 .

This algorithm clearly w orks correctly , but is v ery une�cien t. Indeed, the transfor-

mation G ! G 0
is not easy , and ev en w orse there ma y exist kjwj

leftmost deriv ations for

w ords of length jwj , where k is the n um b er of pro ductions in G0
.

Emptiness . Clearly L(G) 6= ; i� 9w 2 � � : S ) �
G w i� S is terminating. The last

prop ert y can b e c hec k ed b y a construction in the pro of of Theorem 3.1.

Finiteness (or in�niteness). A n algorithm :

1) Find for G an equiv alen t CNF grammar G0
;

2) Find for G0
an equiv alen t reduced grammar G00

;

3) Chec k whether G00
con tains a non terminal A satisfying

A ) �
G00 uAv for u; v 2 V �

and uv 6= 1; (3.10)

and if �y es�, output � L(G) is not �nite�, and otherwise � L(G) is �nite�.
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P arts 1) and 2) can b e done b y Theorems 3.2 and 3.1, resp ectiv ely . Condition (3.10),

in turn, can b e tested b y a construction in the pro of of Theorem 3.1.

The correctness of the algorithm is seen as follo ws: If there exists an A satisfying

(3.10), then L(G) is in�nite, since G00
is reduced uv cannot b e erased (since G00

is in

CNF), and w e can pump (3.10) arbitrarily man y times. On the other hand, if no A
satisfying (3.10) exists, then, since G is in CNF, the paths in deriv ation trees are shorter

than jN j . Hence, L(G) is �nite.

Remark 3.5. Con trary to Theorem 3.16 man y other problems for CF languages are

algorithmically undecidable. Examples of suc h problems are:

Equivalenc e pr oblem : L(G) ?= L(G0) .

A mbiguity pr oblem : Is a giv en CF grammar am biguous?

Universality pr oblem : L(G) ?= � �
.

Later w e shall ha v e to ols to sho w suc h results.

W e conclude this section with a more practical solution for the mem b ership problem.

Theorem 3.17 (Co c k e�Y ounger�Kasami -algorithm). The memb ership pr oblem

for CF languages c an b e solve d in cubic time, i.e. in O(jwj3) .

Pr o of. First w e transform a grammar generating L in to a CNF grammar G = ( V;� ; P; S) .

(This requires only a constan t time in terms of jwj !)

W e are giv en w = a1 � � � an , with ai 2 � . W e denote b y � ij the factor of w starting

at the p osition i and of length j . Therefore � ij = ai � � � ai + j � 1 . So if w e let j = 1; : : : ; n,

then i = 1; : : : n � j + 1 . The basic idea is to �nd all non terminals A satisfying

A ) �
G � ij : (3.11)

This is done inductiv ely on j and k eeping a list of sets of non terminals computed earlier.

In more details, w e build the upp er left half of the matrix, where en try (i; j ) consists of

exactly those A �s satisfying (3.11). Hence, the question � w 2 L(G) ?� can b e answ ered

b y c hec king whether S is in the en try (1; n) .

The construction of the matrix is illustrated b elo w:

The �rst ro w is easy to �ll. Since G is in CNF, A is in (i; 1) i� A ! ai 2 P . No w,

assuming that the j � 1 �rst ro ws are �lled, the next one is �lled as follo ws:

A is in (i; j ) i�

A ) � � ij i� (since G is in CNF)

A �! BC 2 P and 9k 2 f 1; : : : ; j � 1g : B ) � � ik and C ) � � i + k;j � k i�

A �! BC 2 P and 9k 2 f 1; : : : ; j � 1g : B in (i; k ) and C in (i + k; j � k):

The correctness of the algorithm follo ws directly from the construction. The com-

plexit y of the algorithm is estimated as follo ws:

� W e ha v e to compute the v alue of O(n2) en tries;

� Eac h v alue can b e computed b y comparing at most n pairs of earlier computed

en tries;
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a1 a2 a3 � � � ak � � � an
i �! l

j
?
?
y

i; j

 � T est S 2 (1; n) ?

�

�

�

�

�

� �

�

�

�

�

�

Lines

� �
sho w the en-

tries needed to b e c hec k ed in

order to �ll the en try (i; j ) .

Arro w  ! sho ws ho w en tries

(i; 1) are �lled.

� Comparing t w o en tries in the ab o v e can b e done in a constan t time on n .

Hence, the complexit y is O(n3) .

Remark 3.6. There are metho ds to impro v e the ab o v e algorithm, but no algorithm

with complexit y O(n2) is kno wn for the problem.

Remark 3.7. The ab o v e algorithm can b e used to �nd a deriv ation tree for w also in

time O(n3) .

Remark 3.8. The metho d used to construct the ab o v e algorithm is that of the dynam-

ic al pr o gr amming : a problem is solv ed b y solving smaller instances and k eeping a list of

their solutions.

3.3 Pushdo wn automata

In this section w e de�ne a family of automata � pushdo wn automata � whic h c harac-

terizes the family of CF languages. These automata are generalizations of F A suc h that

in addition to a �nite memory in states, they ha v e an additional, p oten tially in�nite,

memory , whic h ho w ev er is of a v ery sp ecial t yp e, so called LIF O�typ e (last�in��rst�out).

Moreo v er, these devices are nondeterministic and capable of reading empt y w ord. Here

the deterministic v arian t (dp da) is strictly less p o w erful than the general mo del (p da).

De�nition 3.8. Pushdown automaton M , p da for short, is a sev en tuple

M = ( Q; � ; � ; �; q0; z0; F );

where
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(i) Q is a �nite set of states ,

(ii) � is a �nite input alphab et ,

(iii) � is a �nite stack alphab et ,

(iv) � is a tr ansition function Q� (� [f 1g)� � ! 2Q� � �
,

(v) q0 2 Q is the initial state ,

(vi) z0 2 � is the initial stack symb ol ,

(vii) F � Q is the set of �nal states .

I N P U T

� � �

�!

read

only

head

q0 q1

qf

.

.

.

^

y
S

T

A

C

K

.

.

.

read and

write head

As in the case of an F A, a p da can b e illustrated as sho wn in the �gure ab o v e.

T ransitions of M are of the form

(p; �; z; q; 
 ) 2 Q � (� [ f 1g) � � � Q � � �
(3.12)

and are in terpreted as follo ws: �When in state p, reading � and z is the topmost sym b ol

in the stac k, then M can mo v e to state q, replace z b y 
 , and sta y in the same square

of the input tap e or mo v e one step to the righ t dep ending on whether � = 1 or � 2 � �.

F or a triple (p; �; z ) there ma y b e sev eral pairs (q; 
 ) suc h that (p; �; z; q; 
 ) is a

transition � hence M is nondeterministic . Also the case � = 1 is allo w ed � hence M
ma y ha v e 1-tr ansitions .

A con�guration of M during a computation, its instantane ous description , ID for

short, is de�ned as a triple (q; w; 
 ) 2 Q � � � � � �
, corresp onding to a curren t state, so

far unread part of the input and the con ten ts of the stac k.

De�nition 3.9. On the set of ID�s w e de�ne a relation ` M as follo ws:

(p; �w; z� ) ` M (q; w; 
� ) if (q; 
 ) 2 � (p; �; z ):

By ` �
M w e mean the re�exiv e and transitiv e closure of ` M . If ID ` M ID', w e sa y that

M derives dir e ctly ID' from ID, corresp onding a one step c omputation . Consequen tly ,

` i
M means an i step computation according to M . The initial con�guration of M is

(q0; w; z0) .

De�nition 3.10. A language can b e asso ciated with a p da M in a n um b er of di�eren t

w a ys. A language ac c epte d by M (with �nal states) is

L(M ) = f w 2 � � j (q0; w; z0) ` �
M (q;1; 
 ) with q 2 F; 
 2 � � g:

A language ac c epte d by M with empty stack (resp. with empty stack and �nal states ) is

N (M ) = f w 2 � � j (q0; w; z0) ` �
M (q;1; 1) with q 2 Qg

(resp. T(M ) = f w 2 � � j (q0; w; z0) ` �
M (q;1; 1) with q 2 F g ):

Remark 3.9. All three mo dels of the acceptance de�ne exactly the same family of

languages, namely the family of CF languages, as w e shall see. If the acceptance is

not sp eci�ed in details, w e mean the acceptance with �nal states. This mak es p da�s

natural extensions of F A�s. Of course, the acceptance with the empt y stac k and �nal

states w ould b e mathematically nicest � ho w ev er, it is not so suitable when sho wing

that particular languages are CF.
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Example 3.6. Let us searc h for a p da for the language f anbn j n � 0g = L . The idea is

clear: p da coun ts the n um b er of a�s in the stac k, so that it can accept when the n um b er

of b�s equal to that of a�s. More formally , let M = ( f q0; qa; qb; qf g; f a; bg; f z0; a; bg; �; q0;
z0; f qf g) with the transitions:

(q0; 1; z0) �! (qf ; 1) (accepts 1)

(q0; a; z0) �! (qa; az0)

(qa; a; a) �! (qa; aa)

(qa; b; a) �! (qb; 1)

(qb; b; a) �! (qb; 1)

(qb; 1; z0) �! (qf ; 1):

Clearly , L(M ) = N (M ) = T(M ) = L .

Example 3.7. The language

�
wcwR j w 2 f a; bg+

	
is accepted b y a p da M ha ving

transitions:

(q0; x; z0) �! (q0; xz0) for x 2 f a; bg;

(q0; x; y) �! (q0; xy) for x; y 2 f a; bg;

(q0; c; x) �! (q1; x) for x 2 f a; bg;

(q1; x; x) �! (q1; 1) for x 2 f a; bg;

(q1; 1; z0) �! (qf ; 1);

with q0 and qf the initial and �nal state, resp ectiv ely . Again L(M ) = N (M ) = T(M ) .

That M w orks correctly is clear: First when reading w it is pushe d to the stac k, and

when detecting c in the input M starts to p op sym b ols from the stac k, and at the same

time compares that the rest of the input w ord is exactly the rev erse of the w ord pushed

to the stac k.

If w e c hange the third transition (sc hema) b y

(q0; x; x) �! (q1; 1) for x 2 f a; bg;

w e obtain p da M 0
accepting the language L0 =

�
wwR j w 2 f a; bg�

	
. The argumen t

is the same. Only in M w e dete ct the middle of the input, while in M 0
w e guess it,

and then con�rm that the guess w as correct. M 0
is clearly nondeterministic, while M

is deterministic in the sense w e de�ne precisely later.

Next w e sho w that all three di�eren t mo dels of the acceptance lead to the same

family of languages.

Lemma 3.18. F or e ach p da M ther e exists a p da M 0
such that L(M ) = N (M 0) .

Pr o of. Let M = ( Q; � ; � ; �; q0; z0; F ) . W e ha v e to construct a p da M 0
suc h that

� M 0
sim ulates M , and

� whenev er M en ters to a �nal state, then M 0
empties its stac k (and otherwise the

stac k of M 0
is nonempt y).

W e set M 0 = ( Q [ f qe; q0
0g; � ; � [ f x0g; � 0; q0

0; x0; � ) with the transitions:
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(i) � 0(q0
0; 1; x0) = ( q0; z0x0) ,

(ii) � 0(q; a; z) = � (q; a; z) ,

(iii) � 0(q;1; z) = ( qe; 1) for q 2 F; z 2 � [ f x0g,

(iv) � 0(qe; 1; z) = ( qe; 1) z 2 � [ f x0g.

Note that the set of �nal states of M 0
need not b e de�ned.

Claim. L(M ) = N (M 0) .

Pr o of of Claim : L(M ) � N (M 0) . Let w 2 L(M ) , i.e.

(q0; w; z0) ` �
M (q;1; 
 ) for some q 2 F and 
 2 � � :

Then according to M 0
w e ha v e:

(q0
0; w; x0) ` M 0 (q0; w; z0x0) ` �

M 0 (q;1; 
x 0) ` M 0 (qe; 1; 
 0) ` �
M 0 (qe; 1; 1);

where 
 0 = 1 if 
 = 1 , and otherwise 
 0 = c� 1
x 0 , where c is the �rst sym b ol of 
 .

It follo ws that w 2 N (M 0) .

N (M 0) � L(M ) . Let w 2 N (M 0) , i.e. (q0
0; w; x0) ` �

M 0 (q;1; 1) for some q. The

ab o v e computation starts with a rule (i) whic h lea v es the sym b ol x0 to the b ottom of

the stac k. Since the computation is accepting it has to b e remo v ed, and this can b e

done only b y rules of (iii) or (iv), that is in the state qe. In order to en ter to state qe,

M 0
has to reac h a �nal state of M . None of the rules (i), (iii) or (iv) consumes an y

input sym b ol. So the computation from q0 to a �nal state of M according to M 0
is an

accepting computation of w in M . Hence w 2 L(M ) .

Lemma 3.19. F or e ach p da M ther e exists a p da M 0
such that N (M ) = L(M 0) .

Pr o of. Let M = ( Q; � ; � ; �; q0; z0; � ) b e a p da. No w w e ha v e to construct a p da M 0

suc h that

� M 0
sim ulates M , and

� whenev er M empties the stac k (and stops), then M 0
mo v es to its �nal state (and

this is the only w a y to go to a �nal state).

W e de�ne M 0 = ( Q [ f q0
0; qf g; � ; � [ f x0g; � 0; x0; f qf g) , where � 0

is as follo ws:

(i) � 0(q0
0; 1; x0) = ( q0; z0x0) ,

(ii) � 0(q; a; z) = � (q; a; z) ,

(iii) � 0(q;1; x0) = ( qf ; 1).

Rule (i) leads from the initial ID of M 0
to that of M , with the additional prop ert y

that at the b ottom of the stac k is x0 . Then rule (ii) allo ws M 0
to sim ulate M , and if

M mak es the stac k empt y , then and only then, (iii) b ecomes applicable allo wing M 0
to

en ter to its �nal state without reading an y sym b ols.

The ab o v e clearly sho ws that N (M ) � L(M 0) . But since the ab o v e w as the only

w a y to reac h a �nal state also L(M 0) � N (M ) .
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Theorem 3.20. The thr e e families of languages ac c epte d by p da�s with

(i) �nal states;

(ii) empty stack; or

(iii) �nal states and empty stack,

c oincide.

Pr o of. The equiv alence of (i) and (ii) follo ws from Lemmas 3.18 and 3.19. The equiv a-

lence of (ii) and (iii) is easy and left as an exercise.

Next w e pro v e the main result of this section.

Theorem 3.21. A language L � � �
is CF i� it is ac c epte d by a p da.

Pr o of. By Theorem 3.20 w e ma y use the acceptance with the empt y stac k.

) : Let L � � �
b e CF. It is enough to pro v e the implication in the case 1 62L , since

w e can easily construct � b y in tro ducing a new initial state � from a p da for L n f 1g
a p da for L .

W e assume that L is generated b y GNF grammar G = ( V;� ; P; S) . W e de�ne a p da

M = ( f qg; � ; N; �; q; S; ; ) , where

(q; 
 ) 2 � (q; a; A) i� A �! a
 2 P :

The basic idea is that M sim ulates leftmost deriv ations of G b y remem b ering the se-

quences of non terminals in sen ten tial forms of the deriv ations of G in its stac k. More

formally , w e claim, that

S ) �
G x
 with x 2 � � ; 
 2 N �

(3.13)

is a leftmost deriv ation of G i�

(q; x; S) ` �
M (q;1; 
 ):

Assume �rst that (q; x; S) ` i
M (q;1; 
 ) . W e pro v e b y induction on i , that S ) �

G x
 .

The case i = 0 is clear: x = 1; 
 = S. F or the induction step w e write x = ya and

(q; x; S) ` i � 1 (q; a; � ) ` (q;1; 
 ): (3.14)

No w (q; y; S) ` i � 1 (q;1; � ) so that, b y the induction h yp othesis, in G S ) � y� . By

(3.14) and the construction of M , there m ust b e A in N suc h that � = A� 0
, A ! a� is

in P and 
 = �� 0
. Consequen tly ,

S ) �
G yA� 0 ) G ya�� 0 = x
;

as required.

Secondly assume that S ) i
G x
 is a leftmost deriv ation with x 2 � �

and 
 2 N �
.

W e pro v e, b y induction on i , that (q; x; S) ` �
M (q; 
 ) . Again the case i = 0 is trivial.

F or the induction step w e write x = ya and

S ) i � 1
G yA� 0 ) G ya�� 0 = x
 with a 2 � :
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By the induction h yp othesis

(q; y; S) ` �
M (q;1; A� 0);

and so also (q; ya; S) ` �
M (q; a; A� 0):

No w, since A ! a� 2 P w e obtain from the construction of M that

(q; x; S) ` �
M (q; a; A� 0) ` M (q;1; �� 0) = ( q;1; 
 )

as required.

T o conclude, w e note that (3.13) implies, when c ho osing 
 = 1 , that L(G) = N (M ) ,

so that L is accepted b y a p da with the empt y stac k.

( : Let M = ( Q; � ; � ; �; q0; z0; ; ) b e a p da suc h that L = N (M ) . W e construct a

CF grammar G = ( V;� ; P; S) , where

V = f Sg [ (Q � � � Q) [ � ;

and P consists of pro ductions:

(i) S �! [q0; z0; q] for q 2 Q,

(ii) [q; A; qm+1 ] �! a[q1; B1; q2][q2; B2; q3] � � � [qm ; Bm ; qm+1 ] for q; q1; : : : ; qm+1 2 Q,

a 2 � [ f 1g and A; B 1; : : : ; Bm 2 � suc h that (q1; B1 � � � Bm ) 2 � (q; a; A) .

In (ii), if m = 0 , then the pro duction is of the form [q; A; q1] ! a.

The idea of the ab o v e construction is as follo ws. A non terminal [p; A; q] in G is

eliminated in a leftmost deriv ation, and at the same time a terminal w ord x is pro duced

i� x causes in M a computation from p to q p opping the non terminal A from the stac k,

or more precisely mak e the square o ccupied b y A empt y for the �rst time.

More formally , w e pro v e for all q; p2 Q and A 2 � that

[q; A; p] ) �
G x 2 � �

i� (q; x; A) ` �
M (p;1; 1): (3.15)

This is done b y induction on the n um b er i of steps in a deriv ation of G or in a computation

of M .

I. First w e sho w that

if (q; x; A) ` i
M (p;1; 1); then [q; A; p] ) �

G x:

i = 1 : No w (p;1) is in � (q; x; A) , so that G con tains a pro duction [q; A; p] ! x .

Induction step : Consider a computation of M of length i , and write it in the form

(q; ay; A) ` (q1; y; B1 � � � Bn ) ` i � 1 (p;1; 1); (3.16)

with x = ay, a 2 � [ f 1g. No w, y has a factorization

y = y1 � � � yn ;

where yj has the e�ect of p opping B j from a stac k in the sense that during the sho wn

i � 1 steps on the computation the square originally �lled b y B j is made empt y for the

�rst time when reading yj . Of course, this p opping can b e done after a long sequence

of mo v es, where the stac k can b e longer than n � j , but no sym b ols B j +1 ; : : : ; Bn are
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touc hed when reading yj . Some yj �s ma y b e empt y , or ma y con tain �at the end sev eral

o ccurrences of the empt y w ord�.

More precisely yj �s are de�ned suc h that for some states q2; : : : ; qn+1 , with qn+1 = p,

w e ha v e

(qj ; yj ; B j ) ` �
M (qj +1 ; 1; 1):

All of these computations are shorter than i , so that the induction h yp othesis applies

yielding

[qj ; B j ; qj +1 ] ) �
G yj for 1 � j � n:

No w, b y the construction of G, w e conclude from the �rst step of (3.16) that

[q; A; p] ) G a[q1; B1; q2] � � � [qn ; Bn ; qn+1 ];

so that com bining these deriv ations of G w e obtain

[q; A; p] ) �
G ay1 � � � yn = ay = x;

as required.

I I. Secondly w e sho w that

if [q; A; p] ) i
G x 2 � � ; then (q; x; A) ` �

M (p;1; 1):

This again is pro v ed b y induction on i .

i = 1 : No w [q; A; p] ! x m ust b e a pro duction so that (p;1) 2 � (q; x; A) .

Induction step : consider a deriv ation of G of the length i of a terminal w ord x :

[q; A; p] ) G a[q1; B1; q2] � � � [qn ; Bn ; qn+1 ] ) i � 1
G x; (3.17)

where qn+1 = p. Then w e can write x = ax1 � � � xn , where

[qj ; B j ; qj +1 ] ) �
G x j for 1 � j � n:

Moreo v er, eac h of these deriv ations are shorter than i , so that the induction h yp othesis

applies yielding

(qj ; x j ; B j ) ` �
M (qj +1 ; 1; 1) for 1 � j � n:

In these computations w e can add B j +1 � � � Bn to the b ottom of the stac k:

(qj ; x j ; B j B j +1 � � � Bn ) ` �
M (qj +1 ; 1; B j +1 � � � Bn ) for i � j � n:

No w, from the �rst step of (3.17) w e conclude that

(q; x; A) ` M (q1; x1 � � � xn ; B1 � � � Bn );

and therefore com bining the ab o v e computations w e obtain

(q; x; A) ` �
M (p;1; 1);

as required.

By no w, w e ha v e established (3.15). If w e c ho ose q = q0 and A = z0 , w e obtain

[q0; z0; p] ) �
G x 2 � �

i� (q0; x; z0) ` �
M (p;1; 1):

This together with the pro ductions S ! [q0; z0; p], for some p 2 Q, implies that

S ) �
G x 2 � �

i� (q0; x; z0) ` �
M (p;1; 1) for some p 2 Q:

Therefore L(G) = N (M ) , as w as to b e pro v ed.



3.3 Pushdo wn automata 60

W e obtain from the �rst part of the ab o v e pro of:

Corollary 3.22. Each CF language is ac c epte d with empty stack by a p da having only

one state.

Remark 3.10. Ab o v e corollary sa ys that states are actually useless in p da�s, if the ac-

ceptance is with empt y stac k. This result is useful for certain theoretical considerations.

Ho w ev er, in order to sho w that certain languages are CF it is v ery useful to ha v e �nal

states.

Theorem 3.21 can b e used to sho w further closure prop erties of the family of CF

languages.

Theorem 3.23. F or e ach CF language L � � �
and r e gular language R � � �

the

language L \ R is CF.

Pr o of. An in tuitiv e reason for the result is clear: a �nite memory of an F A added to a

pushdo wn memory + a �nite memory of a p da is still a pushdo wn memory + a �nite

memory . This is also the idea of the pro of: F A A and p da M are run sim ultaneously

on inputs whic h are accepted i� b oth A and M accept.

F ormally , let R = L(A ) for DF A A = ( QA ; � ; � A ; q0; FA ) and L = L(M ) for p da

M = ( QM ; � ; � ; � M ; p0; z0; FM ) . De�ne

M \ =
�
QA � QM ; � ; � ; �; (q0; p0); z0; FA � FM

�
;

where � is de�ned as

�
(p0; q0); 


�
2 �

�
(p; q); a; z

�
i� � A (p; a) = p0

and (q0; 
 ) 2 � M (q; a; z):

Of course, a ab o v e is in � [ f 1g. If a = 1 , then b y the de�nition of � A , � A (p; a) = p.

W e claim that for an y 
 2 � �
, w 2 � �

and (p; q) 2 QA � QM w e ha v e

�
(p0; q0); w; z0

�
` i

M \

�
(p; q); 1; 


�

i� � A (p0; w) = p and (q0; w; z0) ` i
M (q;1; 
 ):

This follo ws directly from the construction (and can b e formally pro v ed b y induction).

No w, Theorem follo ws from the ab o v e equiv alence.

Theorem 3.24. L et L � � �
b e CF and h : � � ! � �

a morphism. Then h� 1(L) � � �

is CF.

Pr o of. Let L = L(M ) for p da M = ( Q; � ; � ; �; q0; z0; F ) . W e construct a p da M 0
suc h

that:

� On input a (or w ) M 0
b eha v es as M do es on h(a) (or h(w) ).

A problem here is that a computation (p; h(a); z) ` �
M (q;1; 
 ) migh t con tain un b ound-

edly long 
 � and hence cannot b e sim ulated b y M 0
on one (or a �xed �nite n um b er

of ) step(s). A solution to this is that M 0
remem b ers in its states (in a �bu�er� of a �nite

length) the su�xes of h(a) �s.

F ormally , M 0 =
�
Q0; � [ � ; � ; � 0; (q0; 1); z0; F � f 1g

�
, where

Q0 = f (q; � ) j q 2 Q; � is a su�x of h(a) for some a 2 � g;

and � 0
is de�ned as:
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(i)

�
(p; � ); 


�
2 � 0

�
(q; � ); 1; z

�
, if (p; 
 ) 2 � (q;1; z) ;

(ii)

�
(p; � ); 


�
2 � 0

�
(q; a� ); 1; z

�
, if (p; 
 ) 2 � (q; a; z) for a 2 � ; and

(iii)

� �
q; h(a)

�
; z

�
2 � 0

�
(q;1); a; z

�
for all a 2 � , z 2 � .

The meaning of (i)�(iii) are in that order: �Sim ulates a 1-mo v e of M �; �Sim ulates a

mo v e of M whic h reads a 2 � �; and �Loads a bu�er b y h(a) �. In the �rst mo v e the

bu�er is unc hanged, while in the second mo v e it is shortened b y one.

W e claim that L(M 0) = h� 1(L) .

I. h� 1(L) � L(M 0) . No w, if

�
q; h(a); �

�
` �

M (p;1; � 0) , then one application of (iii)

follo w ed b y sev eral applications of (i) and (ii) sho ws that

�
(q;1); a; �

�
` �

M 0

�
(p;1); 1; � 0

�
:

Consequen tly ,

if

�
q0; h(w); z0

�
` �

M (p;1; 
 ); then

�
(q0; 1); w; z0

�
` �

M 0

�
(p;1); 1; 


�
;

pro ving the inclusion h� 1(L) � L(M 0) .

I I. L(M 0) � h� 1(L) . Let w = a1 � � � an , with ai 2 � , b e accepted b y M 0
. By the

construction, M 0
can read a sym b ol only in the states (q;1), that is when the bu�er is

empt y . Consequen tly , the accepting computation of w in M 0
is of the form

�
(q0; 1); a1 � � � an ; z0

�
` �

M 0

�
(p1; 1); a1 � � � an ; 
 1

�

` �
M 0

� �
p1; h(a1)

�
; a2 � � � an ; 
 1

�

` �
M 0

�
(p2; 1); a2 � � � an ; 
 2

�

` �
M 0

� �
p2; h(a2)

�
; a3 � � � an ; 
 2

�

.

.

.

` �
M 0

� �
pn ; h(an )

�
; 1; 
 n

�

` �
M 0

�
(pn+1 ; 1); 1; 
 n+1

�
;

where pn+1 2 F . In ab o v e, transitions from state (pi ; 1) to state

�
pi ; h(ai )

�
is b y (iii),

while all the other transitions are b y rules in (i) and (iii). The latter ones ha v e coun ter-

parts in M , so that in M w e m ust ha v e

(q0; 1; z0) ` �
M (p1; 1; 
 1) and (pi ; h(ai ); 
 i ) ` �

M (pi +1 ; 1; 
 i +1 ); 8i:

Consequen tly ,

�
q0; h(a1 � � � an ); z0

�
` � (pn+1 ; 1; 
 n+1 ); with pn+1 2 F:

This means that h(w) 2 L(M ) , and therefore w 2 h� 1(L) .

F rom Niv at�s Theorem (or its Corollary 2.26) and Theorems 3.6, 3.23 and 3.24 w e

obtain the follo wing useful closure prop ert y .
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Theorem 3.25. The family of CF languages is close d under r ational tr ansductions, i.e.

for e ach CF language L � � �
and r ational tr ansduction T : � � ! � �

, the language

T (L) is CF.

Example 3.8. F or eac h CF language L the languages

F (L) = f w j 9u; v 2 � � : uwv 2 Lg
and

F2(L) = f ww0 j 9u; v; z 2 � � : uwvw0z 2 Lg

are CF. Indeed they are images of L under the �nite transducers
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3.4 Restrictions and extensions

In this section w e consider brie�y some subfamilies of the family of CF languages, as w ell

as some extensions. A particularly in teresting subfamily is the family of deterministic

CF languages . Its imp ortance follo ws from the fact that in most applications, when

the theory of CF languages is applied to programming languages, it su�ces to consider

deterministic CF languages. These are de�ned via a deterministic v ersion of p da.

De�nition 3.11. Pushdo wn automaton M = ( Q; � ; � ; �; q0; z0; F ) is deterministic ,

dp da for short, if the transition relation satis�es:

(i) j� (p; a; z)j � 1 for eac h p 2 Q, a 2 � [ f 1g and z 2 � , and

(ii) if � (p;1; z) 6= ; , then, for all a 2 � , � (p; a; z) = ; .

F urther L � � �
is deterministic CF language, that is in Det , i� there exists a dp da M

suc h that L = L(M ) , that is, is ac c epte d by a dp da with �nal states .

It follo ws that in a dp da eac h input w ord has at most one computation (either

accepting or not). Hence, dp da�s are unam biguous. Note also that, it is not natural

to de�ne the acceptance with the empt y stac k. If this w ould ha v e b een done, then in

a deterministic CF language no prop er pre�x of an accepted w ord w ould b e accepted

(since the computation alw a ys halts if the stac k is empt y). In particular, Lemma 3.18

on page 55 do es not hold for dp da�s. On the other hand, the construction of Lemma

3.19 on page 56 preserv es the determinism.

Note also that in Example 3.7 on page 55 the �rst p da is deterministic, while the

second is not.
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Example 3.9. Language f anbncm j n; m � 1g is in Det . Indeed, it is accepted b y a

dp da:

� (q0; a; z0) = ( q0; az0)

� (q0; a; a) = ( q0; aa)

� (q0; b; a) = ( q1; 1)

� (q1; b; a) = ( q1; 1)

� (q1; c; z0) = ( qf ; z0)

� (qf ; c; z0) = ( qf ; z0);

with qf �nal. Hence, as in the case of CF languages, Det is not closed under in tersection.

In general, the closure prop erties of Det are quite di�eren t from those of CF :

Theorem 3.26. Det is close d under inverse morphisms and interse ction with r e gular

language.

Pr o of. The constructions of the pro ofs of Theorems 3.24 and 3.25 preserv e the deter-

minism.

In the next t w o prop ositions w e state some di�erences of Det and CF with resp ect

to closure prop erties.

Prop osition 3.27. Det is close d under c omplementation.

Ide a of pr o of. Mak e a dp da complete (as in the case of an F A) and c hange the �nal and

non�nal states. Ho w ev er, this is rather complicated (cf. Harrison), in general. Only if a

dp da do es not con tain 1-transitions, then this can b e done easily b y in tro ducing a new

garbage state.

Example 3.10. Language L = f anbm ck j n = m or m = kg is not in Det . Supp ose the

con trary . Then

L0 = (� � n L) \ a� b� c� = f anbm ck j n 6= m and m 6= kg

w ould b e CF b y Prop osition 3.27 and Theorem 3.24. Ho w ev er, this is not the case b y

Iteration Theorem: Pump the w ord

am+ m!bm cm+ m!;

where b�s are mark ed and m is the constan t of the theorem. Details are left as an

exercise.

Prop osition 3.28. Det is not close d under any r ational op er ation or morphisms.

Pr o of. Based on Example 3.10. Indeed, de�ne L1 = f anbm ck j n = mg and L2 =
f anbm ck j m = kg. Then L1 and L2 are in Det , as in Example 3.9, while

L = L1 [ L2 = f anbm ck j n = m or m = kg

is not. Hence, the nonclosure under union follo ws.
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If Det w ould b e closed under catenation, then

d� (dL1 [ L2) \ da� b� c� = dL1 [ dL2

w ould b e in Det , and so w ould b e L1 [ L2 . Hence, the nonclosure under catenation is

sho wn. The nonclosure under iteration is similar:

�
f dg [ (dL1 [ L2)

� �
\ da� b� c� = f dg [ dL1 [ dL2:

Finally , the nonclosure under morphisms follo ws since dL1 [ eL2 2 Det .

Next w e summarize our kno wledge on hierarc h y results of subfamilies of con text�free

languages.

Theorem 3.29. W e have

Reg
Det

Lin
C F

(

(

(

(

and mor e over the families Lin and Det ar e inc omp ar able.

Pr o of. All the inclusions are clear b y de�nitions. They are prop er b y languages L1 =
f anbn j n � 0g, L2 =

�
w 2 f a; bg� j jwja = jwjb

	
and L3 = f anbm ck j n = m or m = kg.

Indeed, L1 is not regular, L2 is not linear and L3 is not deterministic, while L1 and L2

are deterministic and L1 and L3 are linear, cf. Example 3.10 and Exercises. Therefore

L3 2 Lin nDet and L2 2 Det nLin sho wing the incomparabilit y .

Note that our pro of is based on Example 3.10 and therefore on Prop osition 3.27.

By Prop osition 3.27 (or more precisely b y its constructiv e pro of ) w e obtain some

new decidabilit y results:

Theorem 3.30. It is de cidable, whether for a given r e gular language R and deterministic

CF language L (i) L = R and (ii) R � L .

Pr o of. No w

L = R i� L1 =
�
L \ (� � n R)

�
[

�
R \ (� � n L)

�
= ; ;

where L1 is an e�ectiv ely �ndable CF language b y Prop osition 3.27 and Theorems 3.26

and 3.8. Hence, the problem (i) is reduced to Theorem 3.16.

Problem (ii), in turn, follo ws from the iden tit y R � L i� L \ � � n R = ; .

Remark 3.11. Some problems, as w e shall see later, remain undecidable for the family

Det . On the other hand, the e quivalenc e problem of deterministic CF languages is often

referred to as the most imp ortan t problem of formal languages (whic h seems to ha v e

b een solv ed 1997).

Remark 3.12. There exists a grammatical c haracterization of the family Det , using

so�called LR (k) -gr ammars . These are v ery imp ortan t on compiler constructions.

As in the case of �nite automata w e can extend p da�s b y adding outputs:
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De�nition 3.12. A pushdown tr ansduc er P , p dt for short, is an 8-tuple

P = ( Q; � ; � ; � ; �; q0; z0; F );

where � is the output alphab et and � � Q � (� [ f 1g) � � � Q � (� [ f 1g) � � �
is a

�nite set of transitions of the form

(p; u; z) �! (q; v; 
 );

where v is the output and the other comp onen ts are as in a p da.

The notions of a p da, suc h as ID, are extended to p dt�s in a natural w a y . In particular

p dt P computes a relation R(P) : � � ! � �
as follo ws:

R(P) = f (u; v) 2 � � � � � j (q0; u; 1; z0) ` �
P (q;1; v; 
 ); q 2 F; 
 2 � � g:

Hence, in ID�s the second comp onen t tells the input so far read and the third one the

output so far pro duced. Note also that w e ha v e c hosen the acceptance with �nal states.

Relations computed b y p dt�s are called algebr aic .

Example 3.11. The relation (or transduction) de�ned b y

(ab)n 7�! anbn

x 7�! ; otherwise

can b e computed b y a p dt with transitions:

(q0; a; z0) �! (qb; a; z0) (qa; 1; b) �! (qt ; b;1)

(qb; b; z0) �! (qa; 1; bz0) (qt ; 1; b) �! (qt ; b;1)

(qa; a; b) �! (qb; a; b) (qt ; 1; z0) �! (qf ; 1; 1)

(qb; b; b) �! (qa; 1; bb) with qf �nal.

Niv at Theorem has a coun terpart here.

Theorem 3.31. A r elation � � � � � � �
is algebr aic i� it is of the form

� =
��

h(w); g(w)
�

j w 2 L
	

; (3.18)

wher e h : � � ! � �
and g : � � ! � �

ar e morphisms and L � � �
is CF.

Pr o of. ) : Let � = R(P) . W e �rst note that the set of accepting computations

Comp (P) , i.e. those sequences of transitions of P whic h are accepting, is a CF lan-

guage. Indeed, this is accepted b y a p da M P with the transitions

�
p;(p; u; z) ! (q; v; 
 ); z

�
�! (q; 
 ) in M P i� (p; u; z) �! (q; v; 
 ) in P:

No w, clearly L(M P ) = Comp (P) . Hence � can b e c hosen to b e the set of transitions

of P and morphisms h and g are de�ned to pic k up u and v , resp ectiv ely . Note, that in

fact Comp (P) is deterministic.

( : F or a p da M accepting L � � �
and morphisms h : � � ! � �

and g : � � ! � �

satisfying (3.18), w e can de�ne a p dt P b y the condition

�
p; h(u); z

�
�!

�
q; g(u); 


�
in P i� (p; u; z) �! (q; 
 ) in M :

Note that here on the left hand side w e ha v e a computation and not a single transition.

No w clearly R(P) = � .
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As in the case of �nite transducers w e can rewrite Theorem 3.31 as

Corollary 3.32. A r elation � � � � � � �
is algebr aic i� it c an b e written in the form

� = g �
\

L � h� 1;

wher e h and g ar e morphisms and L is a CF language.

No w, from the closure prop erties of CF languages w e obtain a result whic h should

b e compared to Theorem 3.25.

Theorem 3.33. If R 2 Reg and P is a p dt, then P(R) is CF.

Pr o of. By ab o v e Corollary 3.32 P(R) = g
�
h� 1(R) \ L

�
for some CF language L .

As our last example of this section w e consider a generalization of a p da whic h can

accept the language f anbncn j n � 0g, for example.

Example 3.12. Let us call an extension of a p da a (1-w a y) stack automaton if it is lik e

a p da in the sense that it consists of �nite memory and one LIF O memory , whic h can

b e used b y transitions of the form:

(i) a sym b ol can b e pushed to the topmost square;

(ii) a sym b ol can b e p opp ed from the topmost square;

(iii) head of the stac k can mo v e one step to do wn or

up without writing an ything to the stac k.

Moreo v er, in eac h step a sym b ol or empt y w ord is read

in the input tap e and the state of the mac hine is allo w ed

to c hange. F urther endmark ers are used to iden tify the

ends of the input.

I N P U T

� � �

�!

read

only

head

q0 q1

qf

.

.

.

^

>

<

"
#

S

T

A

C

K

.

.

.

read and

write head

Can

write

only

here!

No w, it is easy to describ e a deterministic stac k automaton SA accepting the language

f anbncn j n � 0g, or more precisely f $anbncn# j n � 0g. When reading a�s it pushes

those to the stac k and sta ys in the topmost square. Then when encoun tering b SA mo v es

to a non writing state and mo v es one step do wn in the stac k when reading eac h b. When

detecting the b ottom mark er z0 of the stac k the mac hine is able to con tin ue i� it at the

same time reads c. No w, when reading c�s the head in the stac k mo v es one step up w ards

in eac h step and it accepts i� it reac hes the topmost square at the same time, when the

righ t endmark er of the input tap e is scanned. Then and only then the mac hine en ters

to an accepting state.



Chapter 4

Con text�sensitiv e languages

In this short c hapter w e consider the third family of languages in Chomsky hierarc h y ,

namely the family of con text�sensitiv e languages, CS in short. These are generated b y

con text�sensitiv e grammars, cf. pages 6�7, where the pro ductions are of the form

�A
 �! ��
 with A 2 N; � 2 V +
and �; 
 2 V � ; (4.1)

or

S �! 1;

where S is the start sym b ol, and if pro duction S ! 1 app ears in the grammar, then S
do es not o ccur on the righ t hand side of the pro ductions. Pro ductions of the form (4.1)

are called c ontext dep endent pro ductions.

Pro ductions of (4.1) are also length incr e asing in the sense that the length of the

righ t hand side is at least as large as that of the left hand side. Grammars ha ving only

length increasing pro ductions are called length incr e asing . F rom this prop ert y w e deriv e

our �rst result.

Theorem 4.1. The memb ership pr oblem for CS languages is de cidable.

Pr o of. Let G = ( V;� ; S;P) b e a CS grammar and w 2 � �
. W e ha v e to construct an

algorithm to decide whether � w 2 L(G) ?�. The algorithm w e presen t is v ery trivial (and

ine�cien t):

(i) If w = 1 , c hec k whether S ! 1 2 P , and if so output �y es�;

(ii) Otherwise construct all nonrep etativ e sequences of w ords w0; w1; : : : ; wt o v er V
suc h that w = wt and jwi +1 j � j wi j for i = 0; : : : ; t � 1, and decide whether

S = w0 ) G w1 ) G : : : ) G wi ) G : : : ) G wt = w: (4.2)

If the sequence satisfying (4.2) is found output �y es�, otherwise �no�.

Clearly , in part (ii) there are only a �nite n um b er of sequences (wi ) i � t and for eac h

suc h sequence (4.2) can b e tested. Hence, the algorithm w orks correctly .

As another v ery easy result w e pro v e

67
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Theorem 4.2. The family of CS languages is close d under r ational op er ations.

Pr o of. W e �rst note that for a giv en CS grammar w e can e�ectiv ely �nd another CS

grammar suc h that the terminals o ccur only in the pro ductions of the form X ! a,

with X 2 N; a 2 � , cf. the pro of of CNF for CF grammars.

Pro of for iteration: Assume the normal form. De�ne a new starting sym b ol S0 ,

duplicate all non terminals using banned letters, and duplicate also the pro ductions ac-

cordingly . Finally add the pro ductions:

S0 �! 1 j SS1 j S

S1 �! SS2 j S

S2 �! SS1 j S

F or other rational op erations the Theorem follo ws directly from the corresp onding

pro of for CF languages, when w e assume that the non terminal sets of di�eren t grammars

are disjoin t.

It follo ws directly from the de�nitions that for eac h CS language L the language

L n f 1g is length increasing, i.e. generated b y suc h a grammar. Next w e pro v e the

con v erse whic h at the same time giv es us b etter to ols to sho w that some languages are

CS.

Theorem 4.3. Each language gener ate d by a length incr e asing gr ammar is CS.

Pr o of. First w e sho w that for eac h CS grammar G1 = ( V;� ; S;P) , with S ! 1 62 P, and

for eac h length increasing pro duction

X 1 � � � X n = � �! � = Y1 � � � Ym with X i ; Yi 2 V n �

the language generated b y the grammar

G2 = ( V;� ; S;P [ f � ! � g)
is CS.

In order to pro v e this w e de�ne

G0
2 = ( V [ f Z1; : : : ; Zng; � ; S;P [ P 0);

where Z i �s are new letters and P0
consists of the pro ductions:

X 1 � � � X n �! Z1X 2 � � � X n ;

Z1X 2 � � � X n �! Z1Z2 � � � X n ;
.

.

.

Z1 � � � Zn� 1X n �! Z1 � � � ZnYn+1 � � � Ym ;

Z1 � � � ZnYn+1 � � � Ym �! Y1Z2 � � � ZnYn+1 � � � Ym ;
.

.

.

Y1 � � � Yn� 1ZnYn+1 � � � Ym �! Y1 � � � Ym :

Clearly , G0
2 is a CS grammar. It is also ob vious that L(G2) � L(G0

2) . The in v erse inclusion

is also true, since if Z i �s are in tro duced, they can b e eliminated only b y applying the

whole list of the new pro ductions, whic h is equiv alen t to use of the pro duction � ! � .
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No w, w e are ready to pro v e the Theorem. Let G b e a length increasing grammar.

By the argumen t of the pro of of Theorem 4.2 w e ma y assume that the terminals o ccur

only in the pro ductions of the form X ! a with X 2 N , a 2 � . No w let G0
b e the CS

grammar obtained from G b y taking its all CS pro ductions. Then, b y the b eginning of

this pro of, the language generated b y a grammar whic h is obtained from G0
b y adding

to it one of the pro ductions of G, whic h is not in G0
, is CS. Hence, b y induction L(G) is

CS as w ell.

No w w e are able to giv e non trivial examples of CS languages.

Example 4.1. Language L = f a2n
j n � 1g is CS. W e ga v e a grammar for this language

on page 7. It w as not length increasing, but can b e easily mo di�ed to b e suc h. Indeed,

replace the �rst pro duction b y

S �! aa j aaaaj # ta#
third rules b y t# �! t0a# j t0aa
to eliminate t# �! t0

and the last ones b y # t0 �! aaaaj # taa

in order to eliminate the pro duction # t0 ! 1.

Theorem 4.4. CF ( CS.

Pr o of. Eac h CNF CF grammar is CS, implying the inclusion. By ab o v e example and

P arikh Theorem, cf. also Example 3.5 on page 51, it is prop er.

Our next result p oin ts out a connection b et w een the families of languages generated

b y CS and arbitrary grammars, resp ectiv ely .

Theorem 4.5. L et L � � �
b e a language gener ate d by an arbitr ary gr ammar, and a

and b letters not in � . Ther e exists a CS language L0
such that

(i) L0 � Lba�
, and

(ii) for e ach w 2 L ther e exists an i such that wbai 2 L0
.

Pr o of. Let L = L(G) for a grammar G = ( V;� ; S;P) . W e de�ne a length increasing

grammar

G0 = ( V [ f S0; X; a; bg; � [ f a; bg; S0; P1 [ P 2);

where P1 and P2 consists of the pro ductions

P1 = f � ! � j � ! � 2 P and j� j � j � jg [ f � ! �X j � j�j � j j � ! � 2 P and j� j < j� jg

and P2 = f S0 ! Sb; bX ! bag [ f X� ! �X j � 2 V [ f bgg:

By Theorem 4.3, L(G0) is CS. Moreo v er L(G0) � Lba�
, since forgetting letters X , a and

b an y deriv ation of G0
is a deriv ation of G, and the elimination of X �s can tak e place

only on the righ t hand side of b whic h is in tro duced at the v ery b eginning. Therefore (i)

holds. Also (ii) holds, since an y step of a deriv ation of G can b e sim ulated b y G0
b y one

application of a pro duction from P1 and a certain n um b er of applications of pro ductions

in P2 .
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F rom Theorem 4.5 w e obtain

Corollary 4.6. If ther e exists a language L which is gener ate d by a gr ammar but which

is not CS, then the family of CS languages is not close d under morphisms.

Pr o of. Consider the morphism whic h is the iden tit y on � and maps a and b to the empt y

w ord, and apply Theorem 4:5.

Remark 4.1. It w as pro v ed only recen tly that the family of CS languages is closed

under complemen tation (Immerman�Szelepscen yi Theorem).

Remark 4.2. As in the case of regular and con text�free languages, there exists a class

of automata, so called line arly b ounde d automata , lba for short, whic h accept exactly CS

languages. F rom this class one can de�ne deterministic CS languages � as languages

accepted b y deterministic v arian ts of these automata. A big op en question is whether

these t w o families of languages coincide.



Chapter 5

Recursiv ely en umerable languages

In this last c hapter w e consider the family of languages whic h is � as w e shall see � the

largest p ossible family of languages the elemen ts of whic h are algorithmically de�ned.

This family is de�ned via languages accepted b y certain t yp e of automata, so�called

T uring mac hines. These mac hines pla y an imp ortan t role in the history of computing,

as w ell as the whole mathematics.

5.1 T uring mac hines

T uring mac hines w ere de�ned b y Alan T uring in 1936 as a theoretical mo del for an

algorithm, and they w ere imp ortan t to ols to formalize the notion of undecidabilit y as w ell

as to sho w that undecidable problems exist. This dev elopmen t in 1930�s destro y ed the

dream of Hilb ert (from ab out y ear 1900) that all �w ell de�ned� mathematical problems

are in principle algorithmically solv able.

The notion of a T uring mac hine can b e de�ned in a n um b er of di�eren t w a ys.

De�nition 5.1. W e de�ne T uring machine , TM for short, as a sev en tuple

M = ( Q; � ; � ; �; q0; � ; F );

where

� � � �
I N P U T

� � � � �

 !

q0 q1

qf

.

.

.

^
read and

write head

Q is the �nite set of states ,

� is the �nite input alphab et ,

� is the �nite tap e alphab et with � � � ,

� is a (partial) tr ansition function

Q � � ! Q � � � f L; Rg,

q0 2 Q is the initial state ,

� 2 � is the blank symb ol ,

F � Q is the set of �nal states .

71
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Consequen tly , a TM consists of a �nite c ontr ol unit , one two�way in�nite tap e , and

one he ad which is c ap able of r e ading and writing as wel l as moving to b oth dir e ctions .

T ransitions are of the form

(p; a) �! (q; b; X) with p; q2 Q; a; b2 � and X 2 f L; Rg

meaning that, when in state p the head is scanning a square con taining a, the mac hine

mo v es to the state q, replaces a b y b and mo v es the head one square to the left or righ t.

De�nition 5.2. An instantane ous description of M , ID for short, is the w ord

� 1q� 2 2 � � Q� + ;

where � 1� 2 is the shortest con ten ts of the tap e con taining the square p oin ted b y the

head and con taining all squares �lled b y non blank sym b ols. The initial ID is q0w when

w is the input. A one step c omputation or a move of M is de�ned as follo ws: Let

X 1 � � � X i � 1pX i X i +1 � � � X n b e an ID and � (p; X i ) = ( q; Y; L) (resp. � (p; X i ) = ( q; Y; R) )

then w e write

X 1 � � � X i � 1pX i � � � X n ` M

(
X 1 � � � X i � 2qXi � 1Y X i � � � X n if i > 1

q � Y X i � � � X n if i = 1:
 

resp. X 1 � � � X i � 1pX i � � � X n ` M

(
X 1 � � � X i � 1Y qXi +1 � � � X n if i < n

X 1 � � � X i � 1Y q� if i = n:

!

De�nition 5.3. Let ` �
M (or ` �

for short) b e the re�exiv e and transitiv e closure of the

ab o v e relation ` M . Then the language ac c epte d b y M is

L(M ) = f w 2 � � j q0w ` �
M uqv with q 2 F and u; v 2 � � g:

Hence, w is accepted if it causes a computation from the initial ID to an ID con taining

a �nal state.

F or con v enience we assume that if a wor d is ac c epte d, then the c omputation halts ,

i.e. there is no next mo v e. Hence, actually the set F could b e f qg ! If the w ord w is

not accepted the computation migh t halt or migh t con tin ue forev er.

De�nition 5.4. Next w e asso ciate t w o families of languages with TM�s. A language

L � � �
is r e cursively enumer able (or typ e 0), if there exists a TM M suc h that L =

L(M ) . F urther a language L � � �
is r e cursive , if there exists a TM M suc h that

L = L(M ) and M halts on al l input wor ds . The corresp onding families are denoted b y

RE and Rec.

The ab o v e de�nitions motiv ate a n um b er of commen ts.

Remark 5.1. Our mo del of TM is deterministic. Sev eral mo di�cations and extensions,

all equiv alen t to this basic mo del, are describ ed later.

Remark 5.2. A TM di�ers from a 2F A only in the sense that it can write on the

tap e. Indeed, assuming that a 2F A do es not go to a �nal state when mo ving to the

left, whic h can b e assumed, w e observ e that a language accepted b y a 2F A is accepted

b y a TM (resp ecting our con v en tion that TM alw a ys halts when accepting). Hence, b y

Prop osition 2.21, Reg� RE.
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Remark 5.3. Alw a ys halting TM M pro vides an algorithm to decide whether an input

w ord w is in L(M ) , that is to solv e the mem b ership problem for L(M ) . On the other

hand, arbitrary TM M pro vides only pro cedure to con�rm that w 2 L(M ) if this is the

case, but giv es no information in the case w 62L(M ) . Hence, TM can b e considered as

a semialgorithm � it giv es �y es� answ ers correctly .

Remark 5.4. TM M can b e used to c ompute (p artial) algorithmic functions f M : � � !
� �

, for example, as follo ws:

f M (w) = u i� q0w ` M uqv with q 2 F and u; v 2 � � :

Also in the case of an alw a ys halting mac hine M , it can b e used to solv e the mem b ership

problem for L b y requiring that it computes

� L : � � ! f 0; 1g; � L (w) =

(
0 if w 62L

1 otherwise.

Remark 5.5. Probably the most subtle feature of the TM is that it is not required to

halt alw a ys. This is essen tial, if w e w an t to capture the notion of an in tuitiv e algorithm,

as w e do. This is demonstrated in the next example.

Example 5.1 (Diagonalization principle). Let the sequence

A 1; A 2; A 3; : : : (5.1)

con tain all algorithms in some formalization. (Of course, a w ell de�ned formalization

m ust pro vide a �nite description for eac h algorithm, so that they can b e put in to a

sequence). Here w e assume that eac h A i is alw a ys halting. W e claim that (5.1) do es

not con tain all in tuitiv e algorithms. Assume the con trary and consider the in tuitiv e

algorithm:

w ���! Find A w ���! Compute A w(w) ���! A dd 1 ���! A w(w) + 1 :

Here w e ha v e assumed that A i �s are de�ned to compute algorithmic functions N ! N.

Let the index of the ab o v e algorithm in (5.1) b e i0 . Then

A i 0 (i0) = A i 0 (i0) + 1 ;

a con tradiction. The only assumptions needed for this con tradiction are: the notion of

an in tuitiv e algorithm is formalized in suc h a w a y that the sequence (5.1) can b e formed!

A w a y to a v oid the ab o v e con tradiction is to allo w nonhalting c omputations, even if

we want to formalize only always halting algorithms . In this ligh t it b ecomes natural to

allo w (or ev en require) that TM�s need not halt in all of their inputs.

Remark 5.6. TM is more a theoretical to ol rather than a practical metho d of con-

structing algorithms � as w e shall see.

In what follo ws w e giv e a n um b er of examples, including sev eral theoretical ones,

sho wing the p o w er of TM�s as language acceptors, as w ell as algorithms.
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Example 5.2. L = f anbncn j n � 1g is accepted b y the follo wing TM M :

(q0; a) �! (qa; d; R)

(qa; a) �! (qa; a; R) (
 
q ; x) �! (

 
q1; x; L ); x 2 f a; b; cg

(qa; b) �! (qb; d; R) (
 
q1; x) �! (

 
q1; x; L ); x 2 f a; b; c; dg

(qb; b) �! (qb; b; R) (
 
q1; � ) �! (qd; � ; R)

(qb; c) �! (qc; d; R) (qd; d) �! (qd; d; R)

(qc; c) �! (qc; c; R) (qd; a) �! (qa; d; R)

(qc; � ) �! (
 
q ;� ; L) (qa; d) �! (qa; d; R)

(
 
q ; d) �! (

 
q ; d; L) (qb; d) �! (qb; d; R)

(
 
q ;� ) �! (qf ; � ; R):

No w, b y the 7 �rst transitions, the mac hine c hec ks that the input is in a+ b+ c+
, and

sim ultaneously c hanges the �rst o ccurrence of eac h letter to d. When reac hing the righ t

end, i.e. when hitting to the blank, the mac hine go es to a new state

 
q , in whic h it

tra v els through the tap e and c hec ks, whether it con tains only d�s. If �y es� the w ord is

accepted in state qf . Otherwise, b y using states

 
q1 and qd a new iteration is started, so

that earlier written d�s are ignored, i.e. just passed.

It follo ws from the construction that L = L(M ) . Clearly , the transition function

here is only partial. Ho w ev er, it can b e made complete b y in tro ducing a garbage state

g, where the computation con tin ues forev er. Note that this is true for any TM ! F urther

in ab o v e M , � = f a; b; cg and � = f a; b; c; d;�g .

Example 5.3. Here w e p oin t out sev eral tasks whic h can b e p erformed b y TM�s, and

whic h are useful as subroutines in TM constructions.

(i) Marking the worksp ac e : Construct a TM suc h that

q0
0w ` � # q0w# :

Clearly , suc h a mac hine is easy to construct assuming that w do es not con tain # .

(ii) Finding a sp e cial symb ol : Construct a TM suc h that

q0
0w# w0 ` � wq0# w0; with # not in ww0:

(iii) Making mor e sp ac e : Construct a TM suc h that

q0
0w ` � q0 � w; with � not in w:

(iv) Copymachine : Construct a TM suc h that

q0
0w ` � q0w# w; with � and # not in w:
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(v) Comp arison machine : Construct a TM suc h that

q0
0w# w0 ` �

(
wqy# w0

if w = w0

wqn# w0
otherwise,

where # and � are not in ww0
. Hence, making qy �nal this accepts the language

f w# w j w 2 � + g.

F or example the ab o v e Comparison mac hine can b e constructed as follo ws:

� Mark the �rst sym b ol of w , sa y if a, c hange it to �a, and remem b er a in states;

� Searc h for # and mo v e one step to the righ t;

� Compare a in the memory and the �rst sym b ol of w0
, if di�eren t go to state qn

after searc hing # , if the same mark the second sym b ol of w0
.

� Searc h for the mark ed sym b ol of w , and c hange its righ t neigh b or mark ed and also

put it to the memory of states;

� Searc h no w the mark ed sym b ol of w0
, do the comparison of letters, c hange the

marking one square to the righ t, and con tin ue as in the previous searc h step.

� If the comparison can b e done to the v ery ends of w and w0
, mo v e to the state qy

after searc hing for # .

It is ob vious that eac h of the ab o v e steps can b e realized b y a certain TM, that is b y a

�nite n um b er of transitions. Hence, the comparison mac hine can b e built.

Example 5.4 (Univ ersal TM M U ). W e claim that there exists one �xed TM (that

is a �xed �nite n um b er of deterministic transitions) whic h can sim ulate an y TM M . In

other w ords,

if q0w ` �
M uqf v; (5.2)

then M U �do es the same�. Ho w is this p ossible, since M ma y con tain n input sym b ols,

so that M U w ould need in�nite n um b er of input sym b ols.

The answ er is that w e ha v e to enc o de the input w of M , as w ell as M itself in to

M U �s tap e alphab et! Without loss of generalit y w e assume that the tap e alphab et �
of M and the state set Q satisfy:

� � f ai j i � 0g = � a; with � = a0

and

Q � f qi j i � 0g = � q:

F urther if M has n states, then Q = f q0; q1; : : : ; qn� 1g with q0 initial and q1 �nal. Note

that w e need only one �nal state since in �nal states computations stop.

No w w e enco de the w ords o v er � a and � q in to the binary alphab et b y a morphism

c : (� a [ � q)� ! f 0; 1g�
,

ai 7�! 102i +3 1

qi 7�! 102i +4 1:
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F urther b y de�ning c(L) = 101 and c(R) = 1001 w e can enco de the input w = ai 1 � � � ai k

of M as

c(w) = c(ai 1 ) � � � c(ai k );

and a transition t = ( p; a; q; b; X) as

c(t) = c(p) c(a) c(q) c(b) c(X ):

Finally , binary co de of M con taining exactly the transitions t1; : : : ; tr is

c(M ) = 111 c(t1) 1 c(t2) 1 � � � 1 c(t r ) 111:

Hence, c(M ) starts and ends with four 1�s and do es not con tain four consecutiv e 1�s

inside. Note also that three consecutiv e 1�s in c(M ) sho w alw a ys a b order b et w een

enco dings of t w o transitions.

No w the univ ersal M U sim ulates M , that is (5.2), in the sense

i c(M ) c(w) ` �
M U

c(u) f c (v); (5.3)

where i is the initial state of M U and f its �nal state. The mac hine M U op erates as

follo ws:

I. It cr e ates to the b eginning of its tap e c(q0)c(ai 1 ) , where ai 1 is the �rst letter of w ,

i.e.

i c(M ) c(w) ` �
M U

c
"
(q0) c(ai 1 ) c(M ) c(w); (5.4)

where c(w) means that the �rst 1, that is a p osition of the head of M at the b eginning

of the computation is mark ed, and " tells that the head of M U is here in some state.

I I. It se ar ches for the transition used b y M in the �rst step, and marks it b y marking

the o ccurrence of 1 just b efore this transition.

I I I. It simulates M b y c hanging the state, that is the �rst blo c k in the tap e, and the

mark ed sym b ol in the last blo c k of the tap e, and moreo v er mo v es the mark ed sym b ol

in the last blo c k according to the transition considered. It also remo v es the marking of

the transition.

IV. It changes the second blo c k of the tap e to the sym b ol no w mark ed in the last

blo c k.

V. It che cks whether the con ten ts of the �rst blo c k corresp onds to the accepting

state q1 of M . If �y es� M U erases the three �rst blo c ks and searc hes for the mark ed

p osition in the fourth blo c k and en ters to its �nal state. Otherwise it c ontinues in I I

with the curren t v alues of the �rst t w o blo c ks.

Ab o v e the blo c ks mean the four co ded parts of the righ t hand side of (5.4) . It follo ws

from the construction that M U sim ulates M in the sense of (5.3).

Therefore it remains to b e sho wn that eac h step I�V can b e realized b y a �nite

n um b er of (deterministic) transitions. In the quin tuple lev el this is tedious. In the

in tuitiv e lev el it is not v ery di�cult to b ecome con vinced of that:

In step I M U has to create c(ai 1 ) to the left on the input tap e. This simply means

that M U has to searc h for the b eginning of c(w) , whic h can b e iden ti�ed b y 15
, and

cop y from there a co de of ai 1 to the left of the tap e. And secondly create c(q0) , i.e.

100001, still to the left of the ab o v e. Also the b eginning of c(w) m ust b e mark ed. All
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this can b e realized b y searc hing for a certain sub w ord, using a suitable cop ymac hine,

marking a certain sym b ol and creating a �xed �nite w ord to a giv en p osition.

The other steps also require only certain elemen tary op erations, whic h can b e ac hiev ed

b y certain �nite sets of transitions. F or example, in I I the Comparison mac hine is needed

to �nd out the transition in c(M ) to b e used in the sim ulation. F urther to replace a

sym b ol or state (more precisely its co ded v ersion) requires a Comparison mac hine to-

gether with mac hine whic h creates a su�cien t amoun t of space for the new sym b ol or

state, cf. (iii) in Example 5.3.

All in all mac hines whic h can se ar ch for a mark er, mark a new sym b ol, c opy , c omp ar e ,

and er ase (and some others) are enough to b e used to construct M U .

As w e already said the detailed construction according to the ab o v e lines w ould b e

tedious and b oring. Ho w ev er, suc h a construction can b e made, and the smallest kno wn

Univ ersal T uring Mac hine�s are surprisingly small: There are suc h mac hines with

6 states and 6 tap esym b ols

or

7 states and 4 tap esym b ols.

Therefore, ev erything that can b e done b y TM�s can b e done b y only 28 transitions!!

Here the �nal state is not coun ted.

Example 5.5 (Sim ulation of a man y tap e TM b y ordinary one). As w e sa w in

the construction of M U ab o v e, the head of a TM migh t ha v e to tra v el through the tap e

again and again. This can b e a v oided in some extend in man y tap e TM�s. A k -tap e TM

is lik e an ordinary TM except that instead of one tap e only it con tains k tap es, eac h of

whic h is pro vided b y an indep enden t head. F urther in eac h step the mac hine can

(i) c hange a state (whic h is common to all tap es);

(ii) write a new sym b ol on eac h tap e to the square scanned b y its head; and

(iii) mo v e eac h of the head 0 or 1 steps to left or righ t.

Moreo v er, at the b eginning the �rst tap e con tains the input, while the others con tain

only blank sym b ols � , and the w ord is accepted if the mac hine en ters to a �nal state.

No w, w e claim that an y k -tap e TM M can b e sim ulated b y an ordinary TM M 0
in

the sense that L(M ) = L(M 0) . Con trary to Example 5.4 no enco ding is needed here.

The sim ulation is v ery ob vious: The ID of M can b e illustrated as:

� � �
1

S T

�
T A P E

� � � �
"

� � �
2

N D

�
T A P E

� � � �
".

.

.

� � � k T H

�
T A P E

� � � �
"

with common state q

No w in M 0
this is put in to one tap e ha ving k trac ks, and p ositions of the heads are

indicated b y marking one sym b ol in eac h trac k. Moreo v er, M 0
creates at the b eginning

endmark ers to tell the ends of the inputs. So the ab o v e ID corresp onds in M 0
the ID:
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1 S T

�
T A P E

� �

2

N D

�
T A P E

� �
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

k T H �
T A P E

� �
"
q

� � � # # � � �

The sim ulation of a step of M is p erformed b y tra v eling in b et w een endmark ers and

c hanging at the same time eac h trac k according to the considered transition of M . Note

that formally transitions of M are of the form

�
p;(a1; : : : ; ak)

�
�!

�
q;(b1; X 1); : : : ; (bk ; X k)

�

with p; q2 Q, ai ; bi 2 � and X i 2 f L; R; 0g. Also the creation of endmark ers, as w ell as

marking the initial p ositions of the heads to b e the same as the p osition of the �rst head,

can b e done b y suitable transitions. (T o b e precise when creating the endmark ers eac h

letter a in the input w is c hanged to the v ector (a; � ; � ; : : : ; � )T
). Finally , M 0

accepts i�

M do es so.

It is clear, that suc h an M 0
can b e constructed.

Example 5.6 (Sim ulation of a nondeterministic TM b y ordinary one). A non-

deterministic TM M , NTM for short, is lik e a (deterministic) TM, but instead of a

partial transition function it has a transition relation, i.e. a �nite set of transitions

(p; a) �! (q; b; X) (5.5)

without assumption that, for eac h pair (p; a) , there exists at most one triple (q; b; X)
suc h that (5.5) is a transition. Hence, the computation caused b y the input w is not

unique, and w is ac c epte d , that is w 2 L(M ) i� at le ast one of these computations leads

to a �nal state.

No w, w e construct a deterministic three tap e TM M 0
suc h that

L(M 0) = L(M ):

Let d b e the maximal n um b er of righ t hand sides in (5.5) for an y pair (p; a) 2 Q� � . Then

an y computation of M of length n is determined b y a w ord of length n o v er the alphab et

f 1; : : : ; dg: its i th letter tells whic h p ossibilit y in the i th step of the computation m ust

b e c hosen (Hence, transitions for pairs (p; a) m ust b e ordered).

The sim ulating mac hine M 0
con tains three tap es:

The 1st tap e con tains the input of M , and it is nev er c hanged;

The 2nd tap e con tains a w ord in f 1; : : : ; dg+
, more precisely all w ords in this alphab et

are generated here in lexicographic order.

The 3r d tap e is used to sim ulate a computation of M determined b y a curren t con ten ts

of the second tap e.

W e need as a subroutine a TM M g whic h computes

q0� ` � q0 S(� ) for � 2 f 1; : : : ; dg+ ;



5.2 Ch urc h�s thesis 79

where S(� ) is the next w ord to � in the lexicographic order. Suc h a mac hine is easy to

construct.

No w, M 0
b eha v es as follo ws: After getting the input w of M it generates 1 to the

second tap e, copies w to the third tap e and sim ulates on the third tap e the computation

of M determined b y the w ord on the second tap e. If M accepts so do es M 0
. Otherwise

M 0
erases the w ord from the third tap e and c hanges the w ord on the second tap e to

the next one in lexicographic order. No w, the same is rep eated.

In tuitiv ely , M 0
sim ulates in a ro w all computations of M , and if an y of those is

accepting M 0
accepts. Hence L(M 0) = L(M ) , so that it remains to b e con vinced that

M 0
can b e constructed. But M 0

has to p erform only certain simple tasks, whic h can b e

realized b y a �nite set of deterministic transitions.

Finally , the ab o v e M 0
can b e replaced, b y Example 5.5, b y one tap e deterministic

TM.

Using an y enco ding, suc h as c on page 75, w e can co de an y language L � � �
to a

language o v er f 0; 1g, suc h that w e ha v e one�to�one corresp ondence

� � � L 3 w  ! c(w) 2 c(L) � f 0; 1g� :

Due to this, in man y cases in formal language theory , the size of the alphab et is not

imp ortan t, if it is at least 2.

Our next result sa ys that in TM�s additional tap e sym b ols are not actually needed.

Prop osition 5.1. Each r e cursively enumer able language L � f 0; 1g�
c an b e ac c epte d by

a TM with the tap e alphab et � = f 0; 1; �g .

The idea of the pro of of Prop osition 5.1 is to co de tap e sym b ols to the alphab et

f 0; 1g, as in page 75. Ho w ev er, w e omit the details here.

Remark 5.7. Consider a computation in a TM caused b y an input w . It uses a certain

n um b er of steps as w ell as squares on the tap e. These n um b ers are called the time and

sp ac e c omplexity of this computation. This leads to imp ortan t complexit y classes of

languages. Let f : N ! N b e a function. Time and sp ac e c omplexity classes asso ciated

with f are:

TIME( f ) = f L j 9 TM M : L = L(M ) and 8w 2 L :

w is accepted in at most f (jwj) steps g

SPACE(f ) = f L j 9 TM M : L = L(M ) and 8w 2 L :

w is accepted using at most f (jwj) squares in the tap e g:

5.2 Ch urc h�s thesis

Clearly , eac h T uring mac hine de�nes an in tuitiv e (not necessary alw a ys halting) algo-

rithm, i.e. a �nitely de�ned e�ectiv e pro cedure to asso ciate an output to a giv en input.

Ho w ab out rev erse? This is claimed in so�called

Ch urc h�s Thesis. T uring mac hine is a formal coun terpart of an in tuitiv e notion

of an algorithm.

This means that if something can b e done b y in tuitiv ely algorithmic pro cedure, it

can b e realized b y a TM as w ell. Here this something can b e:



5.3 Prop erties of recursiv ely en umerable languages 80

� an algorithm to compute a function, for example, N ! N, � � ! � �
;

� an algorithm to decide a decision problem w ! A ! Y es/No;

� an e�ectiv e pro cedure to list elemen ts of a set.

Ch urc h�s Thesis, CT for short, is not a mathematic al statement in the sense that it

c ould b e pr ove d true . Indeed, what is an in tuitiv e algorithm? Ho w to sho w that TM can

sim ulate an y in tuitiv e algorithm if w e do not kno w what they are precisely?

In principle, it w ould b e p ossible to dispro v e CT (if this w ould b e the case), simply

b y in tro ducing a problem whic h could b e solv ed b y an in tuitiv e algorithm, and then

pro ving that no TM can solv e this problem. Ho w ev er, CT is gener al ly ac c epte d as an

axiom t yp e statemen t. The follo wing facts strongly supp ort this view:

1. No c ounter example for CT has b een found, i.e. no problem in tuitiv ely algorithmically

solv able has b een in tro duced, whic h could not b e solv ed b y a TM.

2. Strong closur e pr op erties of TM�s, i.e. all extensions of TM�s lik e those considered

in Examples 5.5 and 5.6, lead to the same class of accepted languages or functions

computed b y these devices.

3. Other formalizations , suc h as recursiv e functions or grammars lead again to the same

class of algorithmically computed functions as do TM�s.

5.3 Prop erties of recursiv ely en umerable languages

In this section w e consider some basic prop erties of recursiv ely en umerable and also

recursiv e languages. Moreo v er, a c haracterization, explaining the name �recursiv ely

en umerable�, is giv en.

W e start with

Theorem 5.2. The family of r e cursive languages is close d under c omplementation.

Pr o of. Let L = L(M ) for an alw a ys halting TM M . W e ha v e to construct a TM M 0

whic h is alw a ys halting and accepts � � n L . No w, since M is deterministic and alw a ys

halting, for eac h input w

(i) M halts in a �nal state accepting w , or

(ii) M halts in a non�nal state rejecting w .

The halting means that there is no next mo v e. Hence, w e can mak e accepting compu-

tations rejecting b y c hanging the �nal state of M to a non�nal in M 0
. F urther eac h

rejecting computation in M can b e made accepting in M 0
b y in tro ducing a new �nal

state f for M 0
and add to M 0

transitions

(p; a) �! (f; a; R );

whenev er in M there is no transition for the pair (p; a) , with p non�nal in M . Otherwise

M 0
is as M .

Ob viously , L(M 0) = � � n L(M ) . This construction can b e illustrated as follo ws:
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w > M

M 0

�! Y es

�! No

�
� �Q
QQ

q
y

Y es

No

Theorem 5.3. Both families RE and Rec ar e close d under union and interse ction.

Pr o of. Union .(i) Let L1 and L2 b e recursiv e, i.e. L i = L(M i ) for alw a ys halting TM�s

M 1 and M 2 . A t w o�tap e TM M [ accepting L1 [ L2 is easy to construct: F or input

w M [ �rst copies w to the second tap e, then sim ulates M 1 on the �rst tap e and after

halting M 2 on the second tap e. If either of the sim ulations is accepting, then M [

accepts. Clearly , L(M [ ) = L1 [ L2 , and since M [ is alw a ys halting, b y Example 5.5,

L1 [ L2 2 Rec.

(ii) If L i = L(M i ) , for i = 1; 2, for general TM�s M 1 and M 2 , then the ab o v e do es

not w ork, since the �rst sim ulation need not halt. No w M [ is constructed as follo ws:

It �rst copies the input w to the second tap e, and then sim ulates alternately one step

on the �rst and one step on the second tap e and accepts if one of the sim ulations is

accepting. This sho ws as ab o v e that L1 [ L2 2 RE.

Interse ction. As ab o v e, except that the constructed M \ accepts i� b oth the sim u-

lations are accepting.

The ab o v e constructions can b e illustrated as follo ws:

� �
P P PP

w >

>

>

>

>M 1

M 2

M \ for Rec:

Y es

No

Y es

No

q y

Y es

No

@@
��

w
>

>

>

>

M 1

M 2

M [ for RE :

Y es

Y es

q
y

Y es

Our next result sho ws a connection b et w een the families RE and Rec.

Theorem 5.4. F or any language L � � �
we have:

L 2 Rec , L ; � � n L 2 RE :

Pr o of. ) : Clear, b y Theorem 5.2 and the fact that Rec� RE b y de�nitions.

( : Assume that L = L(M 1) and � � n L = L(M 2) . W e ha v e to construct a TM

M whic h alw a ys halts and accepts L(M 1) . Again M will b e originally a 2-tap e TM

(whic h is then con v erted to a 1-tap e mac hine b y Example 5.5). F or a giv en input w , M
�rst copies w to the second tap e, then sim ulates alternately one step of M 1 on the �rst

tap e and one step of M 2 on the second tap e. If the sim ulation on the �rst tap e leads to

a �nal state of M 1 , then M accepts (and halts). If the sim ulation on the second tap e

leads to a �nal state of M 2 , then M halts, but go es to a rejecting state. Exactly one

of these cases tak es place for an y input, so that M alw a ys halts and accepts exactly

L(M 1) .

It is w orth noting that although w e kno w that exactly one of the ab o v e sim ulations

for an y w is accepting w e do not kno w ho w man y steps are needed for the acceptance.

No w, the illustration of the mac hine M is as follo ws:
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w
>

>

>

>

>

>

M 1

M 2
Y es

Y es

Y es

No

It follo ws from Theorems 5.2 and 5.4 that w e ha v e the follo wing exhaustiv e classi�-

cation for pairs (L; � � n L) of complemen tary languages:

(i) Both L and � � n L are recursiv e;

(ii) Neither L nor � � n L is recursiv ely en umerable;

(iii) One of the languages L and � � n L is recursiv ely en umerable but not recursiv e,

while the other is not recursiv ely en umerable.

Next w e pro v e that the inclusion Rec � RE is prop er. In doing so w e consider the

language

L0 = f c(M ) c(w) 2 f 0; 1g� j M is a TM and w 2 L(M )g;

where c is the enco ding from page 75. W e need one auxiliary result.

Lemma 5.5. The language LM = f c(M ) j M is a TM g is r e cursive.

Pr o of. By the de�nition of the enco ding c

LM = 111
�
1(00)� 0411(00)� 0311(00)� 0411(00)� 0311f 0; 00g1

� �
111\ 111L c111;

where

L c = f w 2
�
(10+ 1)5

� +
j for eac h i the n um b er of zeros in the (1 + 5i ) th blo c k of zeros

is di�eren t from 6, and for eac h i 6= j the n um b er of zeros in (1 + 5i ) th and

(1 + 5j ) th or in (2 + 5i ) th and (2 + 5j ) th blo c ks of zeros are di�eren t g:

The latter language guaran tees that the TM is deterministic.

Clearly , the �rst part of the righ t hand side of LM is regular, and hence recursiv e. The

language 111L c111 can b e accepted b y an alw a ys halting TM, whic h is built from suitable

comparing mac hines of Example 5.3. Hence, b y Theorem 5.3, LM is recursiv e.

Theorem 5.6. L0 2 RE nRec.

Pr o of. First w e sho w that L0 2 RE. W e construct a 3-tap e TM M 0
accepting L0 .

First M 0
c hec ks using the mac hine of Lemma 5.5 that a pre�x of the input up to the

second o ccurrence of four consecutiv e 1�s is in LM . If �y es�, then M 0
copies the su�x

c(w) to the second tap e and the w ord 100001p, where p is a pre�x of w in 10+ 1 to the

third tap e. Hence, the third tap e con tains a co de of q0 and that of the �rst letter of w .

F rom no w on the sim ulation of M is as in the construction of Univ ersal T uring

Mac hine. The third tap e con tains the information ab out the curren t state and sym b ol

scanned b y the head, and based on it M 0
can �nd a transition from the �rst tap e,

and sim ulate it on the second tap e, as w ell as c hange the con ten ts of the third tap e

corresp onding to the new state and new sym b ol scanned. After eac h sim ulation step
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M 0
c hec ks whether the state is �nal, i.e. the third tap e starts as 1061, and if �y es�, then

M accepts and so do es M 0
.

So w e ha v e pro v ed that L0 2 RE.

In order to pro v e that L0 62Rec w e assume the con trary: L0 = L(M 0) for an alw a ys

halting TM M 0
.

W e claim that the language

Ld = f c(M ) j M is a TM and it accepts c(M )g

is recursiv e as w ell. An alw a ys halting TM M d accepting Ld can b e constructed as

follo ws: First M d c hec ks that its input is in LM and then c hanges it to the w ord xc(x)
simply cop ying (and co ding it b y c) to the end of the input (Here w e ha v e to assume

that 0; 1 2 � d ). Then M d go es to the initial ID of M 0
on xc(x) and con tin ues as M 0

un til it halts, and accepts i� M 0
accepts. So w e ha v e sho wn that Ld 2 Rec.

Next, b y Theorem 5.2, also

L2 = � � n Ld =
�

v 2 f 0; 1g� j v is not a co de of an y TM or

9 TM M : v = c(M ) and M do es not accept c(M )
	

is recursiv e, that is accepted b y an alw a ys halting TM, sa y M 2 .

Consider no w the w ord v = c(M 2) :

c(M 2) 2 L2 ,
"

def. of L 2

c(M 2) 62L(M 2) ,
"

def. of M 2

c(M 2) 62L2;

a con tradiction. Consequen tly , L0 cannot b e recursiv e.

F rom ab o v e w e deriv e:

Corollary 5.7. The family RE is not close d under c omplementation.

Pr o of. Theorems 5.2 and 5.6.

Corollary 5.8. The language Ld = f c(M ) j M is a TM and M ac c epts c(M )g is r e-

cursively enumer able, but not r e cursive.

Pr o of. By the pro of of Theorem 5.6 Ld 2 RE. F urther the con tradiction in the same

pro of w as deriv ed from the recursiv eness of Ld .

More consequences of Theorem 5.6 are giv en in the next section.

W e conclude this section b y c haracterizing the family RE in suc h a w a y whic h mo-

tiv ates the term �recursiv ely en umerable�. Namely , w e sho w that languages in RE are

exactly those whic h can b e e�e ctively liste d. F ormally , this means that they can b e

listed b y a T uring mac hine.

A T uring mac hine can b e used as language generator as follo ws. The mac hine is a

m ultitap e mac hine ha ving a sp ecial output tap e on whic h the head can mo v e only to

the righ t and can write in eac h square only once. On this tap e the w ords from � �
are

written, w ords b eing separated b y the mark er # . A t the b eginning all the tap es are

empt y .

Let M b e a TM de�ned ab o v e. The language gener ate d b y M , G(M ) for short, is

the set of all w ords M outputs in b et w een mark ers # .

There are t w o ob vious observ ations:
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1. G(M ) is �nite if M halts (when started at the blank input tap es);

2. If L = G(M ) , M pro vides an e�ectiv e pro cedure to list elemen ts of L , but in whic h

order is not kno wn.

No w, w e obtain a c haracterization:

Theorem 5.9. F or a language L � � � L is r e cursively enumer able i� L c an b e gener ate d

by a TM.

Pr o of. ( : Assume that L = G(M ) for a TM M . W e construct a TM M 0
as follo ws:

M 0
has one tap e more than M , namely the input tap e. F or a giv en input w M 0

�rst

sim ulates M on its all other tap es, and whenev er M outputs # , M 0
tests whether

its input w coincides with the w ord on the output tap e immediately b efore the # . If

�y es�, then M 0
go es to a �nal state, and otherwise con tin ues the sim ulation. Clearly ,

L(M 0) = G(M ) .

) : Let L = L(M ) for a TM M . W e ha v e to construct a generator M 0
for L . This

is not so ob vious, but can b e based on the idea:

�F or eac h i; j � 1, M 0
sim ulates M i steps on the j th input w ord, and outputs the

j th input, if this sim ulation is accepting�. If suc h an M 0
can b e constructed w e are

done: clearly , M 0
outputs only w ords from L(M ) , and eac h w ord in L(M ) is pro duced

b y M 0
since it has an accepting computation of M of some �nite length.

In order to construct M 0
w e need TM�s for the follo wing tasks:

(i) M n whic h c hanges an input w 2 � �
to the next w ord S(w) in the lexicographic

order of � �
. Clearly , suc h a TM exists.

(ii) M c whic h c hanges the pair (i; j ) 2 N 2
+ (suitably enco ded) to the next pair in the

order � de�ned as

(i; j ) < (k; l) , i + j < k + l or i + j = k + l and i < k:

W e lea v e it as an exercise to conclude that this can b e ac hiev ed b y a TM.

No w, the required M 0
is constructed as follo ws: M 0

has �v e tap es including the

output tap e: the �rst one is to regenerate the input of M , the second one to sim ulate

M i steps on the j th input, the third and the fourth tap e con tain n um b ers i and j , and

the �fth is the output tap e.

The con ten ts of the �rst tap e is obtained b y iterating the mac hine M n as man y

times as sho wn b y the con ten ts of the fourth tap e. Then this input is copied to the

second tap e where M is no w sim ulated as man y steps as the con ten ts of the third tap e

indicates. If the sim ulation halts in the accepting state, then the con ten ts of the �rst

tap e is pro duced in the �fth tap e with mark er # . Otherwise, the �rst and the second

tap e are erased and the pair (i; j ) corresp onding to con ten ts of the third and fourth tap e

is replaced b y the next pair. No w, the pro cess is started again.

5.4 Undecidabilit y

In this section w e come to one of the highligh ts of the theory of formal languages, or

more precisely of computabilit y . Namely , w e sho w that there exist precisely de�ned,

and ev en natural problems, whic h are algorithmically undecidable.
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The existence of suc h problems is con trary to the general b elief of mathematicians

of the v ery b eginning of this cen tury . Indeed, D. Hilb ert p oin ted out in In ternational

Congress of Mathematicians in 1900 a n um b er of op en problems, and one of those (so�

called � Hilb ert�s 10th pr oblem �) ask ed �to �nd a general algorithm whic h w ould decide

whether a giv en Diophan tine equation P(x1; : : : ; xn ) = 0 has a solution in Zn
�. It w as

not though t at that time that the problem could ha v e b een undecidable, i.e. there do es

not exist an y algorithm to solv e it. This, ho w ev er, turned out to b e true (Matiy asevi£,

1970).

Ho w to sho w that a problem is algorithmically undecidable, that is no algorithm

solv es it? What is �an y algorithm�? The notion of an algorithm has to b e formalize d , as a

T uring mac hine for example, in order to b e able to sho w that �something� is undecidable.

On the other hand, in order to sho w that �something� is decidable no formalization

is ne c essary : it is enough to giv e an e�ectiv e pro cedure, or an in tuitiv e algorithm, whic h

solv es the problem.

No w, let us return to the language

L0 = f c(M ) c(w) j M is a TM and w 2 L(M )g

of Theorem 5.6. It can b e in terpreted as a problem �Do es a giv en TM M accept its

input w ?�. Indeed, w ords in L0 are co ded forms of those instances of the problem, for

whic h the answ er is �y es�. W ords in f 0; 1g� n L0 , in turn, are those whic h corresp ond

the �no� for the ab o v e problem, or are of the wrong form whic h also can b e in terpreted

as �no� answ er b y considering an input w ord of the wrong form as a TM ha ving no

transitions and/or ha ving its input not in � �
.

De�nition 5.5. W e call a problem unde cidable i� there exists no alw a ys halting TM

whic h solv es it.

Of course, this requires that a problem has to b e enco ded to a suitable form for TM�s,

i.e. to a language. It follo ws from CT that the ab o v e de�nition of the undecidabilit y

means that there is no algorithm , what so ev er, to solv e the considered problem.

It follo ws that Theorem 5.6 yields

Theorem 5.10. The pr oblem �Do es a given TM M ac c ept a given input w ?� is unde-

cidable, i.e. the c orr esp onding language L0 is not r e cursive.

Similarly , from the Corollary 5.8 to Theorem 5.6 w e obtain that the problem �Do es

a giv en TM M accept its o wn co de c(M ) ?� is undecidable.

Once w e ha v e found one undecidable problem others can b e obtained b y a r e duction :

Let Pu b e a kno wn undecidable problem and P some other problem. If w e can asso ciate

to an arbitrary instance i of Pu an instance ' (i ) of P suc h that

i is �y es��instance i� ' (i ) is a �y es��instance

and the transformation i 7! ' (i ) can b e done b y a TM (algorithmically), then P is

undecidable, as w ell. Indeed, to solv e the Pu , its instance i can b e transformed to ' (i ) ,

and then apply a TM solving P , if suc h a TM w ould exist.

In terms of languages, i.e. co ded instances of problems, w e can form ulate:

De�nition 5.6. F or languages L � � �
and L0 � � �

, L is r e duc e d to L0
, in sym b ols

L � L0
, i� there exists a TM whic h computes a total function ' : � � ! � �

suc h that

w 2 L i� ' (w) 2 L0: (5.6)
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It follo ws immediately , that if L � L0
, then

(i) L0 2 Rec ) L 2 Rec,

(ii) L 62Rec ) L0 62Rec.

These conditions mean that if L and L0
corresp ond to the co dings of problems P and

P0
, then (i) sa ys that if P0

is decidable so is P , and (ii) sa ys that if P is unde cidable so

is P0
.

Example 5.7. The problem Ph �Do es M halt on its input w ?� is undecidable. T o see

that w e consider the language

Lh = f c(M ) c(w) j M is a TM and M halts on wg:

W e reduce L0 to Lh , i.e. sho w that L0 � Lh . Then the result follo ws from Theorem 5.6

and (ii) ab o v e.

Let M b e a TM. Construct a TM M 0
suc h that it c hanges the halting, but rejecting

computations to nonhalting ones. F urther let ' b e a mapping

' : c(M ) c(w) 7! c(M 0) c(w):

Clearly , ' can b e computed b y a TM � it only has to add certain transitions to M .

Moreo v er, for an y input w

M accepts w i� M 0
halts on w .

So indeed w e ha v e pro v ed the reduction L0 � Lh and hence Ph is undecidable.

Example 5.8. The problem P9h �Do es M halt on some of its inputs?� is also undecid-

able. The co ded language is no w

L9h = f c(M ) j M is a TM and 9w suc h that M halts on wg:

No w Ph of Example 5.7 can b e reduced to this as follo ws: F or an instance of Ph , that is

(M ; w) , w e construct a TM M 0
suc h that

� M 0
forgets its o wn input x ,

� generates the input w , and

� sim ulates M on w .

Suc h a M 0
can clearly b e constructed. No w,

M halts on w i� M 0
halts on some input (i� M 0

halts on all of its inputs).

Hence, w e ha v e an informal pro of that P9h , as w ell as the problem P8h �Do es M
halt on all of its inputs?�, is undecidable. T o mak e it formal w e should construct a TM

computing

' : c(M ) c(w) 7�! c(M 0):

Of course, this can b e done.
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Example 5.9. The language Lnh = f c(M ) j M nev er halts g is not recursiv ely en umer-

able. Indeed, if it w ould b e, then so w ould b e

� � n L9h = Lnh [ f w j w is not a co de of a TM g = Lnh [ (� � n LM ):

No w, b y the ideas of the pro of of Theorem 5.9, L9h is in RE and b y the previous example

it is not in Rec. Hence � � nL9h 62RE. F urther LM 2 Rec, and so is � � nLM , implying,

b y Theorem 5.3, that also Lnh is not recursiv ely en umerable.

No w w e obtain easily

Theorem 5.11. The e quivalenc e pr oblem for TM�s is unde cidable.

Pr o of. Let M 0 b e a TM whic h nev er halts. Then clearly , for an y TM M

L(M ) = L(M 0) i� Ma nev er halts,

where M a is obtained from M b y making all halting but rejecting computations nonhalt-

ing. So the result follo ws from Example 5.9. (F ormally the mapping ' is c(M )c(M 0) 7!
c(M a) ).

W e ha v e seen that a n um b er of decision problems asso ciated to TM�s are undecid-

able. Of course, all suc h problems are not so, for example �Do es a TM ha v e 2n states?�

is clearly decidable. Ho w ev er, an y problem asking �Do es a giv en recursiv ely en umerable

language (de�ned b y a TM) ha v e a prop ert y P ?� is unde cidable , if only the prop ert y P
is nontrivial , i.e. not true for all recursiv ely en umerable languages!

Theorem 5.12 (Rice�s Theorem). Each nontrivial pr op erty P of RE languages is

unde cidable, i.e. the language

LP = f c(M ) j M is a TM and L(M ) has a pr op erty Pg

is nonr e cursive.

Pr o of. W e ma y assume that the empt y language L ; = ; do es not satisfy P � otherwise

w e consider the negation of P . On the other hand, there exists a TM M L suc h that

L = L(M L ) p ossesses the prop ert y P , i.e. c(M L ) 2 LP .

W e reduce the problem of Theorem 5.6 to P , that is w e sho w that L0 � LP . In order

to do so w e asso ciate to a pair (M ; w) a TM M 0
as follo ws:

� After receiving an input x ,

� M 0
�rst sim ulates M on w , and if this accepts,

� then sim ulates M L on x , and M 0
accepts if M L accepts.

This can b e illustrated as:

x
w >

>
>

>

M
M L

M 0

Y es

Y es

Y es

F ormally , w e ha v e to construct a TM whic h computes

c(M ) c(w) 7�! c(M 0): (5.7)



5.4 Undecidabilit y 88

In order to do that w e ha v e to analyze what transitions are needed in M 0
. They are

those allo wing to sim ulate M and M L , i.e. transitions of M and M L , and transitions

allo w ed to prin t a w , as w ell as some whic h con trol the use of the ab o v e transitions.

Since transitions of M L are constan t (indep enden t of c(M )c(w) ) they can b e created.

Also transitions prin ting w can b e computed from c(w) . Hence, a TM computing (5.7)

can b e constructed: it creates a co de of M 0
from c(M )c(w) .

By the construction of M 0
, w e ha v e

w 2 L(M ) ) L(M 0) = L

w 62L(M ) ) L(M 0) = ; ;

and therefore, w 2 L(M ) , L(M 0) has prop ert y P;
or more formally , c(M ) c(w) 2 L0 , c(M 0) 2 LP :

No w, w e turn to sho w that there are m uc h more natural problems than the ab o v e

ones whic h are undecidable. W e already men tioned that Hilb ert�s 10th problem is suc h.

Another one, and particularly imp ortan t from the p oin t of view of formal languages, is

the follo wing problem.

De�nition 5.7. Post Corr esp ondenc e Pr oblem , PCP for short, asks, for t w o giv en mor-

phisms h; g : � � ! � �
, whether there exists a w ord w 2 � +

suc h that h(w) = g(w) , in

other w ords, whether the e quality language E(h; g) of the pair (h; g) is nonempt y:

E(h; g) = f w 2 � + j h(w) = g(w)g
?
6= ; : (5.8)

W e can �x � = f 1; : : : ; ng. Then the Mo di�e d Post Corr esp ondenc e Pr oblem , MPCP

for short, asks whether

E(h; g) \ 1� �
?
6= ; : (5.9)

Elemen ts in (5.8) and (5.9) are called solutions of corresp onding instances of PCP and

MPCP .

W e pro v e

Theorem 5.13 (P ost, 1946). PCP is unde cidable.

Pr o of. First w e sho w that it is enough to pro v e that MPCP is undecidable:

Claim. MPCP reduces to PCP .

Pr o of. T o pro v e this w e asso ciate with an arbitrary instance of MPCP , sa y

h : i 7! � i ; g : i 7! � i ; for i = 1; : : : ; n; � i ; � i 2 � � ;

an instance of PCP h0; g0 : f 0; 1; : : : ; n + 1g� ! (� [ f # ; $g)�
suc h that

E(h; g) \ 1� � 6= ; i� E(h0; g0) 6= ; :

In order to de�ne h0
and g0

, w e asso ciate to a w ord 
 = a1 � � � an , ai 2 � , t w o new

w ords

l (
 ) = # a1# a2 � � � # an and r (
 ) = a1# a2# � � � an# :
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In particular for the empt y w ord � l (� ) = r (� ) = � . No w, h0
and g0

are de�ned b y

0 7�! # r (� 1) 0 7�! l(� 1)
h0 : i 7�! r (� i ) g0 : i 7�! l(� i ) , for i = 1; : : : ; n

n + 1 7�! $ n + 1 7�! #$ :

No w assume that w = 1w0
is a solution of the instance (h; g) of MPCP . Then

h(1w0) = g(1w0) , so that # r
�
h(1w0)

�
$ = l

�
g(1w0)

�
#$ , whic h means that h0(0w0 n+1) =

g0(0w0
n+1 ) . Hence, 0w0 n + 1 is a solution of (h0; g0) .

Con v ersely , if w is a solution of the instance (h0; g0) of PCP , then w starts with 0 and

ends with n + 1 , i.e. w = 0w0 n + 1 . Moreo v er, w e ma y assume, since the o ccurrences

of $ ha v e to matc h in the h0
- and g0

-images of solutions, that w0
do es not con tain either

0 or n + 1 . Therefore w e obtain from the iden tit y h0(0w0 n + 1) = g0(0w0 n + 1) the

iden tit y h(1w0) = g(1w0) simply erasing the mark ers. Hence, 1w0
is a solution of (h; g) .

Pr o of of The or em no w con tin ues as follo ws. By Claim it is enough to reduce some

undecidable problem P to MPCP . W e use as P the problem of Theorem 5.10: �Decide

whether a TM M accepts an input w �.

W e asso ciate a pair (M ; w) with an instance (h; g) of MPCP as follo ws: The mor-

phisms h; g : � � ! � �
are giv en in the follo wing table, whic h at the same time �xes the

alphab ets � and � :

a 2 � : h(a) : g(a) :

(0) 1 # # q0w#

( i ) X X X , for X 2 � [ f # g

( ii )

8
>>>><

>>>>:

(q; X) �! (p; Y; R)�
Z; (q; X) �! (p; Y; L)

�
�
# ; (q; X) �! (p; Y; L)

�
�
# ; (q;� ) �! (p; Y; R)

�
�
# ; Z; (q;� ) �! (p; Y; L)

�

qX
ZqX
# qX
q#

Zq#

Y p
pZY

# p � Y
Y p#

pZY#

( iii )

8
<

:

(X; Y; q)
(X; q)
(q; Y)

XqY
Xq
Y q

q
q
q

9
=

;
, for q 2 F

( iv ) q q## # , for q 2 F;

where # is a mark er, X; Y in (iii) and Z in (ii) ranges o v er the tap e alphab et � , and

letters or last comp onen ts of letters in (ii) are transitions of M . As usual w e assume

that there are no transitions from �nal states. F urther, without loss of generalit y w e

can assume that the �rst mo v e of M is to the righ t. If this is not the case originally , w e

in tro duce t w o extra mo v es to the b eginning.

W e ha v e to sho w:

w 2 L(M ) i� MPCP (h; g) has a solution in 1� � :

Assume �rst that w 2 L(M ) , i.e. in M there exists an accepting computation

q0w ` � 1q1� 1 ` � 2q2� 2 ` : : : ` � kq� k ; with q 2 F:

Then w e can construct a solution � for the MPCP as sho wn in the �gure b elo w:
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# q0 w # � 1 q1 � 1 # � 2 q2 � 2 # � � � # � k q � k # � 0
k q � k # � � � # q # #

g :

h :

# # # #

" " " "

� =

� =

1

1

� � �

� � �

Indeed, � starts with 1, so that w e ha v e

g(1)

h(1)
# q0 w # :

No w q0w c an b e c over e d b y h -images, when b y the construction, g-images de�ne the

next ID, namely � 1q� 1 , and w e obtain

g :
h :

# q0 w # � 1 q1 � 1: (5.10)

No w, if � 1 is empt y and the second mo v e is to the left, w e tak e an h -image from the

third alternate of (ii), and otherwise from (i), and w e can co v er # � 1q1� 1 b y an h -image,

creating at the same time as a g-image the next ID of M � 2q2� 2 (p ossibly con taining

unnecessary blanks at the b eginning and missing the last letter if it is � ). By the same

argumen t w e obtain:

g :
h :

# q0 w # � � � # � k q � k # : (5.11)

No w, taking h -images from (i) and (iii) w e can �erase � k and � k � step b y step and obtain:

g :
h :

# q0 q # � � � # � k q � k � � � # q ## :

Hence, one application of (iv) completes the construction of � .

Con v ersely , if the pair has a solution, whic h w e can assume to b e suc h that it is not

a pre�x of an y other solution, then it is of the ab o v e form, sho wing that w 2 L(M ) .

Indeed, an y solution � m ust start b y 1, so that

g :
h :

# q0 w # :

No w, q0w c an b e c over e d b y h -images only in the w a y describ ed earlier. This is so since

M is deterministic. Therefore our solution � satis�es (5.10) and w e can con tin ue with

the same argumen t as long as a �nal state is not in tro duced in g-images. Ho w ev er, this

has to happ en, since otherwise the h -image w ould alw a ys b e shorter than the g-image.

So w e ha v e to come to a situation (5.11) , pro ving that w 2 L(M ) .

Next w e giv e a n um b er of applications of the undecidabilit y of the PCP .

Example 5.10. Consider the follo wing problem: Giv en a �nite set of 3 � 3 matrices

o v er natural n um b ers. Do es there exist a pro duct of these matrices ha ving the same

n um b er in en tries (1; 2) and (1; 3)? This problem can b e seen undecidable as follo ws.

W e asso ciate a pair of morphisms h; g : � � ! f 2; 3g�
with a �nite set of matrices

Ma =

0

@
1 h(a) g(a)
0 10jh(a)j 0
0 0 10jg(a)j

1

A ; a 2 � ;
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and observ e that

Ma � Mb =

0

@
1 h(b) + h(a) � 10jh(b)j g(b) + g(a) � 10jg(b)j

0 10jh(a)j+ jh(b)j 0
0 0 10jg(a)j+ jg(b)j

1

A =

0

@
1 h(ab) g(ab)
0 10jh(ab)j 0
0 0 10jg(ab)j

1

A :

Extending this form ula for arbitrary pro ducts, w e see that, if w e could solv e our problem

w e could solv e also PCP in the case � is binary . But this is no restriction since images

of letters can alw a ys b e co ded in to a binary alphab et without c hanging the equalit y

language, for example b y using the enco ding of page 75.

Next w e mo v e to undecidabilit y results in formal language theory . W e asso ciate with

an instance of PCP h; g : � � ! � �
, � \ � = ; ,

h : i 7�! � i ; g : i 7�! � i ;

t w o languages

Lh = f h(w)# wR j w 2 � + g and Lg = f g(w)# wR j w 2 � + g;

with # =2 � [ � . Clearly , Lh and Lg are linear CF languages, for example Lh is generated

b y the grammar

Gh : Sh �! h(i )Sh i j h(i )# i; for i 2 � :

F urther the CF grammar Gamb con taining in addition to pro ductions of Gh and Gg the

pro ductions S ! Sh j Sg generates Lh [ Lg . It follo ws that

L(Gh) \ L(Gg) = ; i� (h; g) has a solution i� Gamb is am biguous.

Hence, w e obtain:

Theorem 5.14. The fol lowing pr oblems ar e unde cidable:

(i) Is the interse ction of two CF languages (given by gr ammars) empty?

(ii) Is a given CF gr ammar ambiguous?

W e conclude with another imp ortan t undecidabilit y result.

Theorem 5.15. The e quivalenc e pr oblem for CF gr ammars is unde cidable.

Pr o of. W e reduce the emptiness problem of T uring mac hines to the equiv alence problem

of CF grammars. The emptiness problem, i.e. the question � L(M ) ?= ; �, is undecidable,

cf. Example 5.9 or Theorem 5.12.

With a TM M = ( Q; � ; � ; �; q0; � ; F ) w e asso ciate a language

Lnc = f w1# wR
2 # w3# wR

4 # � � � # w�
n# j n � 1; wi 2 (� [ Q)� ; the sequence w1; : : : ; wn

is not a sequence of con�gurations of M in an accepting computation g[ ((� � Q� � #) + )C ;

where # 62� [ Q, � \ Q = ; , w�
n = wR

n if 2 j n , and w�
n = wn if 2 - n .

Ob viously

L(M ) = ; i� Lnc = (� [ f # g [ Q)� :

Hence, the result follo ws if w e can sho w that Lnc is CF. In fact, ev en a stronger result,

namely the undecidabilit y of the problem, whether G gener ates al l wor ds over its input

alphab et , follo ws.

The CF-ness of Lnc is seen as follo ws. Clearly , w 2 Lnc i� (at least) one of the

follo wing conditions is true:
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(i) w is of a wrong form, w 62(� � Q� � #) +
;

(ii) w1 is not the initial ID, w1 62q0� �
;

(iii) wn is not an accepting ID, wn 62� � F � + ;

(iv) for some o dd i the i th w ord x i and the (i + 1) th w ord x i +1 in b et w een mark ers

satisfy x i 0M xR
i +1 ;

(v) for some ev en i the i th w ord x i and the (i + 1) th w ord x i +1 in b et w een mark ers

satisfy xR
i 0M x i +1 .

Languages corresp onding to conditions (i)�(iii) are regular. Moreo v er, languages

corresp onding to (iv) and (v) are con text�free. Indeed, a p da accepting w ords satisfying

(iv) can b e constructed as follo ws. When reading an input, it nondeterministically

guesses an o dd i , and when reading x i pushes in to the stac k x i letter b y letter except

that the only o ccurrence of q with its neigh b ors, when encoun tered, is c hanged according

to the transitions of M , and then when reading x i +1 compares it to the con ten ts of the

stac k. If they coincide, the p da accepts.

It follo ws that Lnc is a union of three regular languages and t w o CF languages,

pro ving the Theorem.

W e conclude this section with a general remark.

Remark 5.8. W e ha v e b een considering the four families of languages in Chomsky

Hierarc h y , namely Reg, CF , CS and RE. F rom the p oin t of view of decidabilit y questions

the follo wing can b e said:

(i) All problems for Reg are decidable;

(ii) Some problems for CF are decidable and some are not;

(iii) Almost all problems for CS are undecidable;

(iv) All problems for RE are undecidable.

W e ha v e pro v ed sev eral results, lik e Theorems 2.8, 3.16, 5.15, 4.1, 4.5, 5.12, supp orting

this view. Ho w ev er, for example (i) is not exactly true. Still the conditions (i)�(iv)

pro vide useful hin ts of the decidabilit y of problems in formal language theory .

5.5 Characterizations

W e conclude this course b y stating without pro ofs grammatical c haracterizations of RE
and CS languages.

Prop osition 5.16. A language L � � �
is r e cursively enumer able i� it is gener ate d by

a gr ammar.

F or CS languages the c haracterization p oin ts out an imp ortan t complexit y class, cf.

page 79.

Prop osition 5.17. A language L � � �
is c ontext�sensitive i� it is ac c epte d by a TM

with endmarkers using no mor e sp ac e than the input r e quir es.

A ctually the use of endmark ers in Prop osition 5.17 is only for the clarit y of the pro of.


