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Notations and preliminaries

D := {z : |z | < 1} denotes the unit disk in the complex plane C.

H denotes the space of all analytic functions in D.

B0 = {f : D→ D : f is analytic and f (0) = 0}.

A := {f ∈ H : f (0) = f ′(0)− 1 = 0}

S denotes the class of univalent functions in A.

S∗ denotes the class of univalent starlike functions

3/ 41 A. Vasudevarao Region of variability



Notations and preliminaries
Main Results

Geometry of main Theorem
References

Notations and preliminaries

C denotes the class of univalent convex functions

Definition [AMRu] (1997)

A univalent function f in the unit disk D is called exponentially
convex if ef maps D onto a convex domain.

Definition [AMRu] (1997)

Let α ∈ C \ {0}. We say that f ∈ S belongs to the class E(α), of
α- exponentially convex functions, if F (D) is a convex set, where

F (z) = eαf (z).

Fα = A ∩ E(α)
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Theorem A[Du, Go]

For f ∈ S, we have

1

∣∣∣ zf ′′(z)
f ′(z) −

2r2

1−r2

∣∣∣ ≤ 4r
1−r2 , |z | = r < 1

2 1−r
(1+r)3

≤ |f ′(z)| ≤ 1+r
(1−r)3

, |z | = r < 1

3 r
(1+r)2

≤ |f (z)| ≤ r
(1−r)2

, |z | = r < 1.

For each z ∈ D, z 6= 0, equality occurs if and only if f is a suitable
rotation of the Koebe function.

Theorem B[Du, Go]

If f ∈ C then

1 1
(1+r)2

≤ |f ′(z)| ≤ 1
(1−r)2

2 r
1+r ≤ |f (z)| ≤ r

1−r , |z | = r < 1
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Work of Yanagihara [Ya1, Ya2] (2005–2006)

1 B(λ) =
{f ∈ H : |f ′(z)| ≤ 1, f (0) = 0, f ′(0) = λ, with |λ| ≤ 1}

2 P(λ) =
{f ∈ H : Re f ′(z) > 0, f (0) = 0, f ′(0) = λ, with Reλ > 0}

3 C(λ) ={
f ∈ A : Re

(
1 + zf ′′(z)

f ′(z)

)
> 0 and f ′′(0) = 2λ with |λ| ≤ 1

}
For each fixed z0 ∈ D and λ

1 VB(z0, λ) = {f (z0) : f ∈ B(λ)} Theorem-01

2 VP(z0, λ) = {f (z0) : f ∈ P(λ)} Theorem-02

3 VC(z0, λ) = {log f ′(z0) : f ∈ C(λ)} Theorem-03
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Exponentially convex univalent functions

Theorem C ([AMRu, Theorem 1])

Let α ∈ C \ {0}. A function f is in Fα if and only if Re Pf (z) > 0
in D, where

Pf (z) = 1 +
zf ′′(z)

f ′(z)
+ αzf ′(z).

Theorem D ([AMRu, Theorem 1])

Let f ∈ E(α). Then f (D) is convex in the α− direction (and
therefore close-to-convex). It is not necessarily starlike univalent.
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Theorem E ([AMRu, Theorem 1])

For α ∈ C \ {0} we have

E(α) =

{
1

α
log(1 + αg) : g ∈ C(α)

}
.

Theorem F ([AMRu, Theorem 1])

E(α) is empty for |α| > 2, and for |α| = 2 it contains only of the
function

f (z) =
1

α
log

2 + αz

2− αz
.
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Herglotz representation

If f ∈ Fα, then there exists a unique positive unit measure µ on
(−π, π] such that

1 +
zf ′′(z)

f ′(z)
+ αzf ′(z) =

∫ π

−π

1 + ze−it

1− ze−it
dµ(t), z ∈ D.

A computation gives that

log f ′(z) + αf (z) =

∫ π

−π
log

(
1

1− ze−it

)2

dµ(t),

or equivalently we can write

log f ′(z) + αf (z) = 2

∫ 1

0

ω(tz)

1− ω(tz)

dt

t
for some ω ∈ B0.
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Fixing second coefficient

• For each f ∈ Fα there exists an ωf ∈ B0 of the form

ωf (z) =
Pf (z)− 1

Pf (z) + 1
, z ∈ D,

and conversely.
• It is a simple exercise to see that

P ′f (0) = 2ω′f (0) = f ′′(0) + α.

• An application of the Schwarz lemma (see for example
[Dinn, Du, Po, PoSi]) shows that

|P ′f (0)| = |f ′′(0) + α| ≤ 2.
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That is
f ′′(0) = 2λ− α for some λ ∈ D.

• For ωf ∈ B0 and λ ∈ D, we define the function g : D→ D by

g(z) =
ωf (z)

z − λ
1− λωf (z)

z

.

• For f ∈ Fα we have

|g ′(0)| ≤ 1 if and only if f ′′′(0) = 2[(1−|λ|2)a+(λ−α)2−λα]

for some |a| ≤ 1.
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Problem:

For fixed z0 ∈ D and λ ∈ D we introduce

Fα(λ) =
{
f ∈ Fα : f ′′(0) = 2λ− α

}
V (z0, λ) = {log f ′(z0) + αf (z0) : f ∈ Fα(λ)}.

AIM:

To determine explicitly the region of variability V (z0, λ) of
log f ′(z0) + αf (z0) when f ranges over the class Fα(λ).
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Key Lemma

• For a positive integer p, let

(S∗)p = {f = f p
0 : f0 ∈ S∗}.

Lemma [Ya2]

Let f be an analytic function in D with f (z) = zp + · · · . If

Re
(

z
f ′′(z)

f ′(z)

)
> −1, z ∈ D,

then f ∈ (S∗)p.
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basic properties of V (z0, λ)

Proposition 1

We have

1 V (z0, λ) is Compact

2 V (z0, λ) is Convex

3 For |λ| = 1 or z0 = 0,

V (z0, λ) = {−2 log(1− λz0)} .

4 For |λ| < 1 and z0 6= 0, the set V (z0, λ) has −2 log(1− λz0)
as an interior point.

• From (1)− (2) and 4 : the boundary ∂V (z0, λ) is a Jordan curve
and V (z0, λ) is the union of ∂V (z0, λ) and its inner domain.

14/ 41 A. Vasudevarao Region of variability



Notations and preliminaries
Main Results

Geometry of main Theorem
References

Extremal Functions:

For λ ∈ D and a ∈ D, we introduce

δ(z , λ) =
z + λ

1 + λz
, z ∈ D.

log H ′a,λ(z) + αHa,λ(z) =

∫ z

0

2δ(aζ, λ)

1− δ(aζ, λ)ζ
dζ, z ∈ D.
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Main Results

Theorem 1

For λ ∈ D, α ∈ C \ {0} and z0 ∈ D \ {0}, the boundary ∂V (z0, λ)
is the Jordan curve given by

(−π, π] 3 θ 7→ log H ′e iθ,λ(z0) + αHe iθ,λ(z0)

=

∫ z0

0

2δ(e iθζ, λ)

1− δ(e iθζ, λ)ζ
dζ.

If
f (z0) = He iθ,λ(z0)

for some f ∈ Fα(λ) and θ ∈ (−π, π], then

f = He iθ,λ.
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Geometric view of Theorem 1

0.0104 0.0108

-0.0088

-0.0086

-0.0084

∂V (z0, λ)

z0 = 0.0230875 + 0.00517512i
λ = 0.175557− 0.225417i
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Geometric view of Theorem 1
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∂V (z0, λ)
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18/ 41 A. Vasudevarao Region of variability



Notations and preliminaries
Main Results

Geometry of main Theorem
References

Geometric view of Theorem 1
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Geometric view of Theorem 1
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Geometric view of Theorem 1
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Geometric view of Theorem 1
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Geometric view of Theorem 1
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Geometric view of Theorem 1
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Preparation for the proof of theorem 1

proposition 2

For f ∈ Fα(λ) and λ ∈ D we have∣∣∣∣ f ′′(z)

f ′(z)
+ αf ′(z)− c(z , λ)

∣∣∣∣ ≤ r(z , λ), z ∈ D,

where

c(z , λ) =
2[λ(1− |z |2) + z(|z |2 − |λ|2)]

(1− |z |2)(1 + |z |2 − 2Re (λz))
, and

r(z , λ) =
2(1− |λ|2)|z |

(1− |z |2)(1 + |z |2 − 2Re (λz))
.

For each z ∈ D \ {0}, equality holds if and only if f = He iθ,λ for
some θ ∈ R.
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Preparation for the proof of theorem 1

corollary 3

For f ∈ Fα(0) we have∣∣∣∣ f ′′(z)

f ′(z)
+ αf ′(z)− 2|z |2z

1− |z |4

∣∣∣∣ ≤ 2|z |
1− |z |4

, z ∈ D. (1)

For each z ∈ D \ {0}, equality holds if and only if f = He iθ,0 for
some θ ∈ R.

If f ∈ Fα(0), then by (1) we obtain

(1− |z |2)

∣∣∣∣ f ′′(z)

f ′(z)
+ αf ′(z)

∣∣∣∣ ≤ 2|z |, z ∈ D.
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Preparation for the proof of theorem 1

corollary 4

Let γ : z(t) (0 ≤ t ≤ 1) be a C 1-curve in D with z(0) = 0 and
z(1) = z0. Then we have

V (z0, λ) ⊂ D(C (λ, γ),R(λ, γ)),

where

C (λ, γ) =

∫ 1

0
c(z(t), λ)z ′(t) dt and

R(λ, γ) =

∫ 1

0
r(z(t), λ)|z ′(t)| dt.
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Preparation for the proof of theorem 1

Lemma

For θ ∈ R and λ ∈ D the function

G (z) =

∫ z

0

e iθζ

{1 + λ(e iθ − 1)ζ − e iθζ2}2
dζ, z ∈ D,

has a double zero at the origin and no zeros elsewhere in D.
Furthermore there exists a starlike univalent function G0 in D such
that

G = e iθG 2
0

and
G0(0) = G ′0(0)− 1 = 0.
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Preparation for the proof of theorem 1

proposition 5

Let z0 ∈ D \ {0}. Then for θ ∈ (−π, π] we have

log H ′e iθ,λ(z0) + αHe iθ,λ(z0) ∈ ∂V (z0, λ).

Furthermore if

log f ′(z0) + αf (z0) = log H ′e iθ,λ(z0) + αHe iθ,λ(z0)

for some f ∈ Fα(λ) and θ ∈ (−π, π], then

f = He iθ,λ.
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Outline of the Proof of Theorem 1

• We prove that the closed curve

(−π, π] 3 θ 7→ log H ′e iθ,λ(z0) + αHe iθ,λ(z0). (2)

is simple.

• From Proposition 1, ∂V (z0, λ) is a simple closed curve.

• From Proposition 5 the curve ∂V (z0, λ) contains the curve (2)

• Since a simple closed curve cannot contain any simple closed
curve other than itself. Thus, ∂V (z0, λ) is given by (2).
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Theorem 1

If z0 = 0 or |λ| = 1, then VB(z0, λ) = {λz0}. If z0 6= 0 and |λ| < 1, then
VB(z0, λ) is the convex closed Jordan domain surrounded by the simply
closed curve

∂D 3 c 7→ fc(z0),

where

fc(z) =

∫ z

0

cζ + λ

1 + λcζ
dζ =

z

λ
− 1− |λ|2

λ
2
c

log(1 + λcz), z ∈ D.

If f (z0) = fc(z0) for some f ∈ B(λ) and c ∈ ∂D, then f = fc .
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Theorem 2

Let z0 ∈ D and Reα > 0. If z0 = 0, then VP(z0, λ) = {0}. If z0 6= 0,
then VP(z0, λ) is the convex closed Jordan domain surrounded by the
simply closed curve

∂D 3 θ 7→ gc(z0),

where

gc(z) =

∫ z

0

λ+ λcζ

1− cζ
dζ = −λz − 2Reα

c
log(1− cz), z ∈ D.

If f (z0) = gc(z0) for some f ∈ P(λ) and c ∈ ∂D, then f = gc .
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Theorem 3

For 0 ≤ λ ≤ 1 and z0 ∈ D \ {0}, the boundary ∂VC(z0, λ) is the Jordan
curve given by

(−π, π] 3 θ 7→ log F ′e iθ,λ(z0) =

∫ z0

0

2δ(e iθζ, λ)

1− ζδ(e iθζ, λ)
dζ

If
log f ′(z0) = log F ′e iθ,λ(z0)

for some f ∈ C(λ) and θ ∈ (−π, π], then

f (z) = Fe iθ,λ(z).
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