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m pre-Schwarzian derivative:

m Schwarzian derivative:
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Basic properties

m Sy = 0iff fis a Mobius transformation.
m Syor = (Sgo0 f) - ([)*+5;
m In particular,

Sgor = (Sg o f) - (')

for a Mobius transformation f.
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For c € R, set

lelle = sup (1 —[2*)]¢(2)|

|z]<1

for a function pon D= {2 € C: |z| < 1}.
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Univalence criteria

Theorem (Nehari)

Let f be a non-constant meromorphic function on D. If f is
univalent then [|S|2 < 6. Conversely, if ||Sf||2 < 2 then f is
univalent. The numbers 6 and 2 are sharp.

Theorem (Becker, Becker-Pommerenke)

Let f be a non-constant analytic function on D. If f is
univalent then [|T%|[; < 6. Conversely, if ||T%|; < 1 then f is
univalent. The numbers 6 and 1 are sharp.
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LA key property

A key property

The usefulness of the quantity ||Sy||2 comes from the
invariance property

Sgor = (Sg) o f - (')

for f € Aut(D).
Equivalently, setting o[f](z) = (1 — |2]*)2S;(z), we have

olgo f] = olglo f- (m)

for f € Aut(D).
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Tamanoi’s Schwarzian derivatives

Tamanoi (1995):

w1
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Tamanoi’s Schwarzian derivatives

Tamanoi (1995):

_ 'R - f= S C—Z)”“
"o 3 f"(2)(f(Q) = f(2)) +f’ z; (n+1)!

Snlf] is called (Tamanoi's) Schwarzian derivative of
virtual order n.
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Recursions

By the relation

O.W — W = —1 — LS, [fl(2)W?,

2
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Recursions

By the relation
oW — oW = —1 — L5[f](z)W?,

we have

Sulf) = Sur [+ 2561 S (
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First several relations

Solf] =1

S1[f] =0

SQ[f] = Sf

Ss[f] = Sa[f]

Salf] = Ss[f) + 48[ f]*

S5 f] = Salf]' + 552[ 15[ f]
[f] [f]
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Example: Let f(z) = e** for a constant a # 0. Then
So[f] = —a?/2. Therefore, S3[f] = 0 but Sy[f] = a*.
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LSimple observations

Simple observations

Sn[f] = 0 does not necessarily imply S,,,1[f] = 0.

Example: Let f(z) = e** for a constant a # 0. Then
So[f] = —a?/2. Therefore, S3[f] = 0 but Sy[f] = a*.

This example also tells us that S3[f] = 0 does not imply
univalence of f.
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L Lack of invariance

Lack of invariance

By definition,
Snlg o f1 = Sulf]

for a Mobius transformation g. But, we do not have the
desirable formula

Snlgo fl = Sulglo f-(f)"

for a Mobius transformation f, in general. For instance, since
Ss[f] = Salf]' = (Sf)’, we have

Sslgo f]=Sslglo f- (") +2S:[glo f- f [

for a Mobius transformation f.
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One of our motivations of the present research is to find
quantities, say S,[f], analogous with Schwarzians, which
satisfy the relation

or

Salg o f] = Salglo f - (m)n

for a Mobius transformation f or for a conformal isometry f.
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L Motivation

Motivation

One of our motivations of the present research is to find
quantities, say S,[f], analogous with Schwarzians, which
satisfy the relation

or o
Slgofl=Sildof- ()
']
for a Mobius transformation f or for a conformal isometry f.
Actually, we propose two kinds of such quantities as we will
see later.
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Let p = p(z)|dz| be a (smooth) conformal metric on a domain
Q.
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[

p-derivative

p-derivative

Let p = p(z)|dz| be a (smooth) conformal metric on a domain
Q.

The p-derivative: for p € C*°(Q),
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m Spherical metric:
Ci1 = C with Ay = A (2)[dz| = |dz|/(1 + |2]?).
m Euclidean metric:
Cp = C with \g = A\o(2)|dz| = |dz|.
m hyperbolic metric:
C.1 = {z € C: |z| < 1} with the hyperbolic (or the
Poincaré) metric A\-; = \-1(2)|dz| = |dz|/(1 — |2]?).
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L Standard metrics

Standard metrics

m Spherical metric:
Ci1 = Cwith Ay = Apa(2)]dz] = [dz] /(1 + [2]?).
m Euclidean metric:
Cp = C with \g = A\o(2)|dz| = |dz|.
m hyperbolic metric:
C.1 = {z € C: |z| < 1} with the hyperbolic (or the
Poincaré) metric A\-; = \-1(2)|dz| = |dz|/(1 — |2]?).

These metrics have constant Gaussian curvatures +4, 0, —4,
respectively. \s-derivatives are called spherical derivative,

(usual) derivative and hyperbolic derivative according to the
cases 0 = +1,0,—1.
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Definition of Peschl-Minda derivatives

For a holomorphic map f : Q2 — @', we define the
Peschl-Minda derivative D" f = Dg  f of order n with respect
to p and o inductively by

pif =21y
D" f =10, — nd,(logp) + (O,logo) o f - D'fI D"f (n>1).
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Definition of Peschl-Minda derivatives

For a holomorphic map f : Q2 — @', we define the
Peschl-Minda derivative D" f = Dg  f of order n with respect
to p and o inductively by
ocof ,
D'f =—=Ff
p

D" f =10, — nd,(logp) + (O,logo) o f - D'fI D"f (n>1).

References:

E. Schippers, The calculus of conformal metrics, Ann. Acad.
Sci. Fenn. Math. 32 (2007), 497-521

Kim-Sugawa, Invariant differential operators associated with a
conformal metric, Michigan Math. J. 55 (2007), 459-479
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Classical cases (due to Peschl)

Peschl (1955): for a holomorphic map f: Cs; — C,,

f(lc—Jg;g) - f(z)

= D" f(z) Lm

L+e (Z)f<1c—§§<) =




Invariant Schwar:
L Peschl-Minda derivatives

L The first three

ARG
DI =ramr
s (U SEPR)  205(1 4 8RR )
DI ="97070F T 1ref0P

(14 BT (2)?

Tt efop?

s (ARG 6214 TS ()
DIE = 1050r 0+ el ()P

921+ SPFE) | 6+ 3P )

L+e|f(2)| L+elf(2)?
120521+ 022 f1(2)? | 6221+ 0P F () f1(2)°
(1 +elf(2)]?)? A+elfP)?
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LTa\mamoi's Schwarzian derivatives revisited

Tamanoi’s Schwarzian derivatives revisited

Define a sequence of polynomials P, = P,(z1,...,z,) of n
indeterminates x4, ..., x, inductively by

Py=1,P,=0,P, = 25 — 32%/2,

and

i
L

0Py 1 1 _ < (n
Po= (tpm—m124) 42 Py Z ( )Pk—lpn—k—la n > 3.

amk 2

1 k=1

B
Il
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L First several polynomials

Pg = T3 — 45(]1[EQ + 31‘?,

2
Py =24 — 571203 + 5270,

Ps = x5 — 6124 + 71’11'3 102125 + 3023 zs — 5 —af,
21 105
P6 = Tg — 731'1.%5 + ?x%le — 355[’11‘21'3 + 71’?1’3
315 4

+ 1052325 — 2102 79 — Y

P; =27 — 8x1x6 + 14x%x5 — 56211974 + 84x£1)’x4 — 35m1x§
+ 4200 w925 — 4200 w3 — 4202303 4+ 4202515,
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L Invariant Schwarzian derivatives

L First several polynomials

Pg = T3 — 45(]1[EQ + 31‘?,

2
Py =24 — 571203 + 5270,

5
Ps = x5 — 61124 + 7x1x3 102,23 + 30z 20 — 5 —a3,
21 105
P6 = Tg — 731'1.%5 + ?x%le — 355[’11‘21'3 + 71’?1’3

315
+ 1052325 — 2102 79 — 1 —

P; =27 — 8x1x6 + 14x1x5 — 56211974 + 84x£1)’x4 — 35m1x§
+ 4200 w925 — 4200 w3 — 4202303 4+ 4202515,

By letting ¢,[f] = f™*V/f’, we have
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L Invariant Schwarzian derivatives

Invariant Schwarzian derivatives

Let 2 and ' be domains with conformal metrics p and o
respectively. Define for a non-constant holomorphic map
f:Q—=q,

SUf=Pu@Q'f, QU f), m >0,

where
Dn+1f

I
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L Invariant Schwarzian derivatives

Invariant Schwarzian derivatives

Let 2 and ' be domains with conformal metrics p and o
respectively. Define for a non-constant holomorphic map
f:Q—=q,
S = Pu(@f,. .., Q"f), n >0,
where D
Q"f = Dif

3™ f will be called the invariant Schwarzian derivative of
virtual order n. To indicate the metrics involved, we sometimes

write X" f =30 f and Q"f = Qy ,f.
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Invariance property

Lemma

Let ©, 2, ', € be plane domains with smooth conformal
metrics p, p, 0, 7, respectively. Suppose that locally isometric
holomorphic maps ¢ : @ — Q and h : Q' — ' are given.
Then, for a non-constant holomorphic map f : Q — €, the
formulae

Q2 ,(ho fog) = (@ fog- (,g—|)

Z&ﬁ(hof ):(Zg,pf)og' <|g_/|>

are valid on ).
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Recursions

Compare with the recurrence formula for S,,[f] :

Yf= ((9,, —(n—1)0,log p) yrtf

n—1
1
52y (Z) Sh-lpsmok-le >3
k=1
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Remark

By the above invariance property, we can extend " f for a
nonconstant holomorphic map between Riemann surfaces with
conformal metrics.



Invariant Schwarzian derivative of higher order and its applications
LInvariant Schwarzian derivatives

LRema\rk

Remark

By the above invariance property, we can extend " f for a
nonconstant holomorphic map between Riemann surfaces with

conformal metrics.
Note that the classical Schwarzian derivatives cannot be
extended unless one assigns projective structures on Riemann

surfaces.
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LRemark

Remark

By the above invariance property, we can extend " f for a
nonconstant holomorphic map between Riemann surfaces with
conformal metrics.

Note that the classical Schwarzian derivatives cannot be
extended unless one assigns projective structures on Riemann
surfaces.

Furthermore, Tamanoi's Schwarzian derivatives cannot be
defined for a nonconstant holomorphic map between Riemann
surfaces, in general, even when projective structures are
assigned.
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Setting

Let f: ) — Q' be a nonconstant holomorphic map between
Riemann surfaces with projective structures. If the source
domain € is equipped with conformal metric p, we can define
another kind of invariant Schwarzian derivatives of higher
order, called projective Schwarzian derivatives.
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LSetting

Setting

Let f: ) — Q' be a nonconstant holomorphic map between
Riemann surfaces with projective structures. If the source
domain € is equipped with conformal metric p, we can define
another kind of invariant Schwarzian derivatives of higher
order, called projective Schwarzian derivatives.

For simplicity, we will consider only plane domains (with
standard projective structures) in the sequel.
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Covariant derivatives

Let ¢ = ¢(2)dz" be an n-differential on €. Then its covariant
derivative in z-direction w.r.t. the Levi-Civita connection of p
is defined by

Ap(p) = [0p — 2n(Dlog p)p]d=""1.
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Covariant derivatives

Let ¢ = ¢(2)dz" be an n-differential on €. Then its covariant
derivative in z-direction w.r.t. the Levi-Civita connection of p
is defined by

Ap(p) = [0p — 2n(Dlog p)p]d=""1.
We define D7 f by

D0 fd2" = Al 73(Sy(2)dz?), n>2.
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L Covariant derivatives

Covariant derivatives

Let ¢ = ¢(2)dz" be an n-differential on €. Then its covariant
derivative in z-direction w.r.t. the Levi-Civita connection of p
is defined by

Ap(p) = [0p — 2n(Dlog p)p]d=""1.
We define D7 f by
D0 fd2" = Al 73(Sy(2)dz?), n>2.
By naturality, for a Mobius transformation h, we have

hep(f o h) = (D f) o h- (R)".
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Another expression of Tamanoi’'s ones

Define a sequence of polynomials T,, = T),(xs, ..., z,) of
n — 1 indeterminates with integer coefficients, inductively, by

15 = T9 and

n—1 n—1
oT,,_1 T n
T, = . — T Th—t_1, > 3.
;Oxk $k+1+22(k)k1 k-1, T

k=1

Here, we also set Ty = 1 and 17 = 0.
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For instance, T3 = z3, Ty = x4 + 423 and T5 = x5 + 13z973.
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For instance, T3 = z3, Ty = x4 + 423 and T5 = x5 + 13z973.
Then

Solf] = Tu(Sf, (SfY, ..., (SH™D), n>3.



Invariant Schwarzian derivative of higher order and its applications

LProjective Schwarzian derivatives

LAnother expression of Tamanoi's ones

For instance, T3 = z3, Ty = x4 + 423 and T5 = x5 + 13z973.
Then

Solf] = Tu(Sf, (SfY, ..., (SH™D), n>3.

Note that 7T;, is of weight n, in other words,

T, (a*wy, a’xs, ..., a"x,) = a"Ty(xe, 73,...,2,), a€C.
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Definition of projective Schwarzians

Define V' f (n > 2) by

VI =Tu(D5f,....90f).
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L Definition of projective Schwarzians

Definition of projective Schwarzians

Define V' f (n > 2) by
VI =Tu(D5f,....90f).

Note that V' f = S, [f] when p = |dz|.
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Definition of projective Schwarzians

Define V' f (n > 2) by
n 2 n
Vif=TuDf,....Df).
Note that V' f = S, [f] when p = |dz|.

Lemma

For Mobius transformations g and h,

Vit)(go foh)= (Vi f)oh- ()", n=2.
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[

rojective Schwarzian derivatives

LDefinition of projective Schwarzians

Corollary

Let f be a nonconstant meromorphic map on ID. For an

analytic automorphism 7" of D and a Mobius transformation
M

Y

V(Mo foT)=V"foT - (T)".

In particular, ||[V*(M o foT)|, = |V"f|ln, n> 2. Here
Vr =V for p=|dz|/(1 — |2]?).
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Relation between invariant and projective
Schwarzians
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Schwarzian for the metric

For a conformal metric p on €2, let
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L Schwarzian for the metric

Schwarzian for the metric

For a conformal metric p on €2, let

Note:

m O, becomes holomorphic iff p has constant Gaussian
curvature.
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L Schwarzian for the metric

Schwarzian for the metric

For a conformal metric p on €2, let

2 2
0, = 20%log p — 2(dlog p)* = 2% - <@> '

Note:

m O, becomes holomorphic iff p has constant Gaussian
curvature.

m O, is NOT a conformal invariant, but a projective
invariant.
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L Schwarzian for the metric

Schwarzian for the metric

For a conformal metric p on €2, let

82 a 2
@p = 9207 lng — 2(810gp)2 — 2_P _ <_p>
p p
Note:
m O, becomes holomorphic iff p has constant Gaussian
curvature.

m O, is NOT a conformal invariant, but a projective
invariant.

Example: ©,, =0 for 6 = +1,0,—1.
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Theorem

Let €2, 2 be domains with smooth conformal metrics p, o,
respectively, and let [ : 2 — Q' be a non-constant
holomorphic map. Then

Z2f = P_2 [Sf == ik = @p] )

where f*©, is the pull-back (6, o f)(f’)? as a quadratic
differential.
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Theorem

Let Q, €)' be domains with smooth conformal metrics p, o,
respectively, and let [ : 2 — Q' be a non-constant
holomorphic map. Then

Z2f = P_2 [Sf == ik = @p] )

where f*©, is the pull-back (6, o f)(f’)? as a quadratic
differential.

Corollary

For a non-constant holomorphic map f : C5 — C.,

X2 f = \;2Ss.
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Further relations

Define © (n > 2) by

Ordz" = A 2(0,d2?)
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L Further relations

Further relations

Define © (n > 2) by
Ondz" = AN 7?(0,d2?)

It is a basic problem to write down a relation between X7 f
and V' f in terms of ©,, ©, and their higher derivatives
defined as above. We, however, only consider the case when
n = 3 here.
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Relation between >°f and V;

Theorem

Let €2, 2 be domains with smooth conformal metrics p, o,

respectively, and let f : 2 — Q' be a nonconstant holomorphic
map. Then

Yoo = VI +£765 —6)] +2077767 - Qg f,

where f*O" is the pull-back (07 o f)(f’)" as an n-differential.
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L Relation between £33 f and V7

Relation between >°f and V;

Theorem

Let €2, 2 be domains with smooth conformal metrics p, o,
respectively, and let f : 2 — Q' be a nonconstant holomorphic
map. Then

Yoo = VI +£765 —6)] +2077767 - Qg f,
where f*O" is the pull-back (07 o f)(f’)" as an n-differential.

Corollary

For a nonconstant holomorphic map f : Cs — C,,

S F =A%V
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Meromorphic functions on D

From now on, we suppose that Q =D =C_;, p=A_; and
Q/ = C+1, g — )\+1.
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Meromorphic functions on D

From now on, we suppose that Q =D =C_;, p=A_; and
Q/ = C+1, g — )\+1.
For simplicity, we write V; = V¥ f for a nonconstant

meromorphic function f: D — C.
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LMeromcvrphic functions on D

Meromorphic functions on D

From now on, we suppose that Q =D =C_;, p=A_; and
Q/ = C+1, g — )\+1.
For simplicity, we write V; = V¥ f for a nonconstant

meromorphic function f: D — C. Recall

Vi) = (S7)(2) = 7= S ).
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Univalence criteria with 1

Let f be a non-constant meromorphic function on the unit disk
D. If f is univalent in D, then ||V;||3 < 16. The number 16 is
sharp. Conversely, if ||V¢|[s < 3/2, then f is univalent in D.
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A lemma

Lemma

For a locally univalent meromorphic function f on the unit
disk, the inequalities

16 4
——|[V¢lls < ||Stll2 < =||V,
oIVl < 11871l < 51Vl

hold. Here, the constant 16/25\/5 is sharp.
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A lemma

Lemma

For a locally univalent meromorphic function f on the unit
disk, the inequalities

16 4
——|[V¢lls < ||Stll2 < =||V,
oIVl < 11871l < 51Vl

hold. Here, the constant 16/25\/5 is sharp.

We now apply Nehari's univalence criterion: "||S¢|la <2 = f
is univalent”, to obtain the second part of the theorem.
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A representation formula

For the proof of the last lemma, the following representation
formula is needed:

(1= [P V4(Q) e
//d<11—z| e odgd (C=¢in)

for a locally univalent meromorphic function f on ID with
[Vills < oo
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An example

Suppose that S;(z) = a(1 — 2%)~2 for a real constant a. Then
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|S¢ll2 = |a| and f is univalent in D iff —6 < a < 2.
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An example

Suppose that S;(z) = a(1 — 2%)~2 for a real constant a. Then
|S¢ll2 = |a| and f is univalent in D iff —6 < a < 2.

Note that the functions k(z) = 2/(1 — 2)? and

I(z) = 3 log 1= satisfy Sj,(z) = —6(1 — 2%)~2 and

Sl( ) = 2(1 — Z )_2.

Lemma

Suppose that S;(z) = a(l — 2%)"? in z € D for a complex
constant a. Then
8v/3

IV £ls = —Ial
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Open problems

m Find a (sharp) constant ¢ > 3/2 such that ||Vy|[5 < ¢
implies univalence of f on D.

m Find univalence criteria in terms of V" f for higher n.
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