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Starlike functions with respect to
symmetrical points

ST Sakaguchi 1959

po_ 2 (2
f(z) = f(=2)

>0, forzekE.
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Starlike functions with respect to
symmetrical conjugate points

ST, El-Ashwah and Tomas 1987

zf' (2)
Re =
f(z) - f(-2)

>0, forzekE.
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A-Starlike functions with respect to
2m-symmetric conjugate points
st.2). Al-Amiri et al 1995

(1= Nzf'(2) + Az(zf "' (2))
(1= Dfin(2) + 22f'_(2)

m-1

D) =5 Y 07 f(0¥2) + TR )]

k=0

>0, inE, ford =0,

w = exp 2mi/(m)).
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linear fractional differential

ope€ rator E';f’f':
Al-Oboudi and Al-Amoudi 2008

Df(2) = f(2),A=0
D, %f(z) = (1 —A0%F(2) + Az(Q%F(2)), 0= o < 1
= D7 f(z)

D;“f(z) = D (D;*7(2))

Dyf(z) = DF (D} ™f(2)),nEN
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flz) =z + E a; z¥
k=2

Q7 f(2) =T(2-a)z" D" f (2),

Z+Zr(k+1)r(2 a)
&2 T(k+l-a)

=@p(2,2—a;z)* f(2)

o #2,3,4.

a4,z



a N
(e 2
cpn_ 1 di f@®
Zf(z)*r(lﬂa)dz'!(z__t)“dt’ O0<a<l,
D f(z)=z+ i[ F(lli(n;lll;(f;)a) (1+ A(k - 1))) akzk'

("

DY f(2) = [(0(22 - a;2) * g(z) * . x 922 - &, 2) * g3(2))] + f (2)

n-times

z— (1 - )22
(1—2)°

gi(z) = =z+ ) [1+Ak - 1)]2"
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Definitions

1 m-—
D fn(2) = - Z DR 2)wk + o D@ )]

m-1

1
2D (@) =5 ) [0 2D f(w¥2)) + 02D} F (@ D)
k=0
Dy fm(w/z) = D} fr(2),  DY*fn(@) = D} fu(2)

w = exp 2mi/(m)).
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Definition 1 ST SR

z(D}*f(2)) 5
DM (2)

h(z), z €E,

h is a convex function in £, with h(0) = 1

nEN,=NU{0} meN

O0<a<landA >0
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Definition 2 k;5(h)
z(DM*f(z ’
Wi @) i, zek
D 1 Ym (z)

for some g € ST,"5(h)

h is a convex function in £, with h(0) = 1

nEN,=NU{0} meN

O0<a<landA >0
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Special Cases

1. Forn=0, m=1,5T ;7 (h) = ST.(h) |Ravichandran

2. Forn=1, m=1,andh(z) = E 5T 1+E) 5T:(4) |Radha

1+= 1+=
= 5T,

3. Forn=1A=1, ﬂr—ﬂm—landh{z}——g ST” =

El-Ashawah and Thomas

4. Forn=1a=0andh(z) ==, ST, (=) = ST, (1)

Al-Amiri etal

o
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5. Fnrﬂ=1mr=ﬂ,m=1,andh{z}—1+E STLD(i

6. Forn=0 orA=0 and h(z) =2, 5T (=) = 5T (=) = ST, (0)

1—z 0

—_IE

Al-Amiri etal

‘ - 1+(1-2
7. Forn=0and h(z) = 1 ZB)Z, ST ( al B)Z) = ST?"BJ

1-z 1-z

Kasi and Ravichandran

(- y
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8 Forn=1, A=1, a'—Oandh(z)-——- —
Al-Amiri et al
142
9. Forn=1,a=0,,and h(z) =T
Al-Amiri etal

10. Forn=1,a = 0,m =1, and h(z)

(-

Radha

™~

2

Z, ST i“‘) = ST,.(1)

—Z

K10 (”’") K. (1)

mA\1—,

32 2 =
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Lemmas

* Lemmal S. S. Miller and P. T. Mocanu,

VA
c+1

F(z) = —;;—f t¢1 f(t)dt.

0

zf'(2)/f(z) < h(2), Reh(z) +c > 0inkE.

: 2@ @) < i),

F(z)

zq'(z)

2D +e = h(z).

q +

(-
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Lemma 2 St. Ruscheweyh,

Let f and g, respectively, be in the classes CV and ST

F € A,

= f(2) x g(2)F(2) € 0 F(E), 7 €E.
f(z) xg(2)
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Lemma 3

Re P(z) > 0

S. S. Miller and P. T. Mocanu,

p(0) = h(0)

p(z) + P(2)zp'(2) < h(2),

~

p(2) < h(z).
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Lemma 4

St. Ruscheweyh, and T. Sheil-Small]

Let f and g be starlike functions of order 1%

S

soisf *xg
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Main Theorem

feST (k) A=0 R(0) = Lh@@) = h(z)
2(D} % ()
D fn (2)

Moreover if Re[h(z) + % —1}>0,inE

n-1,a ;~a ¢
e O @) e,

DI (e (2))

< h(z).

a+ (?q'(? —h(), g =1.
aq\z +I“1

®
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The key of the proof

DMf (2) = (1 — 1) DX V(0% (2)) + Az(DF " (Q%n(2))

Z

1
f t2 °D fin (t) dt.

0

 —

s DI M (Q () =

Mr—*
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Corollary 1
[ € S (h) Reh(z) > 0,

— D;”afm SINY

= D;"“ f is a close to convex function
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Inclusion Relations

“:é} n+1 (I(h) - S (h)

W ST 7(h)cST 3(h), O=p=a<i
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Theorem 2

Let f € ST, % (h),
Re h(z) > 0,and h(Z) = h(2)

==  fEST"(h)

,m
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Lemma 5

Let Q% f € ST, (h)

Reh>0,and h(Z) = h(2)

e [ ESTII(h)
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Proof of Lemma 5

Q“fes -~ (h),Re h >0,
& DO fia(2)) €ST
Dy fm(2) = 92—, 2;2)  D(Q%fin(2)),

Where ¢(2 — a,2;z) € CV

z(DTYf(2)) = (2 — a,2;2) * z( DF*(Q%f(2)))’




e

- I
z(Df’af(z)) 92-a,22)x ( (DY (0% (2) ) D70, (2) ) Df’“(ﬂ“fm(z))
D;'afm(z) (p(z a,Z,z) * D;“(Qafm( ))
_ [z(op=ta=p))
ECG( D;’E(ﬂﬂ:fm} (E) € hi(E)
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Remark 1

n=1, « = 0, in Theorem 2.2,

Al-Amiri etal
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Corollary
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Theorem 3

let0) < u < a < 1,andlet Reh(z) >-§

S

c— STy (h) © ST 4 (h)
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Proof

D" f(2) = [(p(22 = 12) * g2(2)) - (0(2.2 — 1;2) * g2(2) ) ] * f (2)

n—-times

(pC-a2~p2)+ . .xp2-a2-y 2))| * Dy f (2).

n-times

2Dy f@) = [(pQ-a2-w2) *.x (92— a,2 - ;2) | 2(D}*f (D))’

n—-times

D@ = (92— a2 = ;2) * .5 (2 ~ 4,2 ~ ;)] * D} fn(2).

n—times




e

B B4—o09 1 .
q)(z —Qa,l2 — U Z) e ST (E) e
1
(o-a2-wz)*..x(p(2—a,2—p;z) | €ST (—2-)
n—tfmes
DM f,.(2) € ST (%)
z(D;"f (2))'
D;’#fm(z)
(9@ -a2~-wz)* ..+ (9Q—a,2-;2) |+ @Dyf(2)' /D fu(@)D) fr(2)
— n—times
[((p(Z —a,2— U z)x* - x@(2—a,2 -y z))] * D;'afm(Z)
n—~times
€ co( ( o ) (E)) C h(E).
D" fn
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f € ST{;, (h),Reh(z) > 0

@ is a convex functions with real coefficientsin E

: f+@€ST ()
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Corollary 2
STim(h), Reh(z) >0

is invariant under the following operators

F1(3)=Lfif} - * gy )(2),

2 =
=] FOa=C-o@.

2 rz
£ () = ::f FQ)— F (=D

dé,—1 < x< 1
§ — x§

= (f = @3)(z),

L&) de, c > —1

= (F * @4)(2,

==
(e iy ol asly
Meces g et A5 Rty Sty
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o 1
0, = ) 2% = ~log(1 —2),
k=1

0. (2) = Z o~ _ —2[z + lc;g(l — z)]’

o

1 —xk _ 1 1—xz
k:lk(l_x) 1—2z

¢4(2) = .

(2) = - 1+c¢
9,(2) = k+c
k=1

k, c > —1.

log ,—1<x <1,




It is clear that f € STM (HZ)

but f * ¢ does not belong to ST (

and ¢ is convex

142z

1—z

)

B B-4—o0° 2
Remark 2
f(2) = —— d ¢(2)
2] = an Z) = .
(1—z)2 9 (1— iz)
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