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Introduction

Inequalities

LetD = {z € C: |z| < 1} be the open unit disk. Then the following
inequalities are valid [Mi]

@ |cosz| < 2forall ze D.
sinz

<§foral|zeID>.

As we can see below the constants 2 and 6/5 are far from being the best
possible. In fact the following sharp inequalities are valid [AB]

@ |cos z| < cosh1 ~ 1.543 for all z € D.

° 'S'zz < sinh1~1.175forall z € D.
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f(z)=cos(z)

s and convexity of Bessel functions



f(z)=sin(z)/z
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g(z)=sin(z)/z

f(z)=cos(z)
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Let us consider now the function J, : C — C, defined by
Tp(2) =2PT(p+1)z7Pdy(2),

where I is the well-known Euler gamma function and J, is the Bessel function
of the first kind of order p. It is worth mentioning that in particular we have

T_1)2(2) = \/m/2-2"/2J_y 5(2) = cos 2,
sinz
TJij2(2) = /)2 2712y (2) = —
sinz cosz
Js/2(2) = 8/m/2- 272Uy a(2) = 3( >

z3 z2

respectively. The last figure shows that in fact 73 2(D) C J_4,2(ID). Moreover,
as we can see below the following is also valid 73 2(D) C J,2(D) C J_1,2(D).
We note that although the domains J3/2(D), J3 ,2(D), J—- 1/2(}1)) are symmetric
with respect to the real axis, they are not disks with center in 1. They are Just
some “egg-shaped” or disk-like domains. )
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f(z)=cos(z)

g(z)=sin(z)/z

-11h(z)=3((sin(z))/z"3-(cos(z))/z"2)
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In view of the above figures and based on some computer experiments we
may ask the followings:
@ Is it true that if p > —1 increase, then the image region J,(DD) decrease,
more precisely if p > q > —1, then J,(D) C J4(D)?
@ What is the radius r, (depending on p) of the smallest disk centered at 1
which contains the image region J,(D) for p > —1?
@ What can we say about the convexity of z — Jp(1/2) in D?

@ What can we say about the starlikeness (of order 1/2) of z — zJ,(v/2) in
D?
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Generalized Bessel functions
Definitions

The generalized Bessel function [Bal] w = w, ¢ of the first kind and order p
is defined as the particular solution of the second-order linear homogenous
differential equation

22w"(2) + bzw'(2) + [cz® — p* + (1 — b)p] w(z) =0, (1)

which is a natural generalization of Bessel’s equation. This function has the
familiar infinite sum representation

(—1)7cn  zy2me
W(z) = Wppe(Z) = = , zeC.
po.e gonlr(p+n+b§1)(2)

The differential equation (1) permits the study of Bessel, modified Bessel,
spherical Bessel and modified spherical Bessel functions all together. In
particular, when b = ¢ = 1 we reobtain the Bessel function w, 1 1 = Jp, and for
¢ = —b = —1 the function w, 1 _1 = |, becomes
the modified Bessel function.
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Now, consider the function u, p . defined by the transformation

b+1 _
pocl2) =27 (P4 250 ) 2P Pl V2).

By using the well-known Pochhammer (or Appell) symbol, defined in terms of
the Euler gamma function for a # 0, -1, —-2,... by
(a),=T(a+n)/T(a)=ala+1)---(a+n—1)and (a), = 1, we obtain for the
function up ¢ the following representation

Up,b,c(z) _ Z (—C/4) zn

= (k), nt’

where k = p+ (b+1)/2#0,-1,-2,.... Finally, let us consider the function
Ap.b.c, defined by Ap p o(2) = Upp.c(2%), which we will denote in particular as
Ap,1,1 = Jpand Ap 1 —1 = Z,. Observe that these functions have the following
forms

Tp(2) =2PT(p+1)z7Pdp(2) and Ip(z) = 2PT(p+ 1)z7Ply(2),

where J, and |, stand for the Bessel and modified Bessel functions
of the first kind and order p, respectively.
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Lemma ([AB])

Letp,g,b,cc Candlet2k, =2p+b+1,2kq =29+ b+ 1. If
Re rp > Re kg > 0, then the following integral representation formula holds:

1
Upc(2) = | Uaelt2)dnelt)
0

where djip q.b(t) = pp,q,6(t)dt and

tnq—1(1 _ t)np—nq—1
B(rg, kp — kq)

tp,q.b(t) =

is a probability measure on [0, 1].
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Lemma ([BP])

Ifp,b € R and ¢ € C such that k > max{0, ¢y}, where ¢, = |c|/4 — 1, then the
function up p.c : I — C satisfies the following inequalities for all z € D

Ar(k+1) — 2k + 1)[c| + |c?/8
k[A(k+1) —|c]

32k2 — |c|?
8k [4r —|c|]

< |Upp,e(2)| <

Idea of the proof: use the triangle inequality, and the inequality (x),n! > 2x",
which holds for all n > 2.
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Theorem ([BP])

Letp,b € R and c € C\{0} such that x > ¢y and x # 0, where
c1 = [3|c| —12 4 +/7|c|2 + 8|c| + 16} /8. Then the function up p. ¢ is convex in

D and is starlike of order 1/2 with respect to 1. Moreover, the function
Z — ZUpi1,b,c(2) is starlike in D.

@ We note that recently by using the method of differential subordinations
A.B.[Ba1] proved that if ¢ # 0 and x > ¢y + 3/2, then the function Up,p,c IS
convex in D. If |¢] < 3.815870196..., then ¢y +3/2 > ¢y, and in this case
the above Theorem improves the above mentioned result from [Ba1].

@ In 1995 V. Selinger [Se] by using the method of admissible functions
proved that z — J,(1/z) is convex in D for all p > —0.25. Recently, R.
Szasz and P. Kupén [SK1] improved this result by showing that the
function z — J,(1/z) is convex in D for all p # —1 and
p > po ~ —1.406929669 ..., where py is the root of the equation
4p? +17p+16 = 0.
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Corollary ([BP])

Ifp# —1andp > p; ~ —1.429029454 . .., where py is the root of the
quadratic equation 4p? + 17p + 129/8 = 0, then the function z — J,(1/2) is
convex in D and starlike of order 1/2 with respect to 1. Moreover, the function
z— 2Jp11(V/2) is starlike in D.

Corollary ([BP])

Ifp# —1andp > p, ~ —1.432619635... or

—1.875 < p < p3 ~—1.719669914 ..., where p, is the greatest root of the
cubic equation 128p° + 928p? + 2148p + 1549 = 0, while ps is the greatest
root of the equation 32p? + 144p + 153 = 0, then the function z — J,(\/Z) is
convex in D and starlike of order 1/2 with respect to 1. Moreover, the function
z— zJp11(V/2) is starlike in D. In addition, the constant —1.875 is the best
possible in the sense that it is the smallest value of p for which the function

z — Jp(\/2) is convex in D and the function z — zJ,.1(\/Z) is starlike in D.
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Corollary ([BP])

Letp, q, b be real numbers, c € C\{0} and 2k, =2p + b+ 1,
2kqg =29+ b+ 1. Ifkp > kg > max{0, ¢1 }, then A\p p o(D) C Agp,c(D). In
particular, if p > q > —1, then J,(D) C J4(D).

For p > q > —1/4 the inclusion J,(D) C J,(D) has been verified by S.
Andras and A.B. [AB].

Corollary ([AB])

The radius r,, p > —1 of the smallest disk centered at 1 which contains the
domain Jp(D) is Ip(1) — 1. Moreover if p,q € C such that

Rep > Req > —1/4 + [Im q]?/6, then Jp(D) C Jq(D) holds. In particular, if
p, q are real numbers such thatp > q > —1/4, then Jp(D) C J4(D).
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Theorem ([BP])

Letp,b e R and c € C such that k > ¢,, where
Co = [4|c| — 4+ /T4[c]2 + 16]c| + 16} /8. Then the function z — zup .o(Z) is

starlike of order 1/2 in D, and consequently the function z — z' ~Pwj p ¢(2) is
starlike in .

@ Recently, A.B. [Ba1] proved that if « > |c|/2 + 1, then the function
Z — ZUpp c(2) is starlike of order 1/2 in D, and consequently the function
Z— Z'""Pwpp o(2) is starlike in D. If |c| < 2.506329..., then the above
Theorem improves the above mentioned result from [Ba1].

@ In 1995 V. Selinger [Se] by using the technique of differential
subordinations proved that the function z — z.7,(1/Z) is starlike of order
1/2in D for all p > 0.5. Recently, R. Szasz and P. Kupan [SK1] proved
that the normalized Bessel function z — z.7,(+/z) is actually starlike of
order 1/2in D for all p > ps ~ —0.1339745962. .., where py is the
greatest root of the equation 4p?> +8p +1 = 0.
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Corollary ([BP])

Ifp > ps ~ —0.1522087521 . .., where ps is the root of the equation
32p® + 64p + 9 = 0, then the function z — zJy(+/Z) is starlike of order1/2 in
D, and consequently, the function z — z'~PJ,(z) is starlike in D.

Corollary ([BP])

Ifp > ps ~ —0.1572242627 ... or —0.875 < p < p; ~ —0.7196699141 .. .
where pg is the greatest root of the cubic equation

64p° + 256p? + 274p + 37 = 0, while p; is the root of the equation

32p® +80p + 41 = 0, then the function z — zJ,(\/Z) is starlike of order1/2 in
D, and consequently, the function z — z'~PJy(z) is starlike in D. In addition,
the constant —0.875 is the best possible in the sense that it is the smallest
value of p for which the function z — 7,(+/2) is starlike of order 1/2 in D.
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Lemma ([BP])

Ifp,b e R and c € C such that x > max{0, c3}, where c; = |c|/8 — 1, then the
function up p.c : D — C satisfies the following inequalities for all z € D
8k(k + 1) — (2k + 3)|c]|
>
ooel @2 = Bt ) el
e o 8(s+1) +|d
(o} K+1)+|C
f < I A U R) T
|up,b,C(Z)| = 4k 8(H + 1) — |C| )
or equivalently,
8k + |c]
|Up,b,c(2)] < 85— [c] for k. > |c|/8.

Idea of the proof: use the triangle inequality, and the inequality
2(k),n! > (2x)", which holds for all n > 1.
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Lemma ([BP])

Leta>0,ne {3,4,5,...} and let oy ~ 1.302775637 . .. be the greatest root
of the quadratic equation o + o — 3 = 0. Then the following inequality holds

Fa+n)/f(a+1)>(a+a)"" < (a), > ala+ao)" .

Lemma ([BP])

Ifp,b € R and c € C such that k > max{0, ¢4}, where
¢4 = |c|/[4(1 + a)] — ao, then the function upp c : D — C satisfies the
following inequalities for all z € D

|Up b.o(2)] > 1+ o e ldl 1+ ao)(s+ o)
p.b,c 16(1 + ao)r(k + ag) 32r(k+1) r 4(1 + ao)(k + o) — |C]

[el Ic[2 |cf?
boc2l < 25 |1~ A Tag)n+ Nixt a0+ 1) T 3205+ (5 +2)
lel  (I+ag)(k+ao+1)

r+1 4(1+ag)(k+ao+1)— el ]
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Although the above bounds are quite tight they does not give us better results
in particular for the convexity and starlikeness of the functions z — 7,(1/z)
and z — zJ,(v/z). The reason for this is that for example for the starlikeness
of the function f(z) = zJ,(+/z) instead of

o [zf’(z)'

2 | >0

we prove the stronger statement that

zf'(2)

72) -1 <1

and for better bounds we do not have necessarily the best range for p.

Arpad Baricz (Babes-Bolyai University) Starlikeness and convexity of Bessel functions



All the same, by using some known results on modified Bessel functions we
can obtain the following:

Theorem ([BP])
The following inequalities hold for allp > —1 and z € D

|To(V2)| >2-Tp(1) and |T5(V2)| < 22(’;“1511)).

Moreover, the following assertions are true:

@ Ifp# —1andp > pi3 ~ —1.4373468657 ..., where py3 is the unique root
of the transcendent equation 2PT (p + 2) [lp+2(1) + 2Ip+1(1)] = 2, then the
function z — J,(+/2) is convex in D and starlike of order 1/2 with respect
to 1. Moreover, the functions z — zJp,.1(\/2) is starlike in D.

Q@ I/fp> pis ~ —0.1614476422 . .., where p4 is the unique root of
2PT(p+ 1) [l+1(1) + Ip(1)] = 2, then the function z — zJ,(\/2) is starlike
of order 1/2 in D, and consequently, the function z — z'=PJ,(z) is
starlike in D.
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Conjectures and further comments

@ The function z — J,(1/z) is convex in D if and only if p # —1 and
p > —1.875.

@ The function z — z7,(1/Z) is starlike in D if and only if p > —0.875.

@ The function z — zJ,(\/z) is starlike of order 1/2 in D if and only if
p > —0.875.

Question: what happens if p is complex?

Radius of convexity of z — Jp(v/2)?

Radius of starlikeness of z — zJ,(v/2)?

E.O.A. Kreyszig and J. Todd [KT], 1958

R.K. Brown [Br], 1960 — by using a method of M.S. Robertson, 1954

R. Szasz and P. Kupan [SK2] — by using the infinite product
representation of Bessel functions

Arpad Baricz (Babes-Bolyai University) Starlikeness and convexity of Bessel functions



@ Recently, T. Pogany [Po] proved the following result:

Lemma ([Po])
Ifx € (0,1) andp > —1, then

|To(2)] < exp <)\Z|2>
P 4(p+1)
for all z € Cp , where C,, » is the closed Cassinian oval
. o 1T—X
Cpr = {z eC: |22~ j24] <//§,11_|_)\}

and j, 1 is the first positive zero of the Bessel function Jp.

The above result has been used to study the convergence of some
generalized Kapteyn-type series [Po]. It would be of interest to see what
happens with the monotonicity of the image region J7,(Cp,»). pony
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