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Abstract. We study the Dirichlet problem at infinity for the p-Laplacian
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1. Introduction

In [17] Greene and Wu conjectured that a Cartan-Hadamard manifold M
admits a wealth of non-constant bounded harmonic functions if the sectional
curvatures of M have an upper bound

Ku(P) < ~Cp2(x)

outside a compact set for some constant C' > 0, where p = d(-, 0) is the distance
function to a fixed point o € M and P is any 2-dimensional subspace of T, M.
Recall that a Cartan-Hadamard manifold is a complete, connected and simply
connected Riemannian n-manifold, n > 2, of non-positive sectional curvature.
By the Cartan-Hadamard theorem, the exponential map exp,: T,M — M is
a diffeomorphism for every point o € M. In particular, M is diffeomorphic
to R™. It is well-known that M can be compactified by adding a sphere at
infinity (or a boundary at infinity), denoted by M(c0), so that the resulting
space M = M U M(o0) equipped with the cone topology will be homeomorphic
to a closed Euclidean ball.

The conjecture of Greene and Wu can be approached by studying the so-
called Dirichlet problem at infinity (or the asymptotic Dirichlet problem) on a
Cartan-Hadamard manifold. Thus one asks whether every continuous function
on M(o0) has a (unique) harmonic extension to M. In general, the answer is no
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since the simplest Cartan-Hadamard manifold R™ admits no positive harmonic
functions other than constants.

The Dirichlet problem at infinity was solved by Choi [13] under the condition
that sectional curvatures have a negative upper bound K < —a? < 0 and any
two points of the sphere at infinity can be separated by convex neighborhoods.
Such appropriate convex sets were constructed by Anderson [6] for manifolds of
pinched sectional curvature —b* < K < —a? < 0. At the same time, the Dirichlet
problem at infinity was independently solved by Sullivan [32] under the same
pinched curvature assumption by using probabilistic arguments. In [7], Anderson
and Schoen presented a simple and direct solution to the Dirichlet problem again
in the case of pinched negative curvature. Major contributions to the Dirichlet
problem were given by Ancona in a series of papers [2], [3], [4], and [5]. In [2] he
was able to replace the lower curvature bound by a bounded geometry assumption
that each ball up to a fixed radius is L-bi-Lipschitz equivalent to an open set in R"
for some fixed L > 1. He also considered a more general class of linear equations
than merely the Laplace equation. On the other hand, in [5] he showed that the
Dirichlet problem is not solvable, in general, if there are neither curvature lower
bounds nor the bounded geometry assumption; see also [9]. Furthermore, in [3]
Ancona studied the asymptotic Dirichlet problem on Gromov hyperbolic graphs
and in [4] on Gromov hyperbolic Riemannian manifolds with bounded geometry
and a positive lower bound Ay (M) > 0 for the Dirichlet eigenvalues. Cheng [12]
solved the Dirichlet problem at infinity under a pointwise pinching condition
on the sectional curvature for Cartan-Hadamard manifolds M with A; (M) > 0.
There are several papers where assumptions on curvature have been weakened
by allowing curvature decay (or growth) at a certain rate; see e.g. [8], [24], [28],
and [23].

In the general case of the p-Laplacian, 1 < p < oo, Pansu [29] showed the
existence of nonconstant bounded p-harmonic functions with finite p-energy on
Cartan-Hadamard manifolds of pinched curvature

<K< —ad?

for p > (n — 1)b/a. The Dirichlet problem at infinity for the p-Laplacian was
solved in [21] on Cartan-Hadamard manifolds of pinched negative sectional cur-
vature by modifying the direct approach of Anderson and Schoen [7]. In [33]
the asymptotic Dirichlet problem was considered for A-harmonic functions and
it was shown that xy € M(00) is p-regular if it has a neighborhood V' in the cone
topology such that the sectional curvatures satisfy a pointwise pinching condition
in VN M and
¢(¢—1)

Ky < — 5
D
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in VN M for some ¢ > 1 with p < 14+¢(n—1). Recall that a p-harmonic function
in an open subset U of a Riemannian manifold M is a continuous (weak) solution
u of the p-Laplace equation

— div(|Vul'~*Vu) = 0.
More precisely, u belongs to the local Sobolev space W'lif(U ) and

(1.1) /(\VUP’QVu, V)dm =0
U

for every ¢ € C§°(U). Note that (1.1) is the Euler-Lagrange equation for the
(p-energy) variational integral

(1.2) /U|vu\Pdm.

For the nonlinear potential theory associated with the p-Laplacian and more
general quasilinear elliptic operators, we refer to the book [20] by Heinonen,
Kilpeldinen, and Martio. In [22] the authors, together with Lang, considered the
Dirichlet problem at infinity for p-harmonic functions in a very general setting of
Gromov hyperbolic metric measure spaces. Suppose that X is a connected and
locally compact Gromov hyperbolic metric measure space equipped with a Borel
regular measure p. Assume that X has a (local) bounded geometry in a sense
that the measure p is locally doubling, the measures of balls of a fixed sufficiently
small radius have a uniform positive lower bound, and that X supports a local
Poincaré-type inequality. Furthermore, suppose that X has at most exponential
volume growth and that a global Sobolev-type inequality holds for compactly
supported functions. The main result in [22] then states that given a bounded
continuous function f: 05X — R, there exists a continuous function u: X* — R
which is p-harmonic in X and equal to f in 0z X. We refer to Chapter 4 for exact
assumptions and the notation employed in the theorem. It is worth pointing
out that the metric spaces above do not have, in general, a manifold structure
not to mention a smooth structure. Therefore, p-harmonic functions can not, in
general, be defined as solutions of an equation like (1.1) but rather as minimizers
of a variational integral such as (1.2).

This paper can be divided roughly into two parts. In the first part of the
paper (Section 3) we study in detail the Dirichlet problem at infinity for the
p-Laplacian and the p-regularity of a point xy at infinity on a Cartan-Hadamard
manifold M under a curvature assumption

—(bop)® < Ky < —(aop)?

in VN M, where V is a neighborhood of xy. Here a,b: [0,00) — [0,00), b > a,
are functions that will be specified later. In the second part of the paper we
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present basics on Gromov hyperbolic metric spaces and introduce upper gradi-
ents, Sobolev spaces, and p-harmonic functions on metric measure spaces. Then
we describe briefly how to solve the asymptotic Dirichlet problem on Gromov
hyperbolic metric measure spaces following [22].

2. Preliminaries

2.1. Notation. Let M be a connected Riemannian manifold. We denote the
Hessian of a smooth function f by D*f. If x € M, define

S:M={veT,M:|v|=1}

and SM = (J,cp SeM. If z € M, let p* : M — R be the distance function
p"(y) = d(z,y). The sectional curvature of a 2-plane P C T, M is denoted by
Ky (P). If v € TM, ~4” is the unique maximal geodesic with 4§ = v.

Suppose then that A is a Cartan-Hadamard manifold. We let M (o) stand
for its sphere at infinity and denote M = M U M (c0). The sphere at infinity is
defined as the set of all equivalence classes of geodesic unit speed rays in M; two
such rays v, and 5 are equivalent if

sup d(71(t), 12(t)) < oc.

>0
The equivalence class of 7y is denoted by (o). For each z € M and y € M\ {z}
there exists a (unique) unit speed geodesic ¥*¥ : R — M such that y*¥(0) =
and v"¥(t) = y for some ¢t € (0,00]. If x € M and y, z € M\ {z}, then we denote
by

(Y, 2) = <969
the angle between vectors 4y and 45° in T,M. If v € T, M \ {0}, § > 0, and
r > 0, then we define a cone

C(v,0) ={y e M\ {z}: <(v,45") < 6}
and a truncated cone
T(v,6,7) = C(v,8)\ B(z, 7).

All cones and open balls in M form a basis for a topology on M. This topology
is called the cone topology and we always equip M with it. Then M is homeo-
morphic to the closed unit ball B* C R" and M (o0) to the sphere S"~! = 9B™;
see [15] for a detailed study on the sphere at infinity and the cone topology.

Throughout the paper ¢ is a positive constant, and ¢(x,y, . ..) denotes a posi-
tive constant depending on x, ¥, .... The actual value of ¢ may vary, even within
a line.
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2.2. Solutions of the differential equation f” = a?f. In this subsection
we consider the Jacobi equation f” = a?f. We will later prove Proposition 2.5,
which explains why we are interested in these solutions.

If a: [0,00) — [0, 00) is a smooth function, let f, : [0,00) — R be the function
determined by

fa(0) =0,
fa(0) =1,
" =a’f,.

Then f, > 0 is a smooth function.
Example 2.1. Suppose that o > 0 and ¢, > 0 are constants and that
(=1
a(t) = —
t
for all t > ty. It is easy to verify that then
fa(t) = c1t? + cot'™?
for all t > tq, where

14+ V1 +4a2

¢ = 5 > 1,
a —1 (;
o = tofbf (to)(¢2¢ _)—;tof (to) >0,
and
_ o 1 fa(to)d — to fi(to)
B 20 — 1 '
In particular,
(2.1) tfat) _ 6.

lim
=00 fa(t>
Lemma 2.2. Suppose that a,b: [0,00) — [0,00) are smooth and a < b. Then

fo 18
fo ™ fb
In particular, f, < f.
Proof. Since
Uito = Suf = 52— £ = £ufi (2 = 22) = pupi2 - ) 2 0

we have f;f, — fifp > 0. Therefore f;/f, > f./fa. On the other hand,

(%) fbfafgf fb_
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Now limy_o f5(t)/fa(t) = 1 so that f,,/f, > 1. ]

Lemma 2.3. Suppose that to > 0 is a constant, b : [0,00) — [0,00) is a smooth
function such that b(t) > 0 for every t > to, and that

b(t) _o

Then

Proof. Let € € (0,1/2). Choose t; > to such that
V' (t)] < eb(t)?
for all t > ¢;. It follows that

bt) > ¢
for all t > t;. In particular,
(2.2) / b(t) dt = oc.
0
Ifk>e, let
¢
ge(t) = exp(k / b(s) ds).
0
Then
gi(t) = kb(t)gr(t)
and
ge(t) = k(V'(t) + kb(t)?) gi(t)
so that /(1)
gt / 270 1\2
= kU (t) + k°b(t)".
auty IO
Therefore
gr(t)
(k? — ek)b(t)? < 222 < (k* 4 ek)b(t)*
gr(t)
for all t > t;. In particular,
1 "
gl—a(t) S b(t)Q S gl—l—s(t)
g1—¢ (t) 91+5(t)

for every t > t;. From this we see that

(fodi—c = g1-c 1)’ (1) = f(D)gi_.(t) — g1 (1) fy'(t) <O
for all ¢ > t;. Hence
fo)gy_o(t) < c+gio(t) f(t)
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for all ¢ > t;. Therefore

gifs(t)/glfs( ) 1 + C
fi @)/ fo(t) fit)g1-<(t)
for all t > ;. Since g1_.(t) — oo as t — oo by (2.2), we get
lim sup b(t) ! lim sup 91-(t)/91(t) < !

o OO 1= e [O/ME T T-¢

Similarly one gets

lim inf b(t) Gre(t)/g14(t) S 1

oo i)/ fo(t)  Lde e fi()/f(t) T 14e
The claim follows by letting ¢ — 0. [ ]

Lemma 2.4. Let ty > 0 be a constant. Suppose that a,b : [0,00) — [0,00) are
smooth functions that satisfy a(t) = b(t) for everyt > t,. Then

. fa@#)/) fa(t)
2.3 lim e /Z/Jaer?/
(23) S ONAG
and there exists a constant C' > 0 such that
L fut)
(2.4) C < J70) <C

for every t > 0.

Proof. If t > ty, then

(fafo = fofa) () = £ fult) = £/ (1) fa(t) = (a(t)* = b(£)*) fu(t) fu(t) =
Hence f!(t)fp(t) = ¢+ fi(t) fu(t) for every t > ty. In particular,

RO/ c
OO OI0)

when ¢t — oo as we claimed. On the other hand,

(&)'(t) I AGIAORR OV ACRIR:
o fo(t)? Jo(t)?
for all t > ty. Therefore

fa(t) fa(tO) ! C fa(tO) e
5O~ Bt Tl BEET S Hilto) */to pls=e<eo
for every t > to. Since lim;_o fo(t)/fp(t) = 1, it follows that f, < cf, every-
where. Similarly one shows that f, < cf, everywhere. Hence 1/c < f,/f, < ¢

everywhere. To get (2.4) we apply this to (2.3) that we already proved and use
the fact that f/(0) =1 = f(0). n

—1
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2.3. Comparison results. Let M > o be a Cartan-Hadamard n-manifold and
denote p = p°. Let a,b: [0,00) — [0,00) be smooth functions that are constant
in some neighborhood of 0.

Proposition 2.5. Suppose thatv € S,M is a unit vector and let v = ~*. Suppose
that

—b(t)> < Ky (P) < —af(t)?
Jor every t > 0 and for every 2-dimensional subspace P C T\ M that contains
the radial vector ;.

(a) Let W be a Jacobi field along v with Wy = 0, |W{| = 1, and Wi Lv. Denote

= |W|. Then
RO OPNA0.
fa(t) = [(6) — (D)
for allt > 0. In particular, f, < f < fp.
(b) Lett >0 and X € TyyM. Then

<£ (9 — dp@dp))(XaX)SDQP(X’X)S<§Z

Proof. We only prove the first inequality in (a) and (b) since the second ones
are similar.

Let M_,2 be R™ equipped with the Riemannian metric dr?+ f,(r)*d6?, where
r is the distance function from 0 and d6? is the standard metric on S"~!. Note
that since a is constant in a neighborhood of 0, the metric dr?+ f,(r)?df? extends
smoothly over 0. Hence M_,2 is a rotationally symmetric manifold with radial
curvature function —a?,

(a) Let 0 € ToM_2, [0] = 1, and let W be a Jacobi field along the unit speed
geodesic 77 with W, = 0, W’J_v and |[W§| = 1. Then

(W ()] = fa(t)
for every t > 0. Applying the Rauch comparison theorem to W and W shows
that f,/fo < f'/[.

(b) This follows from the Hessian comparison theorem [17, Theorem A] since

(9—dp® dp))(X, X).

/!
D*r = Ju OT(E] —dr ®dr)
faor
on M_,2 \ {0}, where g is the Riemannian metric on M_2. n

Let ¢ : (0,00) x S,M — M \ {o},
U(t,§) = exp,(t€).
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Denote A = |Jy|, the absolute value of the Jacobian of ¢. Then

mM ot //o £)déds

for every t > 0. For all £ € S,M we have

(2.5) 15% )\t(j’_f) = 1.
Also,
M — Ap(@/}(t,f))

A, €)

forallt > 0 and & € S,M. Therefore, in the situation of Proposition 2.5 we have

fat) _ Q0@ _ )
"G = ey ="V
for all t > 0 and in particular,
(2.6) fa®" ™ < At 0) < fo(t)"

for all £ > 0.
Lemma 2.6. Let xy € M \ {o}, U = M \ v**(R), and define § : U — [0, 7],
0(z) = <o(zo, ). Let x € U and v = y**. Suppose that

EKn(P) < —af(t)?

for every t > 0 and for every 2-dimensional subspace P C T\ M that contains
the radial vector ;. Then

o
(fa o p)(x)

Proof. Let ¢ : M — R" be a normal coordinate chart at o and let X € S, M
be a unit vector. We want to prove that |X0| < 1/f.(p(x)). If X = 4,0, then
X6 = 0 so without loss of generality we can assume that X 17,,). Now

0=00¢|U,

V()| <

where 6 : U — [0, 7],

0(2) = il 2) = aeeos (15),

e ()] = 21

andv—‘( ik

Let w = |‘p(

W, = (@_l)nw (t |i:§\ )
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Then W is a Jacobi field along the geodesic v and satisfies Wy = 0, |W{| =

1, and W) = p(aj)ﬁ. Since Wy = 0 and W z) LYy, WLy everywhere.
Proposition 2.5(a) now implies that
i i | X]| 1 1
| X0 =|X(0op)=|VO(p(x)) 0. X]| < = <
V@) X1 < ey = Wl = 70@)
as we wanted. |

3. Dirichlet problem at infinity on Cartan-Hadamard
manifolds

In this section we consider the Dirichlet problem at infinity on a Cartan-
Hadamard manifold M. We use the simple approach taken by Anderson and
Schoen in [7]. The same approach was used by Holopainen in [21] for p-harmonic
functions. The idea is that given a continuous function on the boundary at
infinity, we extend it radially to the whole M. This extended function is then
smoothened and it is shown that a slight perturbation of the smoothened function
gives a p-superharmonic function. Starting with a suitable boundary function the
resulting p-superharmonic function behaves like a barrier function and a point
at infinity can be shown to be p-regular.

We apply Perron’s method to solve the Dirichlet problem at infinity. Our
definitions of the upper and lower Perron solutions follow [20]. Fix an exponent
p € (1,00).

Definition 3.1. A lower semicontinuous function v : U — (—o00, 00|, where
U C M is an open set, is p-superharmonic if u # oo in each component of U,

and for each open D CC U and each h € C(D), p-harmonic in D, h < u on D
implies h < wu in D.

Definition 3.2. A function u : M — (—o00, 00| belongs to the upper class Uy of
f:M(oo) — [—o0,00] if

(i) w is p-superharmonic in M,
(ii) u is bounded below, and
(iii) liminf, .., u(z) > f(xq) for all zqg € M(o0).

We call o
H;=inf{u:uels}
the upper Perron solution.

Theorem 3.3. One of the following holds:
(i) Hy is p-harmonic in M,
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(ii) Hy = o0 in M,
(ii) H; = —o0 in M.

Proof. As in [20, Theorem 9.2]. n

The upper Perron solution H; is a good candidate to the solution of the
Dirichlet problem at infinity.

Definition 3.4. A point 2y € M(oc0) is p-reqular if
iy Hy(x) = f(xo)

for every continuous f : M(o0) — R.

Define the lower class L; = —U_; and the lower Perron solution Hy=—-H_j.
Then Hf > H £

Remark 3.5. If 1,75 € M(c0), 2, # x4, are both p-regular, then H; is a
non-constant bounded p-harmonic function on M whenever f : M(c0) — R
is a continuous function such that f(z1) # f(z2). The Dirichlet problem at
infinity for p-harmonic functions is solvable if and only if all points at infinity
are p-regular.

Assumptions. We will carry the following notation and assumptions with us
until we reach Subsection 3.3. We fix a point 0 € M and write p = p° for the
distance function p(x) = d(z,0). Let

a,b: [0,00) — [0,00), b > a,

be smooth functions that are constant in some neighborhood of 0. We suppose
that vy € S,M and L € (8/m, 00) are given. For k& > 0 we denote

Q=C(vy,1/L)NM
and
kEQ = C(vo, k/L) N M.
Suppose that
—(bop)*(x) < Kn(P) < —(aop)*(x)
for all x € 4Q) and all 2-dimensional subspaces P C T, M.

Suppose that b is monotonic, in other words it is increasing or decreasing.
Suppose also that there exist constants T3 > 0, C1,Cy,C3 > 0, and @ € (0, 1)
such that

(A1)

t) = Ct~! if b is decreasing,
> it~ if b is increasing
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for all t > T} and

(A2) a(t) < Cy,

(A3) b(t +1) < Cob(t),
(A4) b(t/2) < Csb(t),
(A5) b(t) > C3(1+1)" @
for all t > 0. In addition, we assume that

(A6) o) _y

TR

and that there exists a constant C; > 0 such that
(3]

(A?) tllglo W = 0.

We collect all these constants and functions together and denote
C = (a,b,Ty,C1,Cq,C3,Cy,Q,n, L).
Define h : M(c0) — R,
(3.1) h(z) = min(1, L<(vo, 35™"))-

Our aim is to extend h to a function h € C°*°(M) N C(M) with controlled first
and second order derivatives. Let us first make a crude extension by defining
h: M —R,

(3.2) hz) = min<1, max(2 — 2p(x), L<(v, 73“))).

Then h € C(M) and h|M(co) = h.

If V is an inner product space and a : V2 — R is a symmetric 2-covariant
tensor, denote
laf] = sup | (X, X)].
|X|<1
It is clear that ||-|| defines a norm in the set of all symmetric 2-covariant tensors of
V. If @ is a symmetric 2-covariant tensor field, we naturally define ||a||, = [|a.||-

Lemma 3.6. (Cauchy-Schwarz inequality) If V is an inner product space, « :
V2 — R is a symmetric 2-covariant tensor, and X,Y €V, then

(X, V)| < [l XY

Proof. By linearity we can assume that |X| = 1 = |Y|. Since « is symmetric,
we have

a(X,Y) :i<a(X+Y,X+Y)—a(X—Y,X—Y)>.
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Applying the triangle inequality gives
1

1
(V) < 5 (X + Y P+ flallX = YI2) = Slall (X + [Y]?) = |l

Lemma 3.7. Suppose that N is a Riemannian manifold and hy, hy € C*(N).
Then

[V(Vhy, Vho)| < [VIn[[|D*ha|| + [Vhal[| D*hal].

Proof. Let x € N. If X € TN, then
X ((Vhi)ha) = D*ha(X, Vi) + (Vx (VA1) he
= D?hy(X,Vhy) + (Vx(Vhy), Vhs)
= D?hy(X, Vi) + D*hy (X, Vhy).
By applying the Cauchy-Schwarz inequality we get
IV(Vhy, Vh)|. = |V((Vhi)hs)|,
= sup |X((Vhi)hs)]

XeSy N

D2hy(X,Vhy) + D?hy (X, Vhy)

= sup
XeS, N

< |Vhilol D?*halls + [Vhals]| D*ha -

Here z € N was arbitrary so the claim follows. [ ]

3.1. Extending the function h. In this subsection we extend h, defined in
(3.1), to a function h € C(M) N C>®(M) with controlled first and second order
derivatives.

Lemma 3.8. Let N be a Cartan-Hadamard manifold and f : N X N — R a
function. Suppose that f(-,y) € C*°(N) for ally € N and that

(@, y) = Xop(Xma (- (X (5 9)) - ) (@)

is continuous for all smooth vector fields X; € T(N) and all m > 0. Suppose
also that each o € N has a neighborhood V' > xy such that the set

|J supp f(x.-)

zeV

is bounded. Defineu : N — R,

u(x) = /N £ ) dma(y).
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Then uw € C*(N) and

(3.3) XUZ/NX<f('=y))dmN(y)
forall X € TN, and
(3.4 DX Y) = [ D7) (X.Y) dma (o)

forall X)Y € T,N, x € N.

Proof. Let us first consider the special case N = R". Fix xqg € R". The
assumptions imply that there exists a compact set K C R™ such that f(z,y) =0
whenever z € B(rg,2) and y € R*\ K. If x € B(xg,1), X € S,R" = S| and
o€ [—1,1]\ {0}, then

u(x +oX) —ulx) fle+oX,y)— f(z,y) dm(y)
o g o Y
o f(l'—f-O'X,y)—f(I,y)
-/ ! dm(y).
The integrand is uniformly bounded since
sup f(x+o—X,y)—f(x,y)’ < sup |V (f(-))(2)] < 0.

z€B(w0,1), XeS"1, g
0<|o|<L1, yeK

yeK, 2€B(x,2)

Therefore we can use the dominated convergence theorem to conclude that the
equation (3.3) holds if | X| = 1 and thus holds for all X. We also see that u is
locally Lipschitz, therefore continuous. Now note that if 1 < ¢ < n, then the
function f : (z,y) — 0;(f(-,y)) () satisfies the assumptions of the lemma. The
above reasoning then shows that 4 = d;u is continuous and satisfies (3.3). By
repeating this argument we see that u € C*°(R™).

We return to the case of a general Cartan-Hadamard manifold N. Let ¢ :
R™ — N be a diffeomorphism. Then

uosoz/Nf(w(-),y)dmN(y)z RnI(]go(y)lf(w(-),w(y))dm(y)-

The function R" x B — R, (z,y) ~ |/, (1)| f(¢(x), (y)) satisties the assump-
tions of the lemma. By what we already have shown in R™ we get that u o ¢ is
a smooth function. Therefore u € C*(N). Fix z € N, X € T, N, and denote
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Z = (¢71),X. Then
Xu=Z(uo )
=2/, [T W)L (2(), () dm(y)
L WIZ(F(e(). #() dm(y)
= [ 2061 ) dmaty)
- /NX(f(-, y)) dmy(y).

Therefore (3.3) is valid.

We still have to show (3.4). Fix x € N and X, Y € T,N. Define W € T(N)
by W = > (Y, (0;).)0;, where 0; is the i-th coordinate vector field of the normal
coordinate chart at x. Then W, =Y and VxW = 0 so that

(3.5) D*n(X,Y) = D*n(X,W,) = X(Wn) = (VxW)n = X (Wn)

for allm € C°(N). Define f : NxN — R, (z,y) — Wz(f(-,y)). Then f satisfies
the assumptions of the lemma. Using (3.5) and (3.3) we get

D*u(X,Y) = X(Wu) = X / S () dmy(y)
:/NX(W(f(, y)) dm(y)
:/ND2(f(.,y))(X,Y)dmN(y)-

Lemma 3.9. Let N be a Riemannian manifold, hy, he € C*®°(N), and hy(x) # 0
for every x € N. Then

h 1 h hy
p*(:) = h—D2h1 h;DZh2 +2h3dh2 @ dhy
2 2

2 L dhy @ dhy — h—dm ® dhs.
2
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Proof. This is a direct computation. Fix X,Y € T(N). Then

Vx(V(h/hs)) = Vx((1/h2)Vhy) = Vx((h1/h3)Vhs)
B hy hy
_ X<h2>Vh1+h2VX(Vh1) X(hQ)th 7 Vx(Vha)
 Xh h2X hy — 2hihs Xh
- WQVhy+hQVXﬁNn) = h%12 “Vhy
hy
—h—%vx(wz)
It follows that
2 hy
D) (XY) = (Vx(V(h/ha).Y)
2
th 1 Xhl
- Yhy + hZDth(X Y) - NS Z lvh,
2hy Xh h
+ T2 Y hy — 2 D2hy(X,Y).
h3 h2

The following lemma tells us that for given £ > 0 and x € M, the function bop
does not change much in the set {y € M : b(p(y))d(z,y) < k}. Since —(bo p)?
represents the curvature lower bound in 4€2, this enables the use of comparison
theorems.

Lemma 3.10. Let k > 0. There exists a constant ¢y, = ¢1x(C, k) > 1 such that
if x,y € M and b(p(y))d(x,y) < k, then

ib(p(x)) <b(p(y)) < crib(p(x)).

Proof. Case b increasing: Let x,y € M be such that b(p(y))d(x,y) < k. Since
b is increasing, we have d(z,y) < k/b(0). Hence (A3) implies

b(p(y)) > b(max(0, p(z) — k/b(0))) > %kwam

where ¢ 5, = cy /PO Similarly, (A3) implies

b(p(y)) < b(p(x) + k/b(0)) < c1ab(p(2)).
Case b decreasing: Let x,y € M be such that b(p(y))d(z,y) < k.
Since @ € (0,1), there exists a constant ¢’ = ¢/(Cs, k, Q) such that
Cs

Q<
(3.6) 1<

— (' +1)
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for all ¢ > 0. Now (A5) and (3.6) imply

k Q
(@9) (r(y)) 03< o)
k Q
< = (1+p(2) +d(z,y))
3
k Q
< Q
<& <(1 +p(x) " +d(z,y) )
k Q C’3 /
< =
<z <(1 + p(z))” + ok (¢ +d(z, y)))
so that
/ 2k Q
(3.7) day) < ¢+ S (1+ o)
Again since @ € (0,1), there exists a constant R = R(Q, C3, k) such that
, 2k o _t
. — < -
(3.8) c—|—03(1+t) <3
for all t > R. So, if p(z) > R, then d(z,y) < p(x)/2 by (3.7) and (3.8) and
therefore

b(p(0) = b(pla) + dlz.y) = b(20(a) = Zb(o()
where the last inequality follows from (A4). Similarly, if p(x) > R, then
b(p(y)) < b(p(x) —d(z,y)) < b(p(x)/2) < Cab(p(x)).

This is what we wanted but with the extra assumption p(z) > R. Suppose now
that p(x) < R. Then (3.7) and (3.8) imply

2k
<+ (14 RO<
Cs
In particular, p(y) < 2R. Since b > 0 is continuous, there exists a constant
B = B(b, R) such that

2k R
<d+ = —.
d(,y) <+ 7 (1+p()) >

<b(t)<p

I

for all ¢ € [0,2R]. Then

1
g2 b

By combining the cases p(x) > R and p(z) < R we see that the claim holds with
c1r = max{Cy, 3°}. u
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Lemma 3.11. For each k > 0 there exists a constant ¢y = co(C, k) such that

C2

k
(B 50m)) < sty
holds for all x € M that satisfy B(z, k/b(p(x))) C 4€.

Proof. Fixk > 0and z € M that satisfies B, C 4€2, where B, = B(z, k/b(p(z))).
Let y € B,. Then b(p(x))d(x,y) < k. Lemma 3.10 (applied with z and y inter-
changed) then implies that

b(p(y)) < crxbp(z)) =: B.

Since B, C 42 and the sectional curvature of M is bounded from below by
—(bop)? in 49, we see that the sectional curvature of M is bounded from below
by —3? in the ball B,. Denote N = M?" 5, the model space with constant

sectional curvature —3?, and fix any xxy € N. We use the Bishop-Gromov
volume comparison theorem and (2.6) to obtain

ma(B;) < mN<B<xN, b(ilzx))»

k/b(p(z))
/ / ~!sinh( ﬂt)) df dt
Sex

k/blo()
= wy_1 B / sinh" 1 (3t) dt
0

Bk /b(p(x))
= wnlﬁ”/ sinh" ' (s) ds
0

1 / s h"(s)d
=Wp 1 sin s)ds.
e blp(x)) Jy

From this we see that the claim holds with the constant

keyk )
Cy = wn_lcl_j;/ sinh™™ () ds.
0

1.

Fix x € C*(R) such that 0 < x <1, supp x C [-2,2], and x|[—1, 1]
Lemma 3.12. If ¢ € C(M), then the function f: M x M — R,
fz,y) = x(b(p(y))d(z, y))¢(y),

satisfies the assumptions of Lemma 3.8.
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Proof. Let X, Xs,... be smooth vector fields on M. We prove by induction
with respect to m that the function (z,y) — X (Xpmo1(-- - (Xa(f(-,y))) -+ +))(2)
can be written as a finite sum of functions of the form

(3.9) (,9) = XW (b)) (2, 9))b(p(y) e (y)ulz, ),
where k € N and u € C®°(M x M).

The basic case m = 0 is trivial.

Suppose that the claim holds for m = mg — 1. We show that it holds for
m = myg. Let n,

n(z,y) = x* (blp))d(z,y))b(py)) ey)ulz, y),

be one of the functions in the finite sum corresponding to the function

(@, 4) = Xong 1 (Ximg—2(- - - (X2(f (- 9))) - ) ().

We have to show that (z,y) — X, (7(-,))(x) can be written as a finite sum of
functions of the form (3.9). If x # y, then

m(x,y):=
Xomo (1, 9)) (@) = X® (b(p(y))d(, 1)) b(p(1)) 2 (4) Xono (u(-, ) ()
+ XV (Blp(v))d(, ) b(p() T p(y)ulz, y) Xy (d(-9)) ().

-~

=12 (xvy)

The function 7, is of the form (3.9). The problem with 7, is that the metric
d: M x M — R is not smooth on the diagonal. This is no real problem since if
b(p(y))d(z,y) <1, then x**1 (b(p(y))d(z,y)) = 0 and thus

(. y) = X" (b(p(y)d(z, y))blp(y)) o ly) (wa)(z, y),
where w: M x M — R,

—_ 2 2 ) .
iz, y) = <1 X(20(p(y))*d(z, y) )) Xono (d(-, ) (z) if 2 #y,
0 if v =y.
It is easy to see that u € C°(M x M), so that 1, is of the form (3.9). This ends

the induction proof. Every function of the form (3.9) is continuous, so the first
assumption in Lemma 3.8 is verified.

Let o € M be arbitrary. Then V' = B(o, p(x) + 1) is a neighborhood of z.
Let x € V and y € M be such that f(z,y) # 0. Then b(p(y))d(z,y) < 2. Denote
B = info<i<itpe) () > 0. By Lemma 3.10 we have

B <b(p(x)) < c120(p(y))
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so that 5 5
C1,2
d(z,y) < < —=.
(=.9) bip(y)) = B
Therefore
U swpp f(w,) € B0, plao) + 1+ 2¢187")
eV
is a bounded set. ]

Let ¢ € C(M) and f be as in Lemma 3.12. Then we can define

R(p)(x) = /M F () dma(y)

by Lemma 3.8 and Lemma 3.12. Since R(1) > 0, we can also define P(y) : M —

R by
Pw)=§§%'

Then P is linear: if A\;, Ay € R and @1, ¢y € C(M), then
P(Aro1 + daa) = MP(p1) + AP (p2).
Also, if k: M — R is a constant function, then
P(k) = k.

Lemma 3.13. Suppose that ¢ € C(M). Extend the function P(p) : M — R to
a function M — R by setting

Pe)(@) = ¢(T)
whenever & € M(oo). Then the extended function satisfies

P(p) € C°(M)NC(M).

Proof. We already know that P(p) € C*°(M) by Lemma 3.8. It is therefore
enough to show continuity at infinity. Fix z € M(co) and € > 0. Since ¢ is
continuous at Z, there exist § € (0,1) and R > 0 such that |p(x) — p(Z)| < € for

every x € T(%7", 0, R).
Since @ € (0,1), we can choose R’ > 3R/2 such that
2¢1 9 )
-5?O+ﬂQ§§t
forallt > R'. Let x € M\ B(o, R') and let y € M be such that b(p(y))d(z,y) < 2.
Lemma 3.10 and (A5) imply
2 2012 2¢1,2

SIS G0 = W) < e

(1 + p(x))
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Lemma 2.6 (applied with a = 0) together with (3.10) imply that
d(z, y)

ISy dey) =
Also by (3.10),
p(y) > p(z) — d(z,y) > 2 ;x) > 25, > R.

So, if z,y € M are such that p(z) > R, <,(x,z) < §/2, and b(p(y))d(z,y) < 2,
then

(Y, T) < To(y, 7) + <o(2,7) <0
and p(y) > R, therefore y € T(¥¢, 6, R) and thus |p(y) —(Z)| < . This implies
that if x € T(9¢",0/2, R') N M, then

P(p)(@) = P()(@)] = [P(p)(2) — (@) = [P(p — (7)) ()]

) -
| Jar x(blo(y))d(a, y))( (y) — ¢(@)) dmar(y)
Jux(blp(y))d )) de(y)
_Jux ( (y))d(z, )) (z)| dma(y)
N Jur x(0(p(y) )d )de(y)
< sup |o(y) — w(7)] < e
yeM, b(p(y))d(z,y)<2
This shows that P(y) is continuous at . n

Lemma 3.14. Let ¢ € C(M). Let x € M be such that B(x,2c¢12/b(p(x))) C 49
and let X € S, M. Then

(3.11) IR (o) (z)| < esb(p(x))™" sup le(y)l,

yeB(z,2¢1,2/b(p()))

(3.12) | X (R(¢))| < esb(p(x))' " sup ()],
yEB(z,2¢c1,2/b(p(2)))
and
(3.13) |D?*(R()) (X, X)| < esb(p(x))*" sup lo(y)]-
yEB(z,2¢1,2/b(p(2)))
Also,
(3.14) R(1)(z) > c5'b(p(x)) "

Here c3 = c3(C) is a constant.
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Proof. To shorten our notation we denote B, = B(x, 2c12/b(p(x))). Then
(3.15) ma(Be) < eb(p(x)) ™"

by Lemma 3.11. By Lemma 3.10 and Lemma 3.8 we can write

R(g)(x) = / (o)), 1)) () dmaa (),

and

D2(R(9))(X. X) = / D2(£(-, ) (X, X) dimpg (y).

By

Here X (f(-,y)) and D?(f(-,y))(X,X) can be computed using the formulas

(3.16) V() (@) = o@)b(py)x (b(py))d(z,y)) Vo' (z)
and
(3.17) D*(f(-,y))(x)
= »(y)b(p(y)) (b(p(y))x” (b(p(y))d(z,y))(dp?)e @ (dp")s
X (bp(y))d(z, ) D*p" () ).

We get (3.11) from (3.15) by estimating

R(p)(x)| = /B X (b(p(y))d(z, y))e(y) dmu(y)
< mM(Bx);ég l(y)]

< eb(p(x))™ yseug le(y)]-

Suppose that y € M is such that b(p(z))d(z,y) < min{2,c;5}. Then Lemma
3.10 implies that

éb(p(a:)) < b(p(y)) < e12b(p()).
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Therefore b(p(y))d(z,y) < 1. This and the Bishop-Gromov volume comparison
theorem imply that

This shows that (3.14) holds.

Inequality (3.12) follows from (3.16), Lemma 3.10, and (3.15) since

=] [ X))

= ||| olblou) blots))dz. ) (Xp") dmas(y

< cb(p(x)) mar(By) sup |o(y)]

yez

< cb(p(x))' ™" sup |(y)].

YyE By

Suppose that y € M is such that 1 < b(p(y))d(z,y) < 2. If 2 lies on the
geodesic segment between the points x and y, then b(p(y))d(z,y) < 2 and thus

b(p(2)) < cr2b(p(y)) < cf,b(p(x))

by Lemma 3.10. The Hessian comparison theorem [17, Theorem A] and Lemma
3.10 then give us

0 < D*p(X, X) < i ,b(p(x)) coth(ci,b(p(x))d(x,y))
< ? COth(Clszy d( 7y))
<cf

2C0th(cl 2) b(p(x)).
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This computation along with (3.17) and (3.15) are used to estimate

D (RE)(XX) = | | D ()X, X) d )

= | o) (Holo) (Blot)ite. ) (XY

+ X' (b(p(y))d(z, y)) D*p¥ (X, X )) de(y))
< eb(p(x))? ma(B,) sup |o(y)]

< cb(p(z))*™" sup |p(y)].

yEBy

This gives us (3.13) and ends the proof. n

Lemma 3.15. There exist constants Ry = R1(C) and ¢4 = ¢4(C) such that the
following hold.

(a) If x € 32\ B(o, Ry) and y € B(x,2¢12/b(p(x))), then

(3.18) (T Y) < N (@)

and
y € 4Q\ B(o,1).

(b) Ifz € M\ (2QU B(o, Ry)), then B(x,2c12/b(p(z))) C M\ (Q2U B(o,1)).

Proof. Suppose that x € M and y € B(x,2¢12/b(p(x))). Since @ € (0,1), we
can choose R > 2 such that

261 2 Q t
T2 e <« L
o LT S5p
for all ¢ > R. Suppose that p(x) > R. Then (A5) implies
2c19 2¢19 Q_ plz)
3.19 dlz,y) < < “(1+ p(x < —=
(319) (@) < gt < (1 o) < B

and thus p(y) > p(x) — d(z,y) > p(z)/2 > 1. Also, Lemma 2.6 (applied with
a = 0) gives

d(z,y) @eL 1
< < —.

ple) —d(z,y) = 1-1/(2L) L
From this we see that if z ¢ 2QU B(o, R), then y ¢ QU B(o, 1). This proves (b).
Also, if x € 3Q\ B(o, R), then y € 42\ B(o, 1).

Suppose now that x € 32 and p(x) > R. We know by above that then
B(z,2c12/b(p(x))) C 492\ B(o,1). We are left to verify the equation (3.18) in
(a).

<IO(‘I7 y) S
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Suppose first that b is increasing and denote 7 = 2¢; 5/b(0) > 0. Then

d(z,y) < 2012

— b(p())

Since a < Cy by (A2), the function f,/fc, is decreasing by Lemma 2.2. In
particular,

IN

1.

falp(x)) _ falp(z) —11)

Tor (0(@) = Fes(pl@) — 1)
Therefore
—d(zx ) —p fCQ( (.T) — ) T
falp(z) —d(z,y)) > fa(p(z) —r1) > T (@) fa(p())
B sinh (Ca(p(z) — 1))
= T Sinh (Cop () fa(p(z)).

From this we see that if p(z) is large enough, then
falp(z) —d(z,y)) = cfa(p(z)).

Suppose then that b is decreasing. Then a(t) = Cyt~! for all ¢ > T by
assumption (Al). By Example 2.1 we see that there exist constants ¢ > 1,
¢y > 0, and ¢, € R such that

fa(t) = it + cht'=?
for all ¢ > T;. This implies that
fa(t)2) > 27170 £ (1)

for all large ¢. Hence in this case (3.19) implies

fa(p(@) —d(z,y)) > fulp(x)/2) > cfa(p(z))

whenever p(z) is large enough.

We have proved that regardless of whether b is increasing or decreasing, we
get

falp(x) — d(z,y)) = cfalp(x))

if p(x) is large enough. Since we have proved that B(z,2c;2/b(p(x))) C 412,
Lemma 2.6 gives

d(r,y) <o d(z,y) _ c
= fulp(@) —d(z,y)) —  falp(z)) = blp(x))fa(p(z))

This shows (3.18) and ends the proof. u

L(r,y) <
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We extend h : M(o0) — R, defined by (3.1), to a function h : M — R by
setting

h(z) = P(h)(z), =€ M,

where h is the function given by (3.2). We already know by Lemma 3.13 that
h e C*(M)NC(M) and are now ready to estimate its derivatives.

Lemma 3.16. (Main lemma) The extended function h € C*(M) N C(M) sat-
i1sfies

ot

(faop)(x)’

(bop)(z)

(faop)(x)’

|Vh(z)| < cs
(3.20)
ID*h(z)] < e
for all x € 32\ B(o, Ry). In addition,
h(z) =1
for every x € M\ (22U B(o, Ry)). Here Ry = Ri(C) is the constant in Lemma

3.15 and c5 = c5(C) is a constant.

Proof. Suppose first that =z € M\ (29 U B(o, Rl)). Then
B(z,2c12b(p(z))) € M\ (QU B(o,1))
by Lemma 3.15(b) and hence
PUNE) = 20T ooy YD) B ()
R
R(1)(x)
We are left to verify (3.20).
Fix z € 3Q \ B(o, R;). Denote ¢ = h — h(z). By Lemma 3.15(a)
B(z,2c12/b(p(x))) C 42\ B(o, 1)

and
sup lo(y)| < L sup |<t(vo, 95"Y) — <(vo, ¥5™°)|
yEB(z,201.2/b(p(x))) yeB(w,201.2/b(p(x)))
<L sup |<o(z,y)|
(3.21) yeB(z2c12/bp(a))
C

= @) falo@)
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Let X € S,M be a unit vector. Then

(3.22) X(P(p)) = %X('R(go)) (77;((;’;))2)((7%(1))
and
(3.23)
2 1 2 R(SD) 2
D*(P(¢))(X,X) = WD (R(9) (X, X) — (R(1)>2D (R(1)) (X, X)
R(p) 2 1
2 (X —9 _ X(R
iy ¥ RO =2 s X (R X (R()

by Lemma 3.9. We use (3.22), Lemma 3.14, and (3.21) to estimate
[X(PW)| = [X (P(h) ~ h(x))| = [X (P(e)]

<[ X R + | x (R

(R(1))
< cb(p(x)) sup i (y)]
yEB(2,2c1,2/b(p(w)))
=7 (p(2))

Similarly, using (3.23), Lemma 3.14, and (3.21) we get
|D*(P(h))(X, X)| = |D*(P(h) — h(z))(X, X)|
= | D*(P(p)) (X, X)]

1 2 R(SO) 2
< P (R(p) (X, X)| + ]—Wl))gD (R())(X, X)
R(p) 2 1
p ~(X (RO 2l—— X(R(1)) X(R
#2f g FRODY| 2] s X (R X (Re)|
< cb(p(z))? sup lp(y)]
y€B(x,2¢1,2/b(p(x)))
. ble(@))
= fa(p(x))

3.2. Constructing a p-superharmonic function. The function p=%, § € R,
satisfies

V(p™) ==6p"""Vp
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and
D*(p~°) = 6(6 +1)p™°"*(dp @ dp) — 6p~ """ D?p
in the set M \ {o}. In particular,
A(p™) =60+ 1)p 2 =6p 2 Ap.

Lemma 3.17. There exist constants Ry = Ry(C) and cg = c(C) with the
following property. If 6 € (0,1), then

‘Vh| < Cﬁ/(fa © p)?

DR < cop™ 7 (f2 0 p)/(fao p),

IV(Vh, VR)| < cap™2(fh 0 p)/(faop),

IV(VR,V(p N < cep““(fh0p)/(faop),
3

V{(V(p~),V(p~°)) = =286+ 1)p > *Vp

in the set 3Q\ B(o, Ry).

Proof. Choose Ry > max{1, R;} so large that

(3.24) o0 o),

for all t > Ry. Such Ry exists by (A7), (A6), Lemma 2.3, and (A5).

We already know the first inequality by (3.20). The second inequality follows
from (3.20) and (3.24) since

bop Scp_@_lféw

D?h|| < ¢
| D> oy SO IRy

in the set 302\ B(o, Ry). The third inequality follows from Lemma 3.7 and the
first two inequalities by estimating

/ /
V(Vh, Vh)| < 2\Vh| [ D2h]| < 262p~Cr—1 Ja 0P 92 -ci-2fa©P
V¢ )| < 2|Vh]|[D7h|| < 2c5p o S

in 3\ B(o, Rs).
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We proceed to the fourth inequality. Using Lemma 3.7, (3.20), and Proposition
2.5(b) we get

IV(Vh, V(o) < IVRI|D*(p70)|| + [V (p~)|IIDR]|

Cs 52 —5-1|| 12 _s_1¢5(bop)
< NP
< 5o (86 + 1007 455 D% ) 57

- - s1¢s5(bop)
< 9502 gy s-1 /b 15 5105(
_fa0p< g beP) P Jaop
0550 ! 1, fyop
=212 +—+ bo
faop <p foop ( p)>
in the set 3Q2\ B(o, Ry). Hence (3.24) implies
b
}V<Vh Vip } < 5esp ~6-12°P
Jaop
< 505,0_5_10_04_1—]0; °r
Jaop
<5 p—C4 2f op
- Jaop

in 3Q \ B(o, Rs). This proves the fourth inequality.
The last equality holds since

V{(V(p™°),V(p~?)) =V (=6p"""Vp,=6p """ Vp)

— 52v(p—26—2)
= 2020+ 1)p 23Vp
in M\ {o}. u
Denote
141 +4C7 . —1+4+(n—1)¢
o1 = 5 > 1 and 51—111111{04, T = T)or }

Then 0; € (0, 1)

Lemma 3.18. Let 6 € (0,6;). Denote
149
A= € (0,1).
=501 <Y

There ezists a constant Ry s = R35(C,0) > Ry such that

AR,

~A(p™%) >0, NP
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in the set 3Q2\ B(o, Rss).

Proof. Since 0 < § < §;, we see that 0 < A < 1.

Define a; : [0, 00) — [0, 00) such that a; is a smooth function that is constant
in some neighborhood of 0, a; < a everywhere, and a;(t) = Cit~! for every
t > Ty + 1. Such a function exists by the assumption (Al). Then

Lo L
fa - fa1
everywhere by Lemma 2.2. By (2.1) we have

A
t—00 fal (t)

:¢1-

Therefore
/
lim inf ta(t)
t—o00 fa (t)

> ¢1.

Since § < Cy, we have

lim ¢~ = 0.
t—oo

Using these formulas we see that there exists R3; > Ry such that

p(x)(fo o p)(x) B
(3.25) (F. o)) > (1=10)¢n
and
(3.26) 206 (2) =0+ < (1 — A)

J
whenever © € M \ B(o, R35).
By Proposition 2.5(b) we have

faop
3.27 Ap>(n—1)==% > 0
(3.27) (- 122"
in 49Q. Inequalities (3.27) and (3.25) imply
146 1496 140
(3.28) AP il < Ll =\

pAp — (n=1Dp(fg0p)/(faop)
in 4Q\ B(o, R3s). By (3.28) we have

~A(p~?) SO+D)p 2 +6p " Ap L1t 0 Lo
5p=01Ap 5p=01Ap Y

(n=1)(1 = 0)¢s

(3.29)
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in the set 4Q \ B(o, R35). In particular, A(p~%) < 0. By (3.29) and (3.27) we
now have
A B _ (e A
—A(p~?) opo~tAp 6(n —1)p=2=1(fy o p)/(faop)
in 4Q\ B(o, R3s). Here we can estimate |Ah| with Lemma 3.17 and get
ARy neer P (a0 p)/ (a0 p)
—A(p?) T o(n = 1)p==1(fa0p)/(faop)
<(1- A)127;60@*”
in the set 3Q2 \ B(o, R35). Using (3.26) we see that
—|ARI/A(p~*) < 6
in 3Q\ B(o, Rs). n

<=7

Lemma 3.19. Suppose that

pe (L1+ (n—1)¢).
Then there exist constants 6 = 6(p,C) € (0,91) and Ry = Ry(p,C) such that

the function p=° + oh is a p-superharmonic in the set 3Q\ B(o, Ry) for every
o€ [-1,1].

Proof. Fix o € [—1,1]. Choose § € (0,6;) so that (1—¢;)+0 < 0, —Cy+20 < 0,
and

(1490)
(L=0)(n—1)¢1 — (1 49)
Such ¢ exists since p — 2 < (n —1)¢; — 1. As in Lemma 3.18, we denote

140

< 1.

o+ <max{p — 2,0} +4|p— 2|)(1 —6)7°

A= .
(1=0)(n—1)p
Then 0 < A < 1.
Let a; be as in the proof of Lemma 3.18. Since a > ay, f, > f,, by Lemma
2.2. Denote
(¢
¢ = liminf f—()
t—oo 1ot
By Example 2.1 we have
Ja (t)

¢ > liminf > 0.

t—o00 1t
Lemma 3.17 now implies that

VAl _e/(faop) %p(l—qﬁ)—l—é
V(p=0)| = dpot T &
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in 3Q2\ B(o,r) if r is large. Note that we chose ¢ such that (1 —¢;) +J < 0. By
this, Lemma 3.18, and (3.25) we can choose Ry > Rj; such that

Vh
(3.30) \V|(p“5)| <o,
Ah
39 S
p(foop)
. Bla 7 P/ —4
(3.32) o > (1-6)¢n,
and
(333) 206‘]7 _ 2|(1 _ 5)72 p704+26 - 5

(I=X)(n—-1) 52
in 3Q\ B(o, Ry).
Denote u = p~° + oh. Then |Vu| > 0 and Au < 0in 3Q\ B(o, R4) by (3.30),

(3.31), and Lemma 3.18. We now have

L22|VuP~ 4V (Vu, Vu), Vu) _p—2 (V(Vu, Vu), Vu)

—|Vu|P—2Au 2 —|Vu|?Au
_p—2 <<V<V(p‘5), V(p™)),V(p™))
2 —|Vu|?Au
<02V<Vh, VA + 20V (Vh, V(p~%)), vu>
—|Vu|?Au
a(V(V(p~°), V(p~)), Vh>)
—|Vu|?Au

_p=2(VV(™), V(). V(™))
-2 —|Vu|?Au

N

+

=T1
N Ip — 2| [V(Vh, Vh)| +2|V(Vh,V(p~))|
2 —|Vu|Au
T
Ip— 2| [V(V(p~?),V(p~0))||Vh]
2 —|Vu|?Au

=Ty

[ J/

[
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in 3Q \ B(o, Ry). We have to estimate the terms T3, Ty, and T3. To do this we
first denote

[V{V(p—"). V(p™))|

—|Vu|Au
and estimate this. By (3.30), (3.31), Lemma 3.18, and Proposition 2.5(b) we
have

T =

1 B 1
s <SRG A
B 1
(3.34) <=9 5 == N5,
<1—g 1 Jaop

?p~ 221 =N)(n—=1) fiop
in 32\ B(o, Ry). By Lemma 3.17, (3.34), and (3.32) we have
26314 0)p 23

I=""Nuau
<2(1- 5>252pf225(—12(+16_>px>2§n3— 1) ; o
(3.35) =2(1-4)"" ( _(Al)?né)— 1)p ; ZZ
<21-07 0 (Al)(tzé—) 1)é1
o1 g)? (1+9)

(1—=6)(n—1)¢1 — (1+9)
in 3Q\ B(o, Ry).
We start to estimate 7. If p < 2, then T3 < 0 in 3Q\ B(o, R,) since
(V(V(p),V(p™), V(p~)) = (=26°(6 + 1)p "V, =0p~"~'Vp)
=230+ 1)p~ 31 > 0.
On the other hand, if p > 2, then by (3.35) and (3.30) we have

p—2.IV(p™)
T <
= |Vul

(1+49)
(1=0)(n—1)¢1 — (1+9)

<(p-2)1-09)7"

in 32\ B(o, Ry).
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Next we estimate 7. By (3.34), Lemma 3.17, and (3.33) we have

_ p—2|[V(Vh, Vh)| +2[V(Vh, V(p~"))]
2 —|VulAu
VYR VR + [V(VR,V(p™)| faop
§2p~2(1 = A)(n—1) faor
o2c6p” 2 (faop)/(faop) faop
Zp (1= A)(n—1) fiop
_ 2c6p = 2[(1 = 0) 2 pm Gt
o (1=-Nn-1) 52
<4
in 32\ B(o, Ry).
We still have to estimate T5. By (3.30) and (3.35) we have

=2 [V (V) V)| I9h
2 —|Vu|?Au
P —2[ . |Vh]
Rl
2 |Vul
=20, 9
- 2 1—9
< dlp—2/(1-9)7?

15

< |p—2|(1-0)

<I|p—2[(1-4)

13

(1+9)
(1=0)(n—1)¢1 — (1+9)
in 3Q2 \ B(o, Ry). We combine our results and get

L2 VP~V (Vu, Vu), Vu)

<T+Th+T
“VulrAu ShRen
- 149)
< - - =67 |
_6—|—<max{p 2,0} +4[p 20(1 ) (1=6)(n—1)¢1 — (1 +90)
<1

in 3Q \ B(o, Ry) by our choice of 4. It follows that
div(|VulP*Vu) = |VulP?Au+ (V(|Vu[P~?), Vu)
= |Vu|P?Au + Z2|Vu |/~ H(V(Vu, Vu), Vu)
<0

in 3Q\ B(o, Ry). Therefore u = p~% 4+ oh is a continuous p-supersolution, hence
p-superharmonic in 3Q \ B(o, Ry). n
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Let 0 and R4 be as in Lemma 3.19.
Lemma 3.20. Suppose that

pe (L4 (n—1)¢1).
Then there exists a function w : M — [0,1] such that w is continuous and
p-superharmonic in M, w|(M \ (32 \ B(o, Ry))) = 1, and

3.36 li = 0.

( ) xﬂ'yvo(loloy), xeMw(m)

Proof. Denote U = 30\ B(o, Ry) and U, = U N B(o, k) if k € NN (R4 + 1, 00).
Let n: M — R,

n(x) = min(l, max(Ry + 1 — p(x), h(x)))
Then n : M — [0,1] is continuous, n|0B(o, Ry) = 1, and n(z) = h(x) for every
r e M\B(o,Ry+1). If ke NN (Ry+ 1,00), let uy, : Uy — R be the unique

p-harmonic function with ux —n € WyP(Uy). Let k € NN (R4 4+ 1,00) and
g € OUi. Then

(3.37) lim  u(s) = n(z) = {1 if p(zo) < k,

h(zo) if p(zo) > Ry,
since Uy, is p-regular and since h|(M \ (2QU B(o, R;))) = 1 by Lemma 3.16.

Now (uy) is a bounded sequence of p-harmonic functions. Hence there exists
a subsequence, again denoted by (ug), and a p-harmonic function u : U — [0, 1]
such that uxy — wu locally uniformly in U. It follows from (3.37) that if zo €
M N oU, then
(3.38) lim  wu(x)=1.

r—xg, €U

r—xg, cEUL

By (3.37) we have
lim  wg(x) < p(a:o)_‘s/RZé + h(zo)

r—xg, r€UE

for every k € NN (Ry + 1,00) and every o € dUy. The function p=°/R;° + h
is p-superharmonic in Uy by Lemma 3.19 and hence we get by the comparison
principle that

up < p° /Ry’ + h
in Uy. It follows that

u<p /R +h
in U. This implies that

limsup  u(z) < h(y*(c0)) =0.

x—7Y0(00), z€U
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Thus
(3.39) lim u(z) = 0.

x—v0(00), z€U
Define w : M — [0, 1],

(2) = min(1,2u)(x) if x € U,
wlw) =44 ifze M\U.

Because the minimum of two p-superharmonic functions is p-superharmonic
and (3.38) holds for every zp € M N OU, we see that w is continuous and p-
superharmonic in some neighborhood of each point in M. It follows that w

is p-superharmonic since p-superharmonicity is a local property. The equation
(3.36) follows from (3.39). n

3.3. p-regular points at infinity. We are ready to prove our main result in
this section.

Theorem 3.21. Let a,b: [0,00) — [0,00) be smooth functions that are constant
in some neighborhood of 0. Suppose that a and b satisfy the conditions (Al)-
(AT). Suppose that M > o is a Cartan-Hadamard n-manifold and p = p°. Let
xog € M(00) and let U be a neighborhood of xy in the cone topology. Suppose that

—(bop)*(x) < Ku(P) < —(aop)’(z)
for every x € U N M and every 2-dimensional subspace P C T, M. Let
pe (L1+(n—1)¢),

14+ +/1+4C?

2

where

¢ =

Then xq is a p-regular point at infinity.

Proof. Fix an arbitrary continuous function f : M(co) — R. We have to show
that the upper Perron solution H ; satisfies

lim H(z) = f(z).

T—x0

Fix ¢ > 0. Denote vy = 47"°. Choose R > 0 and L € (8/m,00) such that
T'(vg,4/L,R) C U and that |f(z1) — f(xo)| < € for all x; € C(vy,4/L) N M(c0).

Let k > 1 and define b = kb and @ = (1 — x(-/k))a, where xy € C®(R) is
such that 0 < xy < 1, supp x C [-2,2], and xl[-1,1] = 1. Then a andE; satisfy
the conditions (A1)-(A7) with constants T} = max{T},2k}, C, = Cy, Cy = Cy,
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Cy = C5 Q = Q, and Cy = Cy. Conditions (A1)-(A6) are easy to verify and
(A7) follows from Lemma 2.4. By choosing k£ > 1 large enough we have
—(bop)*(z) < Ku(P) < (a0 p)’(x)
for every x € C (v0,~4/ L) N M and every 2-dimensional subspace P C T, M. By
considering a and b instead of ¢ and b we are now in a situation where we can
apply Lemma 3.20. Let w be the p-superharmonic function described there.
Then B
H, < flwo) + +2(sup |f])u

by the definition of H; and the properties of w. Since

lim w(x) =0,
T—T0

we get limsup, ., Hy(z) < f(z) + €. Letting ¢ — 0 gives
limsup H;(z) < f(z).

T—To

Similarly one proves that the lower Perron solution H ; satisfies

hfig}fﬂf(”’") > f(xo).
Taking into account H; > H ; we get lim, ., H(x) = f(20). u

The most interesting special cases of this result are given by the following two
corollaries.

Corollary 3.22. Let ¢ > 1 and € > 0. Suppose that M > o is a Cartan-
Hadamard n-manifold and p = p°. Let xy € M(00) and let U be a neighborhood
of xo in the cone topology. Suppose that

¢(¢ — 1)

p(x)?
for every x € UN M and every 2-dimensional subspace P C T, M. Then xq is a
p-reqular point at infinity for every p € (1, 1+ (n— 1)¢))

(3.40) —p(x)*™*° < Ky(P) < —

Proof. Without loss of generality we can assume that U = T'(95™", a,r) for

some o > 0 and r > 1. We can also assume that ¢ < 2¢ — 2.
Denote Cy = /(¢ —1). If t >r+1, let
b(t) = 9727/,

Extend b to a smooth function b : [0, 00) — (0, 00) that is monotonic and constant
in some neighborhood of 0. If t > r + 1, let

a(t) = Cyt !
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and extend a to a smooth function a : [0, 00) — [0, 00) that is constant in some
neighborhood of 0 and that satisfies a < b. This can be done since

Cltil S t¢7276/2

for every t > r by (3.40). Now @ and b satisfy (Al)-(A7) with constants T} =
r+ 1, Cy, some Cy > 0, some C3 > 0, Q@ = max{1/2, —¢ + 2 + £/2}, and any
Cy € (0,e/2). The sectional curvatures satisfy

—(bo p)*(z) < Ku(P) < —(ao p)*(x)

for every x € T'(A*™ «,r 4+ 1) N M and every 2-dimensional subspace P C T, M
and the claim follows from Theorem 3.21. [ ]

Corollary 3.23. Let k > 0 and ¢ > 0. Suppose that M > o is a Cartan-
Hadamard n-manifold and p = p°. Let xy € M(00) and let U be a neighborhood
of xg in the cone topology. Suppose that

(3.41) —p(z) 2 F e @) < K (P) < —K?

for every x € UN M and every 2-dimensional subspace P C T, M. Then xq is a
p-regular point at infinity for every p € (1,00).

Proof. Let ry, > 1 be so large that ¢ — ¢ 17¢/2¢* is increasing on [0, 00).
Without loss of generality we can assume that U = T'(9y™*°, a, ) for some o > 0

and r > rg.
Fix p € (1,00). Let a(t) = k for every t > 0. Let b(t) = t~!7%/2e** for every
t > r+1 and extend b to a smooth increasing function b : [0,00) — (0, 00) such

that b is constant in a neighborhood of 0 and a < b everywhere. This can be
done since k < t7175/2¢* for every t > r by (3.41). Choose C; > 0 to be so large

that ¢, defined by
b= 14+ +/1+4C?
— 5 ,

satisfies p < 1 + (n — 1)¢. Now a and b satisfy (A1)-(A7) with constants 7T} =
Ci/k, Cy, some Cy > 0, some C3 > 0, Q = 1/2, and any Cy € (0,/2). The
sectional curvatures satisty

—(bo p)*(z) < Ku(P) < —(ao p)*(z)

for every x € T'(7y™, o, + 1) N M and every 2-dimensional subspace P C T, M
and it follows from Theorem 3.21 that xq is p-regular. |

Remark 3.24. 1) In the case of the Laplacian (p = 2), the results of the
previous corollaries are similar to those presented by Hsu in [23]. Hsu used
probabilistic methods whereas our proof is analytic.
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2) The condition p < 14 (n—1)¢, that appears in Theorem 3.21 and Corollary
3.22 is automatically satisfied if p < n, in particular in the most important
cases p = 2 and p = n. This condition appeared and was discussed in [33].

3) In the case n = 2 Theorem 3.21, Corollary 3.22, and Corollary 3.23 follow
as special cases from [33]. In this case no curvature lower bound is needed.

4. Dirichlet problem at infinity on Gromov hyperbolic
metric measure spaces

4.1. Hyperbolic metric spaces. In this subsection we recall the basic notions
related to Gromov hyperbolic metric spaces. Our notation and terminology is
similar to that in [34]. Let X = (X, d) be a metric space. We usually write
| — y| for the distance d(z, y) between points z,y € X. For points z,y,0 € X in
a metric space X, the Gromov product of x and y with respect to the basepoint
o is defined by

(|y)o=3(lz —of + |y — o] — |z — y|).

Note that 0 < (z]y), < min{|z — o|, |y — o|}. Moreover, if o’ € X is another
basepoint, then

(4.1) (@ y)o — (@ |y)o| < Jo— 0|

for all z, y € X. The metric space X is called (Gromov) §-hyperbolic, with 0 > 0,
if

(4.2) (@ | 2)o 2 min{(z | y)o, (y | 2)o} — 0

for all z,y,2z,0 € X. The space X is called (Gromouv) hyperbolic if it is J-
hyperbolic for some ¢ > 0.

We assume from now on that X is d-hyperbolic. We fix a basepoint 0 € X
and abbreviate (z|y) = (z|y),. A sequence T = (x;) of points in X is called a
Gromov sequence, or a sequence converging at infinity, if
(4.3) lim (z; | z;) = oo.

2, —00
The condition (4.3) is independent of the choice of the basepoint o by (4.1). It
is worth observing that

i — o] = (x| ;) — o0
for a Gromov sequence (z;). We say that two Gromov sequences = = (x;) and
y = (y;) are equivalent, and write Z ~ g, if (x;|y;) — oo as ¢ — oo. This
defines an equivalence relation on the set of all Gromov sequences; the relation
is transitive due to (4.2). Note that Z is equivalent to all of its subsequences.



102 Ilkka Holopainen and Aleksi Vahdkangas ICGFTO06

The Gromov boundary of X, also called the boundary at infinity of X, is the set
of all equivalence classes

JeX = {[z]: = is a Gromov sequence in X }.

The set
X" =XUO0sX

is called the Gromov closure of X.

To introduce an appropriate topology on X* and a family of metrics in dgX
we next define the Gromov product (a|b) for all a,b € X*. Following [14, p. 18]
we set

(a|b) = inf {lir]n_}glof(xz ly;): T €a,ye b}
for a,b € 05X, and |
(a]9) = (y|a) = nf {limnf(r, [ y): 7 € o
for a € 0o X and y € X. It then follows that
(4.4) (afe) = min{(a|b), (bc)} =0
for all a,b,c € X*. Note that (a|b) = oo if and only if a = b € 9gX. Let £ > 0

and define
exp(—e(a|b)), ifa#b,
e >b = .
0:(a,b) {O, if a=0.

By (4.4), we then have
0-(a,c) < e max{o.(a,b), 0.(b,c)}
for all a,b,c € X*. For a,b € X* we define

k
(45) ds(&> b) = ianQs(ahajfl%
j=1
where the infimum is taken over all finite sequences a = ag, ..., ar = b in X*. If

e > 0 is so small that e¥® < 2, then d. is a metric satisfying
1
ZQS(% b) < d.(a,b) < o(a,b)

for all a,b € X*, cf. [16] and [34]. We say that the metric space (X*, d.) is
obtained from the d-hyperbolic space X.

Let 7, denote the original topology of X induced by the metric d. Each metric
d. induces a topology 7;. on X*. For fixed a € X, o.(a,b) — exp(—¢la — o|) as
|a — b] — 0. Consequently, the open ball By_(a,r), a € X, with respect to d is
the singleton {a} for all » < Lexp(—¢cla — of). Hence 7y |X is discrete, i.e. all
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subsets of X are open with respect to 7;.. However, we want to maintain the
original topology of X, and therefore we choose

T ={UeT,:UNnX €T

for the topology of X* for the rest of the paper; see [1, 4.7] and [34, 5.29]. It is
important to observe that 7;_ and hence 7™ is independent of the choices of o
and €.

Remark 4.1. If X is a Cartan-Hadamard whose sectional curvatures are bounded
from above with a negative constant —a? < 0, then it is Gromov-hyperbolic; see
[14, Théoréme 5.1]. In this case X = X U X (oc0), equipped with cone topology,
and the Gromov closure X* = X U 0gX, equipped with the topology 7*, are
homeomorphic, cf. [10, Sect. II1.H.3].

4.2. p-harmonic functions on a metric measure space. Suppose that X =
(X,d, ) is a connected, locally compact, and non-compact metric measure space
with a metric d and a Borel regular measure . We assume that the measure p
is locally doubling, that is, there exist positive constants Cy and Ry such that

(4.6) 0 < u(B(z,2r)) < Cqu(B(z,r)) < oo
for every ball B(z,r) C X, with 0 <7 < Rj.

Let T be a family of paths in X and let 1 < p < oo. The p-modulus of T" is
defined as

My(r) =inf [ 7 dp

where the infimum is taken over all Borel functions p: X — [0, +00] satisfying

/pdle
gl

for every locally rectifiable path v € I'. We say that a property of paths hold for
p-almost all paths if the family of paths for which the property fails is of zero
p-modulus.

A Borel function g: X — [0, +00] is said to be an upper gradient of a function
u: X — [—o00,+0o0] if, for every rectifiable path v: [a,b] — X,

(4.7) www»—ww@ws/pm

v

whenever both u(vy(a)) and u(~(b)) are finite, and f7 gds = +oo otherwise. We

say that g is a p-weak upper gradient of w if (4.7) holds for p-almost all paths
v: la,b] — X.
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If w has a p-weak upper gradient in LP(X), then it also has a minimal p-weak
upper gradient, denoted by |Vul, in the sense that |Vu| < g p-a.e. for every
p-weak upper gradient g € LP(X) of u; see [18, 7.16].

We assume that the space (X, d, u) supports a local weak (1, p)-Poincaré in-
equality which means that there exist constants Cp > 0, Rp > 0, and 7 > 1
such that for all balls B = B(z,r) C X, with 0 <r < Rp,

1/p
(4.8) ][ lu —up|dp < Cpr (][ q° d,u)
B B

whenever u is an integrable function in 7B = B(x,7r) and ¢ is a p-weak upper

gradient of u. Here
1
up = ud,u:—/udu.
N ]{3 u(B) Jp

Let N'?(X) be the set of all functions u € LP(X) that have a p-weak upper
gradient g € LP(X). We equip N'?(X) with the seminorm

[l graxy = llll ey + nfllgll ),
where the infimum is taken over all p-weak upper gradients g of u. As usual, we
identify functions u,v € N'?(X), and write u ~ v, if
[u = vl grpx) = 0.
The Sobolev space N"P(X) is then the space N'?(X)/~ with the (well-defined)
norm
||u||N17P(X) = HUHNLP(X)-

We say that u belongs to the local Sobolev space Nli’f(X) if w € N'"?(U) for
every measurable U € X. Here U € X means that U is compact. We refer to
[30] for basic properties of the Sobolev spaces N'(X). In [11] Cheeger gives an
alternative definition which leads to the same Banach space if 1 < p < oo; see
[30]. Furthermore, Cheeger [11] proved the deep result that N'*(X) is reflexive

ifl<p<oo.
The (Sobolev) p-capacity of a set E C X is defined by
Cp(E) = ianuHNl,p(X),

where the infimum is taken over all functions v € N'?(X), with u|E > 1. For
a subset 2 C X let Nol’p(Q) be the space of all elements in N'?(X) whose
representatives u satisfy

Cp({z € X\ Q: u(z) #0}) =0.
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The space Ny?() equipped with the norm

HUHN(}”’(Q) = |lullvrecx)
is called the Sobolev space with zero boundary values. It is worth observing that
N'7(X) = Ny*(X), and therefore Ny”(Q), for a subset Q C X, depends on the

ambient space X. In the literature the Sobolev spaces as above are usually called
Newtonian spaces.

The local doubling condition (4.6) and the local weak (1, p)-Poincaré inequal-
ity (4.8) imply, by [19, Theorem 5.1], that there are constants ¢ > 0, Rg > 0,
and A > 1 such that a local Sobolev-Poincaré inequality

1/Ap 1/p
(4.9) (][ lu — up|™ du) <ecr (][ g’ du)
B 578

holds for all balls B = B(x,r) C X, with 0 < r < Rg, whenever u is an integrable
function in 57B = B(z, 57r) and g is a p-weak upper gradient of u. Furthermore,
if ue Nol’p (B(a:, r)), with 0 < r < Rg, then a local Sobolev inequality

1/Ap 1/p
(4.10) (][ Jul ¥ du) < Cyr (][ g’ du)
B(z,r) B(=,r)

holds.

Let 1 < p < oco. Suppose that Q C X is open and ¥ € N'P(Q2). A function
w e NY(Q) is called a p-minimaizer in Q with boundary values ¥ if u—1 € Ny ()
and

(4.11) /]Vu\pd,ug /\Vv\pd,u
0 Q

for every v € N'?(Q), with v — ¢ € Ny?(Q). Recall that |Vu| and |Vov| are
the minimal p-weak upper gradients of u and v in €, respectively. Let then
U C X be an open set. A function u € Ni)’f(U) is called a p-minimizer in U
if (4.11) holds for every open set Q € U and for all functions v € NP(U), with
u—v € Nol’p(Q). Furthermore, a function u is called p-harmonic in U if it is a
continuous p-minimizer in U. It is proved in [27] that every p-minimizer in U can
be redefined in a set of measure zero so that it becomes locally Hélder continuous
in U. We refer to [11, 7.12, 7.14], [25, 3.2], and [31, 5.6] for the existence and
uniqueness of p-harmonic functions with prescribed boundary values in relatively
compact open sets. More precisely, suppose that €2 € X is open and that ¥ €
N'2(Q) is bounded. Then there exists a unique p-harmonic function u in €, with
u—19 € NyP(Q).

Remark 4.2. Let (X, d, 1) be a metric measure space, where X is a Riemannian
manifold, d is the Riemannian distance, and p is the Riemannian measure. If
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u is a smooth real-valued function on X, then |Vu|, the norm of the gradient
of u, is the minimal p-weak upper gradient of u for all p > 1. Thus the spaces
NYP(X), NLP(X), and N, (), where Q € X, coincide with the corresponding

usual Sobolev spaces W'(X), W.5P(X), and W, ”(Q). Furthermore, p-harmonic

loc
functions in an open set U C X defined as continuous p-minimizers in U are,

equivalently, continuous (weak) solutions of the p-Laplace equation
— div(|Vul[P*Vu) = 0,
that is,
/ (|VulP~2Vu, V) du = 0
for every ¢ € C§°(U). )

4.3. Solving the Dirichlet problem at infinity. Let X be a connected,
locally compact, and non-compact metric space equipped with a Borel regular
measure p satisfying the local doubling condition (4.6). Furthermore, we assume
that the local weak (1, p)-Poincaré inequality (4.8) holds on X, with fixed 1 <
p < 0o. The following two lemmata are crucial in solving the Dirichlet problem
at infinity. Their proofs combine ideas from [12] and [26]; see [22] for the details.

Lemma 4.3. 22, Lemma 5.1] Suppose that a global (p,p)-Sobolev inequality
(4.12) [ull, < Cl[Vull),

holds for all compactly supported functions u € N'?(X). Let Q € X be an open
set and f € NYP(Q) a bounded continuous function. Then for every q > p there
exists a constant ¢ = ¢(p,q, C) such that

(4.13) lu = fllzae < cllIVFlllzae),
where u € NYP(Q) is the unique p-harmonic function in Q) with u— f € N&’p(Q).

Proof. The idea of the proof is to first obtain the inequality
(4.14) [t srvardu< [ Ju- 11977 dy
Q Q

by using the fact that u is a p-harmonic in €2. Then the Sobolev inequality (4.12)
applied to the function |u — f|%? together with (4.14) and the Holder inequality
imply (4.13). n

In the next lemma, Cy and Ry are the constants in the local doubling condi-
tion (4.6) and Cs > 0, Rg > 0, and A > 1 are the constants in the local Sobolev
inequality (4.10).
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Lemma 4.4. [22, Lemma 5.2] Let 1 < p < 0o and Q > p. Let f € N.2(X) be
a bounded continuous function such that its minimal p-weak upper gradient |V f|
158 bounded. Suppose that Q2 € X and that u is a bounded p-harmonic function in
Q, withu — f € NyP(Q), and u — f = 0 in X \ Q. Then there ezists a constant
d € (0,1) such that for every x € X and 0 < R < min{Ry, Rs/2} we have

d
(4.15) sup |lu — f|? < C <][ lu — f\Qdu) ,
B(x,R) B(z,2R)

where C' depends on p,Q,Cy, Rq, A\, Cs, Rs,supx|u — f|, and supx |V f|, but is
independent of v € X.

Proof. The idea of the proof is to first obtain a Caccioppoli type estimate

/ A L / Plu— FlEPIV P du+ e / i — F19 VP du
X X X

for Lipschitz test functions n by using the fact that u is p-harmonic in €2. This
applied to suitable test functions 1 together with the local Sobolev inequality
(4.10) then imply (4.15). Here the argument is similar to the Moser iteration. m

We employ two additional assumptions on measures of balls. The first one is
a global volume growth condition

(4.16) w(B(o,R)) < CePl

for all R > 0, where 8 > 0 and C' > 0 are constants and o € X is fixed. The
second new assumption is a uniform positive lower bound for measures of balls
with fixed small radius. More precisely, we assume that there exist constants

C, >0and 0 < R, <min{2R,, Rg} such that
(4.17) w(B(x, R,)) > C,
for all z € X.

Theorem 4.5. [22, Theorem 6.2] Let X be a connected, locally compact, and
non-compact d-hyperbolic metric space equipped with a non-trivial Borel reqular
measure i supported on all of X. Suppose that the local weak (1,p)-Poincaré
inequality (4.8) and the global (p,p)-Sobolev inequality (4.12) hold on X, with
a fited 1 < p < oo. Furthermore, we assume that the measure | satisfies the
local doubling condition (4.6), the volume growth condition (4.16), and has the
uniform positive lower bound (4.17). If f: 96X — R is a bounded continuous
function, there exists a continuous function u: X* — R which is p-harmonic in

X and equal to f in 0gX.
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The proof of Theorem 4.5 is carried out in several steps that we briefly de-
scribe next. Suppose first that the given bounded continuous function on 0z X
is Lipschitz. Applying the McShane-Whitney extension theorem to the metric
space (X*,d.) and to the L-Lipschitz function f: 0 X — R we obtain a function
. X* — R which is L-Lipschitz with respect to the metric d.. Note that I need
not be continuous in the topology 7* that we use for X*. Next we define, by us-
ing a Lipschitz partition of unity, another extension of f: ;X — R which will be
Lipschitz in the original metric d. We denote this extension by f: X* — R. The
Gromov hyperbolicity of X implies that Lip f(z) has an exponentially decreasing
upper bound

(4.18) Lip f(z) < cLexp(—¢lz — o)
for all z € X (cf. [22, Lemma 3.2]). Here

Lip f(z) = limsup sup M
r—0  yeB(z,r) r

is the pointwise upper Lipschitz constant of f at x € X. This exponential
decay together with the volume growth condition (4.16) imply L%-integrability
of |V f| for suitably large (). Using an exhaustion of X by relatively compact
domains and solving the Dirichlet problem with boundary values f in each of
these domains, we obtain a sequence of p-harmonic functions converging, after
passing to a subsequence, locally uniformly to a function that is p-harmonic on
all of X. To show that the p-harmonic limit function has the right boundary
values, we apply the crucial Lemmata 4.3 and 4.4. This solves the Dirichlet
problem at infinity with Lipschitz-continuous boundary values. The general case
follows by another limiting argument. We refer to [22, Section 6] for the details
and to [22, Section 7] for the discussion on the uniqueness of the solution.
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