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Basic properties

Basic properties

Sf = 0 iff f is a Möbius transformation.

Sg◦f = (Sg ◦ f) · (f ′)2 + Sf

In particular,
Sg◦f = (Sg ◦ f) · (f ′)2

for a Möbius transformation f.
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Norm

Norm

For c ∈ R, set

‖ϕ‖c = sup
|z|<1

(1− |z|2)c|ϕ(z)|

for a function ϕ on D = {z ∈ C : |z| < 1}.



Invariant Schwarzian derivative of higher order and its applications

Introduction

Univalence criteria

Univalence criteria

Theorem (Nehari)

Let f be a non-constant meromorphic function on D. If f is
univalent then ‖Sf‖2 ≤ 6. Conversely, if ‖Sf‖2 ≤ 2 then f is
univalent. The numbers 6 and 2 are sharp.

Theorem (Becker, Becker-Pommerenke)

Let f be a non-constant analytic function on D. If f is
univalent then ‖Tf‖1 ≤ 6. Conversely, if ‖Tf‖1 ≤ 1 then f is
univalent. The numbers 6 and 1 are sharp.
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A key property

A key property

The usefulness of the quantity ‖Sf‖2 comes from the
invariance property

Sg◦f = (Sg) ◦ f · (f ′)2

for f ∈ Aut(D).

Equivalently, setting σ[f ](z) = (1− |z|2)2Sf (z), we have

σ[g ◦ f ] = σ[g] ◦ f ·
(

f ′

|f ′|
)2

for f ∈ Aut(D).
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Higher-order Schwarzians

Tamanoi’s Schwarzian derivatives

Tamanoi’s Schwarzian derivatives

Tamanoi (1995):

W =
f ′(z)(f(ζ)− f(z))

1
2
f ′′(z)(f(ζ)− f(z)) + f ′(z)2

=
∞∑

n=0

Sn[f ](z)
(ζ − z)n+1

(n + 1)!
.

Sn[f ] is called (Tamanoi’s) Schwarzian derivative of
virtual order n.
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Recursions

Recursions

By the relation

∂zW − ∂ζW = −1− 1
2
S2[f ](z)W 2,

we have

Sn[f ] = Sn−1[f ]′+ 1
2
S2[f ]

n−1∑

k=1

(
n

k

)
Sk−1[f ]Sn−k−1[f ], n ≥ 3.
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First several relations

First several relations

S0[f ] = 1

S1[f ] = 0

S2[f ] = Sf

S3[f ] = S2[f ]′

S4[f ] = S3[f ]′ + 4S2[f ]2

S5[f ] = S4[f ]′ + 5S2[f ]S3[f ]

S6[f ] = S5[f ]′ + 6S2[f ]S4[f ] + 10S2[f ]3.
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Higher-order Schwarzians

Simple observations

Simple observations

Sn[f ] = 0 does not necessarily imply Sn+1[f ] = 0.

Example: Let f(z) = eaz for a constant a 6= 0. Then
S2[f ] = −a2/2. Therefore, S3[f ] = 0 but S4[f ] = a4.

This example also tells us that S3[f ] = 0 does not imply
univalence of f.
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Higher-order Schwarzians

Lack of invariance

Lack of invariance

By definition,
Sn[g ◦ f ] = Sn[f ]

for a Möbius transformation g.

But, we do not have the
desirable formula

Sn[g ◦ f ] = Sn[g] ◦ f · (f ′)n

for a Möbius transformation f, in general. For instance, since
S3[f ] = S2[f ]′ = (Sf )

′, we have

S3[g ◦ f ] = S3[g] ◦ f · (f ′)3 + 2S2[g] ◦ f · f ′f ′′

for a Möbius transformation f.
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Higher-order Schwarzians

Motivation

Motivation

One of our motivations of the present research is to find
quantities, say S̃n[f ], analogous with Schwarzians, which
satisfy the relation

S̃n[g ◦ f ] = S̃n[g] ◦ f · (f ′)n

or

S̃n[g ◦ f ] = S̃n[g] ◦ f ·
(

f ′

|f ′|
)n

for a Möbius transformation f or for a conformal isometry f.

Actually, we propose two kinds of such quantities as we will
see later.
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for a Möbius transformation f or for a conformal isometry f.
Actually, we propose two kinds of such quantities as we will
see later.



Invariant Schwarzian derivative of higher order and its applications

Peschl-Minda derivatives

Peschl-Minda derivatives



Invariant Schwarzian derivative of higher order and its applications

Peschl-Minda derivatives

ρ-derivative

ρ-derivative

Let ρ = ρ(z)|dz| be a (smooth) conformal metric on a domain
Ω.

The ρ-derivative: for ϕ ∈ C∞(Ω),

∂ρϕ =
∂ϕ

ρ
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Peschl-Minda derivatives

Standard metrics

Standard metrics

Spherical metric:
C+1 = Ĉ with λ+1 = λ+1(z)|dz| = |dz|/(1 + |z|2).

Euclidean metric:
C0 = C with λ0 = λ0(z)|dz| = |dz|.
hyperbolic metric:
C-1 = {z ∈ C : |z| < 1} with the hyperbolic (or the
Poincaré) metric λ-1 = λ-1(z)|dz| = |dz|/(1− |z|2).

These metrics have constant Gaussian curvatures +4, 0,−4,
respectively. λδ-derivatives are called spherical derivative,
(usual) derivative and hyperbolic derivative according to the
cases δ = +1, 0,−1.
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Definition of Peschl-Minda derivatives

Definition of Peschl-Minda derivatives

For a holomorphic map f : Ω → Ω′, we define the
Peschl-Minda derivative Dnf = Dn

σ,ρf of order n with respect
to ρ and σ inductively by

D1f =
σ ◦ f

ρ
f ′

Dn+1f =
[
∂ρ − n∂ρ(log ρ) + (∂σ log σ) ◦ f ·D1f

]
Dnf (n ≥ 1).

References:
E. Schippers, The calculus of conformal metrics, Ann. Acad.
Sci. Fenn. Math. 32 (2007), 497–521
Kim-Sugawa, Invariant differential operators associated with a
conformal metric, Michigan Math. J. 55 (2007), 459–479
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Classical cases (due to Peschl)

Classical cases (due to Peschl)

Peschl (1955): for a holomorphic map f : Cδ → Cε,

f
(

ζ+z
1−δz̄ζ

)− f(z)

1 + εf(z)f
(

ζ+z
1−δz̄ζ

) =
∞∑

n=1

Dnf(z)

n!
· ζn
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The first three

D1f(z) =
(1 + δ|z|2)f ′(z)

1 + ε|f(z)|2 ,

D2f(z) =
(1 + δ|z|2)2f ′′(z)

1 + ε|f(z)|2 +
2δz̄(1 + δ|z|2)f ′(z)

1 + ε|f(z)|2

−2ε(1 + δ|z|2)2f(z)f ′(z)2

(1 + ε|f(z)|2)2
,

D3f(z) =
(1 + δ|z|2)3f ′′′(z)

1 + ε|f(z)|2 − 6ε(1 + δ|z|2)3f(z)f ′(z)f ′′(z)

(1 + ε|f(z)|2)2

+
6δz̄(1 + δ|z|2)2f ′′(z)

1 + ε|f(z)|2 +
6δ2z̄2(1 + δ|z|2)f ′(z)

1 + ε|f(z)|2

−12δεz̄(1 + δ|z|2)2f(z)f ′(z)2

(1 + ε|f(z)|2)2
+

6ε2(1 + δ|z|2)3f(z)
2
f ′(z)3

(1 + ε|f(z)|2)3
.



Invariant Schwarzian derivative of higher order and its applications

Invariant Schwarzian derivatives

Invariant Schwarzian derivatives



Invariant Schwarzian derivative of higher order and its applications

Invariant Schwarzian derivatives

Tamanoi’s Schwarzian derivatives revisited

Tamanoi’s Schwarzian derivatives revisited

Define a sequence of polynomials Pn = Pn(x1, . . . , xn) of n
indeterminates x1, . . . , xn inductively by

P0 = 1, P1 = 0, P2 = x2 − 3x2
1/2,

and

Pn =
n−1∑

k=1

(xk+1−x1xk)
∂Pn−1

∂xk

+
1

2
P2

n−1∑

k=1

(
n

k

)
Pk−1Pn−k−1, n ≥ 3.
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Invariant Schwarzian derivatives

First several polynomials

P3 = x3 − 4x1x2 + 3x3
1,

P4 = x4 − 5x1x3 + 5x2
1x2,

P5 = x5 − 6x1x4 +
15

2
x2

1x3 − 10x1x
2
2 + 30x3

1x2 − 45

2
x5

1,

P6 = x6 − 7x1x5 +
21

2
x2

1x4 − 35x1x2x3 +
105

2
x3

1x3

+ 105x2
1x

2
2 − 210x4

1x2 − 315

4
x6

1,

P7 = x7 − 8x1x6 + 14x2
1x5 − 56x1x2x4 + 84x3

1x4 − 35x1x
2
3

+ 420x2
1x2x3 − 420x4

1x3 − 420x3
1x

2
2 + 420x5

1x2.

By letting qn[f ] = f (n+1)/f ′, we have

Sn[f ] = Pn(q1[f ], q2[f ], . . . , qn[f ]), n ≥ 0.
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Invariant Schwarzian derivatives

Invariant Schwarzian derivatives

Invariant Schwarzian derivatives

Let Ω and Ω′ be domains with conformal metrics ρ and σ
respectively. Define for a non-constant holomorphic map
f : Ω → Ω′,

Σnf = Pn(Q1f, . . . , Qnf), n ≥ 0,

where

Qnf =
Dn+1f

D1f
.

Σnf will be called the invariant Schwarzian derivative of
virtual order n. To indicate the metrics involved, we sometimes
write Σnf = Σn

σ,ρf and Qnf = Qn
σ,ρf.
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Invariant Schwarzian derivatives

Invariance property

Invariance property

Lemma

Let Ω, Ω̂, Ω′, Ω̂′ be plane domains with smooth conformal
metrics ρ, ρ̂, σ, σ̂, respectively. Suppose that locally isometric
holomorphic maps g : Ω̂ → Ω and h : Ω′ → Ω̂′ are given.
Then, for a non-constant holomorphic map f : Ω → Ω′, the
formulae

Qn
σ̂,ρ̂(h ◦ f ◦ g) = (Qn

σ,ρf) ◦ g ·
(

g′

|g′|
)n

Σn
σ̂,ρ̂(h ◦ f ◦ g) = (Σn

σ,ρf) ◦ g ·
(

g′

|g′|
)n

are valid on Ω̂.
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Invariant Schwarzian derivatives

Recursions

Recursions

Compare with the recurrence formula for Sn[f ] :

Σnf =
(
∂ρ − (n− 1)∂ρ log ρ

)
Σn−1f

+
1

2
Σ2f

n−1∑

k=1

(
n

k

)
Σk−1fΣn−k−1f, n ≥ 3.
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Invariant Schwarzian derivatives

Remark

Remark

By the above invariance property, we can extend Σnf for a
nonconstant holomorphic map between Riemann surfaces with
conformal metrics.

Note that the classical Schwarzian derivatives cannot be
extended unless one assigns projective structures on Riemann
surfaces.
Furthermore, Tamanoi’s Schwarzian derivatives cannot be
defined for a nonconstant holomorphic map between Riemann
surfaces, in general, even when projective structures are
assigned.
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Projective Schwarzian derivatives

Setting

Setting

Let f : Ω → Ω′ be a nonconstant holomorphic map between
Riemann surfaces with projective structures. If the source
domain Ω is equipped with conformal metric ρ, we can define
another kind of invariant Schwarzian derivatives of higher
order, called projective Schwarzian derivatives.

For simplicity, we will consider only plane domains (with
standard projective structures) in the sequel.
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Projective Schwarzian derivatives

Covariant derivatives

Covariant derivatives

Let ϕ = ϕ(z)dzn be an n-differential on Ω. Then its covariant
derivative in z-direction w.r.t. the Levi-Civita connection of ρ
is defined by

Λρ(ϕ) =
[
∂ϕ− 2n(∂ log ρ)ϕ

]
dzn+1.

We define Dn
ρf by

Dn
ρfdzn = Λn−2

ρ (Sf (z)dz2), n ≥ 2.

By naturality, for a Möbius transformation h, we have

Dn
h∗ρ(f ◦ h) = (Dn

ρf) ◦ h · (h′)n.
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Let ϕ = ϕ(z)dzn be an n-differential on Ω. Then its covariant
derivative in z-direction w.r.t. the Levi-Civita connection of ρ
is defined by

Λρ(ϕ) =
[
∂ϕ− 2n(∂ log ρ)ϕ

]
dzn+1.

We define Dn
ρf by

Dn
ρfdzn = Λn−2

ρ (Sf (z)dz2), n ≥ 2.

By naturality, for a Möbius transformation h, we have

Dn
h∗ρ(f ◦ h) = (Dn

ρf) ◦ h · (h′)n.
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Another expression of Tamanoi’s ones

Define a sequence of polynomials Tn = Tn(x2, . . . , xn) of
n− 1 indeterminates with integer coefficients, inductively, by
T2 = x2 and

Tn =
n−1∑

k=2

∂Tn−1

∂xk

· xk+1 +
x2

2

n−1∑

k=1

(
n

k

)
Tk−1Tn−k−1, n ≥ 3.

Here, we also set T0 = 1 and T1 = 0.
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For instance, T3 = x3, T4 = x4 + 4x2
2 and T5 = x5 + 13x2x3.

Then

Sn[f ] = Tn(Sf, (Sf)′, . . . , (Sf)(n−2)), n ≥ 3.

Note that Tn is of weight n, in other words,

Tn(a2x2, a
3x3, . . . , a

nxn) = anTn(x2, x3, . . . , xn), a ∈ C.
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Definition of projective Schwarzians

Define V n
ρ f (n ≥ 2) by

V n
ρ f = Tn(D2

ρf, . . . ,Dn
ρf).

Note that V n
ρ f = Sn[f ] when ρ = |dz|.

Lemma

For Möbius transformations g and h,

V n
h∗ρ(g ◦ f ◦ h) = (V n

ρ f) ◦ h · (h′)n, n ≥ 2.
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For Möbius transformations g and h,

V n
h∗ρ(g ◦ f ◦ h) = (V n

ρ f) ◦ h · (h′)n, n ≥ 2.



Invariant Schwarzian derivative of higher order and its applications

Projective Schwarzian derivatives

Definition of projective Schwarzians

Corollary

Let f be a nonconstant meromorphic map on D. For an
analytic automorphism T of D and a Möbius transformation
M,

V n(M ◦ f ◦ T ) = V nf ◦ T · (T ′)n.

In particular, ‖V n(M ◦ f ◦ T )‖n = ‖V nf‖n, n ≥ 2. Here
V n = V n

ρ for ρ = |dz|/(1− |z|2).
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Schwarzian for the metric

Schwarzian for the metric

For a conformal metric ρ on Ω, let

Θρ = 2∂2 log ρ− 2(∂ log ρ)2 = 2
∂2ρ

ρ
− 4

(
∂ρ

ρ

)2

.

Note:

Θρ becomes holomorphic iff ρ has constant Gaussian
curvature.

Θρ is NOT a conformal invariant, but a projective
invariant.

Example: Θλδ
= 0 for δ = +1, 0,−1.



Invariant Schwarzian derivative of higher order and its applications

Relation between invariant and projective Schwarzians

Schwarzian for the metric

Schwarzian for the metric

For a conformal metric ρ on Ω, let

Θρ = 2∂2 log ρ− 2(∂ log ρ)2 = 2
∂2ρ

ρ
− 4

(
∂ρ

ρ

)2

.

Note:

Θρ becomes holomorphic iff ρ has constant Gaussian
curvature.

Θρ is NOT a conformal invariant, but a projective
invariant.

Example: Θλδ
= 0 for δ = +1, 0,−1.



Invariant Schwarzian derivative of higher order and its applications

Relation between invariant and projective Schwarzians

Schwarzian for the metric

Schwarzian for the metric

For a conformal metric ρ on Ω, let

Θρ = 2∂2 log ρ− 2(∂ log ρ)2 = 2
∂2ρ

ρ
− 4

(
∂ρ

ρ

)2

.

Note:

Θρ becomes holomorphic iff ρ has constant Gaussian
curvature.

Θρ is NOT a conformal invariant, but a projective
invariant.

Example: Θλδ
= 0 for δ = +1, 0,−1.



Invariant Schwarzian derivative of higher order and its applications

Relation between invariant and projective Schwarzians

Schwarzian for the metric

Schwarzian for the metric

For a conformal metric ρ on Ω, let

Θρ = 2∂2 log ρ− 2(∂ log ρ)2 = 2
∂2ρ

ρ
− 4

(
∂ρ

ρ

)2

.

Note:

Θρ becomes holomorphic iff ρ has constant Gaussian
curvature.

Θρ is NOT a conformal invariant, but a projective
invariant.

Example: Θλδ
= 0 for δ = +1, 0,−1.



Invariant Schwarzian derivative of higher order and its applications

Relation between invariant and projective Schwarzians

A relation

Theorem

Let Ω, Ω′ be domains with smooth conformal metrics ρ, σ,
respectively, and let f : Ω → Ω′ be a non-constant
holomorphic map. Then

Σ2f = ρ−2 [Sf + f ∗Θσ −Θρ] ,

where f ∗Θσ is the pull-back (Θσ ◦ f)(f ′)2 as a quadratic
differential.

Corollary

For a non-constant holomorphic map f : Cδ → Cε,

Σ2f = λ−2
δ Sf .
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Further relations

Further relations

Define Θn
ρ (n ≥ 2) by

Θn
ρdzn = Λn−2

ρ (Θρdz2)

It is a basic problem to write down a relation between Σn
σ,ρf

and V n
ρ f in terms of Θρ, Θσ and their higher derivatives

defined as above. We, however, only consider the case when
n = 3 here.
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Relation between Σ3f and Vf

Theorem

Let Ω, Ω′ be domains with smooth conformal metrics ρ, σ,
respectively, and let f : Ω → Ω′ be a nonconstant holomorphic
map. Then

Σ3
σ,ρf = ρ−3

[
V 3

ρ f + f ∗Θ3
σ −Θ3

ρ

]
+ 2ρ−2f ∗Θ2

σ ·Q1
σ,ρf,

where f ∗Θn
σ is the pull-back (Θn

σ ◦ f)(f ′)n as an n-differential.

Corollary

For a nonconstant holomorphic map f : Cδ → Cε,

Σ3f = λ−3
δ Vf .
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Meromorphic functions on D

Meromorphic functions on D

From now on, we suppose that Ω = D = C−1, ρ = λ−1 and
Ω′ = C+1, σ = λ+1.

For simplicity, we write Vf = V 3
λ−1

f for a nonconstant

meromorphic function f : D→ Ĉ. Recall

Vf (z) = (Sf )
′(z)− 4z̄

1− |z|2Sf (z).



Invariant Schwarzian derivative of higher order and its applications

Univalence criteria

Meromorphic functions on D

Meromorphic functions on D

From now on, we suppose that Ω = D = C−1, ρ = λ−1 and
Ω′ = C+1, σ = λ+1.
For simplicity, we write Vf = V 3

λ−1
f for a nonconstant

meromorphic function f : D→ Ĉ.
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Univalence criteria with Vf

Theorem

Let f be a non-constant meromorphic function on the unit disk
D. If f is univalent in D, then ‖Vf‖3 ≤ 16. The number 16 is
sharp. Conversely, if ‖Vf‖3 ≤ 3/2, then f is univalent in D.



Invariant Schwarzian derivative of higher order and its applications

Univalence criteria

A lemma

A lemma

Lemma

For a locally univalent meromorphic function f on the unit
disk, the inequalities

16

25
√

5
‖Vf‖3 ≤ ‖Sf‖2 ≤ 4

3
‖Vf‖3

hold. Here, the constant 16/25
√

5 is sharp.

We now apply Nehari’s univalence criterion: ”‖Sf‖2 ≤ 2 ⇒ f
is univalent”, to obtain the second part of the theorem.



Invariant Schwarzian derivative of higher order and its applications

Univalence criteria

A lemma

A lemma

Lemma

For a locally univalent meromorphic function f on the unit
disk, the inequalities

16

25
√

5
‖Vf‖3 ≤ ‖Sf‖2 ≤ 4

3
‖Vf‖3

hold. Here, the constant 16/25
√

5 is sharp.

We now apply Nehari’s univalence criterion: ”‖Sf‖2 ≤ 2 ⇒ f
is univalent”, to obtain the second part of the theorem.



Invariant Schwarzian derivative of higher order and its applications

Univalence criteria

A representation formula

A representation formula

For the proof of the last lemma, the following representation
formula is needed:

Sf (z) =
1

π

∫∫

|ζ|<1

(1− |ζ|2)4Vf (ζ)

(1− |z|2)4(z̄ − ζ̄)
dξdη (ζ = ξ + iη)

for a locally univalent meromorphic function f on D with
‖Vf‖3 < ∞.
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An example

Suppose that Sf (z) = a(1− z2)−2 for a real constant a. Then
‖Sf‖2 = |a| and f is univalent in D iff −6 ≤ a ≤ 2.

Note that the functions k(z) = z/(1− z)2 and
l(z) = 1

2
log 1+z

1−z
satisfy Sk(z) = −6(1− z2)−2 and

Sl(z) = 2(1− z2)−2.

Lemma

Suppose that Sf (z) = a(1− z2)−2 in z ∈ D for a complex
constant a. Then

‖V f‖3 =
8
√

3

9
|a|.
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Open problems

Find a (sharp) constant c > 3/2 such that ‖Vf‖3 ≤ c
implies univalence of f on D.

Find univalence criteria in terms of V nf for higher n.
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