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Harmonic extensions on an infinite network

Premalatha and A.K. Kalyani

Abstract. Some extension problems of harmonic and superharmonic func-
tions on an infinite network N(X,Y, K, r) are considered. It is assumed that
the infinite graph (X,Y, K) is connected, locally finite and has no cycles. It is
proved that a function h defined on |z| < n and harmonic in |z| < n can be
extended to a harmonic function H on X such that H = h on |z| < n. The
existence of a superharmonic function ¢, on X with point support zp, such
that Agy,(z) = —04,(x) is established.

If h is harmonic outside a finite set in a network with a positive potential, we
prove that there exists a unique harmonic function v on X and two potentials
p1 and po on X which are bounded and have finite harmonic support such
that h = u + p; — p2 outside a finite set in X. A P domain and an S domain
are defined analogous to the axiomatic case and it is proved that a positive
potential exists in X if and only if there exists atleast one P domain in X.

Keywords. Infinite network, extension problems, superharmonic functions
with point support.
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1. Introduction

Definition 1.1. Let X be a countable set of nodes, Y be a countable set of arcs,
K be the node-arc incidence function, the range of K be {—1,0,1} and r be a
strictly positive function on Y. The quartet N = { XY, K, r} is called an infinite
network if the graph {X,Y, K} is connected, locally finite and has no cycles.

For notations and terminologies we mainly follow [4] and [5].

Let L(X) be the set of all real functions on X and L™ (X) the set of all non-
negative functions on X. For x € X, denote by W, the neighbouring nodes z of
x. That is z ~ x.

W, ={z € X|K(z,y)K(z,y) = —1 for some y € Y(z)}.
For every u € L(X) the Laplacian Au € L(X) is defined by
Au(z) = —t(x)u(z) + Z t(x, z)u(z)

ZEWz
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where

tz) = > r(y) K,y

yey

ta,2) = Y r(y) " |K(z,y)k(zy)| for o # =

yey
Note that t(z,2) = t(z,2) and t(x, z) = 0 for z € X| (W, U{zx}). Therefore
t(zr) = Z t(z, 2).

ZGW’E

Definition 1.2. A function u € L(X) is superharmonic on a set A C X if
Au(z) <0 for all z € A. wu is subharmonic on A if —u is superharmonic on A. If
u is both superharmonic and subharmonic on A, then u is said to be harmonic

on A.

Lemma 1.3. [3, Lemma 4.1] N is hyperbolic if and only if, there exists a positive
potential in X.

Theorem 1.4. [3, Theorem 4.3] For any a € X in a network N with a positive
potential, there exists a unique bounded potential G,(x) such that AG,(z) =

—0q().

2. Extension of harmonic and superharmonic functions

Definition 2.1. We fix a node, called the root node e € X. We denote by |z],
the number of edges in the unique geodesic path from z to e.

The infinite graph is divided into concentric balls with the fixed root ‘e’ as
the centre, the radii as the number of edges joining any point on the balls to the
node ‘e’. In notations, B,, = {z € X| |z| =n} and X = J,_, B,.

First we consider extension problems of harmonic and superharmonic func-
tions defined on a finite set.

Theorem 2.2. Let u(x) be a finite valued function defined on |x| =n — 1 and
|x| = n. Then there ezists a function v(x) on |x| > n — 1 such that v(z) = u(z)
on |z =n—1 and |z| = n and v(zx) is harmonic on |x| > n — 1.

Proof. Let zy € X be an arbitrary point on |x| = n. Let z be the unique
neighbour of zy with |z| =n —1, and z; (j = 1,2,...,m) be the neighbours of
xo with |z;| = n + 1. Define
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u(z) on |r|=n-—1and |z|=n
v(r) = « at  z;, 7=1
iy J AN
where « is the constant given by
t(zo)u(xg) — t(xo, 2)u(2)
Z t(x(b Z])

J=1

Then v is harmonic at xg. This can be done with each vertex in B,,. Then v is
defined on B, ;U B, U B,,;; and harmonic on B,.

Now we consider v defined on B, U B,,; and proceed as before to get an
extension of v to B, o such that it is harmonic on B, ;. By induction, we get a
function v which is harmonic on |z| > n such that v(z) = u(z) on B,_1 UB,. =

Corollary 2.3. Let h(x) be a function defined on |x| < n, harmonic on |z| < n.
Then there exists a harmonic function H on X such that H = h on |z| < n.

Proof. By the theorem, there exists a function u defined on |z| > n — 1 such
that u=h on || =n — 1 and || = n and w is harmonic on |z| > n. Define

_Ju on |z[>n+1
i = { h on |z| <n.
Then H satisfies the required conditions. [ ]
Corollary 2.4. Let u(z) be defined on |x| < n, superharmonic in |z| < n —1,

harmonic in |x| < n—2. Then there ezists a superharmonic function v(x) on X
such that v(z) = u(x) on |z| < n,v(zx) is harmonic on |x| < n —2 and |x| > n.

Proof. Let s be a function defined on |z| > n—1 such that s =won || =n—1
and |z| = n and s is harmonic on |z| > n. Define

o(z) = u(zr) on || <n
| s(z) on |z|>n+1.
Then v satisfies the required properties. [ ]

Corollary 2.5. There exists a superharmonic function g,, on X with point sup-
port xg € X such that

Agxo ([L’) = _6960 (.T)

Proof. Let u be a function such that u(zp) = 1 and u(z) =0 for any = ~ .
By Theorem 2.2 we can extend u to X such that u is harmonic in X — {xy} and
at o, u is superharmonic as Au(zg) < 0.
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Now by defining
_u(w)
gﬂ:o(x> - Au(l'o)
the required result is obtained. [ ]

, VoelX,

Note: If N is a network without a positive potential, then g,, will not be lower
bounded.

A modification of the above corollary gives the following:

Corollary 2.6. In any network , there exists a subharmonic function S > 0
having point support at any given point xy which is necessarily unbounded if
there 1s no positive potential in N.

Proof. Consider the function u defined by u(z) = 0,u(x) = 1 for z ~ xy. We
can extend u to a function S on X such that S is harmonic on X \ {z}. Clearly
S is subharmonic at ¢ and S > 0 on X. Since S is nonconstant, S is unbounded
if there is no positive potential in . [ ]

Now we consider extension of functions which are defined outside a finite set.
An example was given in [2] to show that a harmonic function defined outside a
finite set in X, does not extend to a harmonic function on the whole space X.
However, we prove the following theorems.

Theorem 2.7. If h(x) is a harmonic function outside a finite set in a network
with a positive potential, then there exists a unique harmonic function u on X
and two potentials p; and py on X which are bounded and have finite harmonic
support such that h = u + py — ps outside a finite set in X.

Proof. By hypothesis for large n, h is defined in |z| > n. Let
[ h(z) on |zx|>n
v(z) = { 0 on |z|]<n-—1.

Then clearly v(x) is harmonic in |z| > n+ 1 and |z| < n — 2. Let y1, 92, ..., Uk
be the vertices on || =n — 1 and || = n. Let

u(x) = v(z) + Z Av(y;)Gy, ().

Then
k

Au(z) = Av(z) + Y Av(y;))AG,, (x).

=1
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If x # y; then Av(z) = 0, AG,,(x) = 0 and hence Au(z) = 0. If z = y; for some
J then

Au(z) = Av(y;) + Av(y;)(=1) = 0.

Therefore u is harmonic on X. Hence

ww) = ule) =3 Av()Gy, (@)

= ufe) = 3 [(Ao(y,)" — (Av(y)] G, (2)
= () = 2 (Avw)' Gy, ZAU 47))” Gy (2)

= u(x) + p1(r) — p2(2),

where
k
ml) = Y (Bely) Gy ()
k
- Zsup(O’_Av(yj))Gyj(x)
and
pale) = D (A(y) Gy (o)
= > sup(0. Au(y)G, (@)

Then p; and py are potentials with support on |z| = n — 1 and |z| = n. Since
G';s are bounded, py,py are also bounded. Since v(r) = h(z) in |z| > n, we get
h(z) = u(x) + p1(z) — p2(x) in |z| > n.

To prove the uniqueness of u, suppose h(x) = ui(x) + ¢1(z) — ¢2(x) is another
such representation for h. Let s(z) = |u(z) — ui(z)|. Then s is subharmonic on
X and s(x) = |q1(x) — 2(x) — p1(z) + pa(x)| outside a finite set. Hence

s(x) < pi(x) + p2(x) + q1(2) + go(w)

outside a finite set. s — (p; + pa + ¢1 + o) is subharmonic on a finite set and < 0
outside the finite set.
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Therefore by maximum principle, s < p; + ps + ¢1 + ¢2 on X. By [3, Theorem
2.4] we get s < 0. But by definition, s > 0. Hence s = 0. This proves the
theorem. -

Theorem 2.8. [1, Theorem 1.2] Let h be a harmonic function outside a finite
set in X. Then there exists a harmonic function u on X such that |u — h| is
bounded outside a finite set if and only if there exists a positive potential in N .

Proof. The if part is proved in the above theorem.

To prove the converse, assume that for every function h which is harmonic
outside a finite set in X, there exists a harmonic function v on X such that
|u — h| is bounded outside a finite set.

Suppose that N has no positive potential. From Corollary 2.6, we have a
function S > 0 in X which is harmonic outside a finite set and unbounded in X.

By assumption, there exists a harmonic function v on X such that |S — u] is
bounded outside a finite set.

Since S > 0, we get u is lower bounded outside a finite set and hence lower
bounded on X. Since N has no positive potential, u is a constant. This means
S is bounded, which is a contradiction. This proves the theorem. [ ]

Using the extension results we define a P domain and an S domain on an
infinite network [1].

Take all points z; € X,7 =1,2,---n such that z; ~ e.

For each i, define
C(e,x;) = {x € X | The geodesic joining e and = passes through z;} .
We assume e and z; belong to C(e, x;).
Then

n

X = UC’(e,a:i).

i=1
For a fixed i, consider the function u defined by u(e) = 0, u(x;) = 1.

Then u can be extended to a function h on C(e,x;) as in Theorem 2.2 such
that h > 0 on C(e, z;) and h is harmonic on C(e, z;) \ {e}.

Let H (e, x;) denote the class of all such extension functions.
Definition 2.9. If C(e, z;) contains an infinite number of vertices then C/(e, x;)

is called a P domain if and only if there exists a bounded function in H (e, z;);
otherwise C'(e, x;) is called an S domain.
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Theorem 2.10. A positive potential exists in X if and only if there exists at
least one P domain C(e, x;,) in X.

Proof. Suppose that there exists a P domain C(e, z;,) in X. Then there exists
a bounded function h on C(e,z;,) which is harmonic on C(e,z;,)\{e}, h(e) =
O, h(.fEiO) = 1.
Then the function u on X defined by
u:{ h in Cf(e, )

0 otherwise

is subharmonic on X, nonconstant and bounded. Hence there exists a positive
potential in X.

Conversely assume that there exists a positive potential p in X. Let u(z) =
R5(2) (34 in [3).
Then u is a positive superharmonic function, harmonic on X —{e} and u(e) =

plx)  plx) .

Liu(x) < 1. Also u(r) < ——= as —— is a positive superharmonic function and
ple) — ple)
equal to 1 at e.
Hence u(zx) is a potential and is non-constant.

Consider all C(e,z;) with infinite number of vertices. If u = 1 in all these,
then u is a superharmonic function which is 1 outside a finite set. Therefore by
minimum principle, © > 1 on X.

Hence u = 1 on X, a contradiction.

Thus there exists at least one C(e,x;) say C(e,x;,) with an infinite number
of vertices such that for some s in C(e, x;,), u(s) < 1.

Now wu(x;,) # 1. For, if u(z;) =1, u(e) = 1,u < 1 and u is harmonic outside
e will imply v = 1 on C(e, x;,) which is a contradiction to u(s) < 1.

Define h(x) = L= ul@) for z € Cle, zy,).

1 —u(x;)
Then h(e) = 0, h(z;,) = 1,k is bounded and harmonic in C(e, z;,) except at
‘e’ which means that C(e, z;,) is a P domain in X. n
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