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Hyperbolic geometric characterizations of convex regions

W. Ma and D. Minda

Abstract. There are a number of known characterizations of convex regions
in terms of the density of the hyperbolic metric. For instance, € is convex
if and only if 1/Aq is a concave function, where \q denotes the density of
the hyperbolic metric on €. Several new characterizations of convex regions
in terms of hyperbolic geometry are given. For example, log A is hyperbol-
ically convex in the sense that it is convex along each hyperbolic geodesic
parameterized by hyperbolic arclength if and only if  is convex. There are
also characterizations in terms of hyperbolic curvature. For instance, € is
convex if and only each Euclidean segment in {2 parameterized by hyperbolic
arclength has absolute hyperbolic curvature at most 1.
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1. Introduction

A region 2 in the complex plane C is hyperbolic if C\ 2 contains at least two
points. Throughout this paper, we assume that €2 is hyperbolic unless stated oth-
erwise. The hyperbolic metric on a hyperbolic region €2 is denoted by A\g(w)|dw|
and is normalized to have curvature

Al
K(w) = _057)‘9(“’) — 1,
)‘Q(w)
where w = u + v and
0? 0? 0?
A=—+—=4

ou?  ov? Owow
denotes the usual Laplacian. The hyperbolic metric on the unit disk D is

Ap(2)|dz| = 2|dz]/(1 — |2]*).
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If f: D — Q is any holomorphic universal covering projection, then the density
Aq of the hyperbolic metric is determined from

(1.1) Aa(fIf ()] =2/ = |2

This paper is concerned with characterizations of convex regions in terms of
convexity properties of the density of the hyperbolic metric. Various charac-
terizations of this type are known. For instance, Kim and Minda [3] showed
that 1/\q is concave along every Euclidean segment parameterized by Euclidean
arclength if and only if 2 is convex. A simply connected region {2 on the Rie-
mann sphere C,, = CU{oc} is called a Nehari region if any conformal mapping
D — Q satisfies (1 — |2]?)?S¢(2)] < 2 for z in D, where

B f/// 3 f// 2
=573 (7)

is the Schwarzian derivative of f. Chuaqui, Osgood and Pommerenke [1] proved

that a simply connected region 2 in C, is Nehari if and only if )\512/ % is hyperbol-
ically convex on €2 and on every Mobius image of 2. To say that a real-valued
function F' defined on Q is hyperbolically conver means that if v : w = w(s) is
any hyperbolic geodesic in ) parameterized by hyperbolic arclength, then the
function F(w(s)) is convex; that is, has nonnegative second derivative. Because
convex regions are a special type of Nehari region, there should be an analogous
characterization of convex regions by a stronger property. We provide such a
characterization: a hyperbolic region €2 in C is convex if and only if log Ag is hy-
perbolically convex. Moreover, unless the convex region ) is a strip or a sector
with angular opening [, where 0 < 3 < 1, then log A\, is strictly hyperboli-
cally convex in the sense that the second derivative is positive along hyperbolic
geodesics. This result is sharp in the following sense. Set

M-l
Ua:{ = if a # 0,

log\q if a=0.

It is elementary that if v, is hyperbolically convex, then so is v for all o < 3.
Hence, if €2 is a convex region, then the hyperbolic convexity of vy implies the
hyperbolic convexity of v, for all @ > 0. On the other hand, there are no regions
with v, hyperbolically convex for any a < 0; equivalently, there are no regions
with 1/Ag hyperbolically concave for any o > 0.

The organization of this paper is as follows. Invariant differential operators
for holomorphic functions and differential expressions related to the hyperbolic
metric are introduced in Section 2. In Section 3 various characterizations of con-
vex regions in terms of conformal maps from the unit disk onto the region are
given. That the hyperbolic convexity of log A characterizes convex regions is



Hyperbolic geometric characterizations of convex regions 169

established in Section 4. Characterizations of convex regions in terms of proper-
ties of Euclidean geodesics are presented in Section 5. For instance, a hyperbolic
region is convex if and only if every Euclidean segment in ) has absolute hyper-
bolic curvature at most 1. Uniformly perfect regions are characterized in terms
of the uniform boundedness of the rate of change of hyperbolic curvature along
Euclidean geodesics. A hyperbolic region € is uniformly perfect if there exists
¢ = ¢(2) > 0 such that ¢ < Ag(2)dq(z) for all z € Q, where do(z) is the Eu-
clidean distance from z to 9€2. The hyperbolic convexity of A\g for any o > 0
is considered in Section 6. The rate of change of Euclidean curvature along hy-
perbolic geodesics parameterized by hyperbolic arclength is covered in Section
7. The final section deals with hyperbolic geodesics parameterized by Euclidean
arclength.

2. Preliminaries

It is convenient to introduce certain invariant differential operators defined for
holomorphic functions on the unit disk. For f is holomorphic on D, set

Dy f(z) = (1= [2]*)f'(2),

Dof(z) = (1= |2*)*f"(2) — 22(1 = [2*) f'(2),

Dsf(z) = (1 — |22 f"(2) — 62(1 — |2|*)*f"(2) + 62*(1 — |2|*) f'(2).
These differential operators satisfy an important invariance property: if S(z) =
¢'?(z —b), a Euclidean motion of C, and T'(z) = €*(2 — a)/(1 — @z), a conformal
automorphism of D, then |Dj(So foT)| = |Djf|oT, j = 1,2,3. For more
information on these operators, see [5]. Certain combinations of these operators
occur frequently. The first is

Dy f(z)
D f(z)

The other combination is

Dsf(z) 3 (Daf(2) 2: 212)29,(»
Dif(z) 2 (le(z)) (1= 12%)°S(2).

Two useful differential quantities for the hyperbolic metric are defined as
follows. The first is the connection

and the second is the Schwarzian

(2.1)  So(w) = Ma(w) _ L2 ) = 2 ((92 log Ada(w) (alog)\g(w)) ) |

— (1 — |22 f”(z)_ 3

0log Aq(w)
2,
ow

ow 2 ow? ow
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Note that
Ol q(w 1
(2.2) gé} ) = Sa(w) + 3 F?z(w).
The identity
Ol'g(w 1
(2.3 o) _ I3 (w)
0w 2

is a direct consequence of the fact that the hyperbolic metric has curvature —1.

There are important relationships between the differential operators and the
two differential metric quantities. Suppose f : D — 2 is a holomorphic universal
covering projection. Then (1.1) gives

1 1
log Aa(f(2)) + 5 log f(2) + 5 log f'(2) = log 2 — log(1 — 2).
By applying the operator 9/0z to this identity, we obtain

dlog Aa(f(2)) 1f"z) =
Tf (2) +

2f(z)  1-]o
This yields the first relationship
La(f() _  11/(2)] Daf (2)
Aa(f(2)) 2 f(z) Dif(z)

Next, we relate the Schwarzian of the hyperbolic metric to the differential
operators for holomorphic functions. From (2.4), we have

(26) PalfeNF ) =8+ 2

If we apply the operator 0/0z to this identity, we obtain

aFQ(f(Z)) 1(.)\2 " fm(z) f”(Z) ’ 27°
e T = =55+ (55)

By using (2.6), we find

(2.4)

(2.5)

Oalf) 1o I"() (PN 25 (), 22
s =g w2 () e A
From (2.6) we obtain
L e L(PEY 22 ), 22
TN Er =5 (565) - G
and so
salfEN G = T E e drare ey = —s50e).
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Consequently,

Sa(f(2) _ 1IN (| L2g (s
> o~ i (Fg) a-Hrse

We introduce notation for standard conformal maps of the unit disk onto
strips and sectors. For § € [0,1] define Fjg: D — C by

)8 :
Fs(z) = ﬁ(@%) —1) ifo<p<l,
%log 1+z it 8 =0,

1—z

Then Fj is a normalized (Fj(0) = 0 and Fg(0) = 1) convex univalent function.
For 0 < g < 1, the image Fj(D) is a sector with angular opening f7 that is
symmetric about the real axis. When = 1, F;(D) is a half-plane. For 0 < § < 1,
the real axis is the centerline of symmetry for the sector. In case § = 1, any
horizontal line is considered a centerline of symmetry. For f = 0, Fy(D) is
a horizontal strip of width 7/2 which is symmetric about the real axis. The
centerline of the strip is a line of symmetry; we ignore the vertical line segments
about which the strip is symmetric. For any sector with angular opening [,
there exist constants A and B so that AFjs + B maps D conformally onto the
sector. The general conformal map of D onto the sector is A(FgoT')+ B, where T'
is an arbitrary conformal automorphism of the unit disk. Similarly, the general
conformal map of D onto a strip has the form A(F, o T) + B. Any strip or
convex sector, except a half-plane, has a unique centerline of symmetry. For a
half-plane, any line perpendicular to the edge of the half-plane is considered a
centerline of symmetry.

3. Characterizations of convex regions

In this section, we derive several characterizations of convex regions and con-
vex univalent functions that are used in later sections.

Theorem 3.1. Suppose f is holomorphic and locally univalent on D. Then each
of the following is equivalent to f being convex univalent.
(a) The invariant form of Trimble’s inequality

Dyf(2)
D1 f(2)

2
<2

(3. (L= BRI/ + 5

holds for all z in D.
(b) For all z in D,

(3.2)
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(¢c) For all z in D and any o > 0,

2

Dyf(2)
D1 f(2)

(d) For all z in D and any o > 0,

33) (a+1) ' <420 +1).

+12(1 = |2*)2S4(2) + « (

2

Dy f(2)
D f(z)

+12(1 = |2)2Ss(2) — (DQf(Z)) <420 +1).

(34) (a+1) ’ Dif ()

Moreover, for a convexr univalent function strict inequalities hold unless f maps
onto a sector or strip. For a conformal mapping onto a half-plane these inequal-
ittes become identities, while for a conformal mapping onto a strip or a sector
with angular opening Br, where 0 < 3 < 1, equality holds if and only if the point
z lies on the hyperbolic geodesic in 1D that maps onto the centerline.

Proof. The equivalence of f being convex univalent and (3.1) is well known (see
2], [9]). We will prove that (3.1) implies (3.2), (3.3), and (3.4). Then we will
show that f is convex univalent if one of (3.2), (3.3) and (3.4) holds. Finally, we
will deal with the sharpness of the inequalities.

If (3.1) holds, then f is a convex univalent function and

' Dy f(2)
Dif(2)
It is well known that (3.5) characterizes convexity of f [7]. By using the triangle
inequality, (3.2), (3.3) and (3.4) follow from (3.1) and (3.5).

Next, we show that each of (3.2), (3.3) and (3.4) implies (3.5). Because all
inequalities are invariant under Koebe transformations, it suffices to show

"
ro)

/'(0)
in order to conclude that f is convex univalent. In all cases, we will study the
behavior of the function

= ewiDZf(z(S)) = ¢ —z(8)z(s f(2(s)) — 2Z(s

where 6 is a fixed real number and z(s) = tanh(s/2)e?, s > 0, is a hyper-
bolic arclength parametrization of the hyperbolic geodesic ray [0, €?); this means

(3.5)

(3.6)
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Z(s) = 11— |2(s)]*)e". Now,

D) () (PEY
s Duf(s) UU)(}”(Z(S)) (f’(Z(S)))> )

— (($)3(8) + 2()7(s)) L)

—27'(s)

Fa(s)
it " 5(s 2
= - ) <Sf<z<s>> w5 (Gt )
10 = P - e
As
Dy f(z) 2_ —142)2 f"(z) 2_ (1 — |22 f"(z) 52
(Berty) == 1Pr () s B e
we obtain
4 ( wDaf () _ & » L(Daf(:(s)) Y’
& (D) = <(1“Z(s)’)Sf(z(3>)+§<01f<z<s>>))‘1'
Thus,
(38) Hifs) = 3¢ (1~ |2(5) P8 (2(5)) + {H3(s) — 1

Now, we show that (3.2) implies (3.6). Suppose (3.6) were not valid. Then by
considering a rotation of f if necessary, we may assume

"
0
A= f/( ) < =2,
1'(0)
By using (3.8), condition (3.2) can be rewritten as |1 + H)(s)| < 1. This implies
d

%Re {Hy(s)} <0.

Consequently, for all real 6 the function Re {Hy(s)} is weakly decreasing for
s >0 and lims_, 1 Re {Hy(s)} exists, either as a real number or as —oo, for all
real 6. Also,

Re {Hy(s)} < Re {Hy(0)} = Re (e A) = Acos¥.

Because A < —2, there is 0y in (0,7/2) with cosfy = —2/A. Then for || < 6y,
Acosf < Acosfy = —2 and

Re {(1 —r?)

ei@ f// (Teiﬁ)

7 (re®)

—27“} < Acosf < —2,
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so that
< 0.

re f(ret?) r(Acos® +2r) r(=2+2r)
Re § —————= 7 <
f'(re) 1—r2 1—r?
The preceding results imply that

0 1 20
lim Re {Lﬁ“@)} e

r—1- f'(ret?)
and that the function Re {zf”(z)/f'(2)} is bounded above by 0 on the sector
z=re 0<r<1, |0 <6

Now consider the function F'(z) = exp(zf”(2)/f'(z)). This function is holomor-
phic on D, bounded by 1 on the sector z = e, 0 < r < 1, || < 6y and has
radial limit 0 for |#] < . Plessner’s Theorem asserts that for almost all points
¢ on the unit circle either F' has a finite angular limit at ¢ or else F'(S) is dense
in C for every Stolz angle S at ¢ [8]. Because F is bounded on the sector, it
follows that F' has a finite angular limit at almost all points e with |0] < 6.
Hence, F has angular limit 0 at almost all points € with |0| < 6. By Privalov’s
Uniqueness Theorem [8], F' is identically zero, a contradiction.

Next, we verify that (3.3) implies (3.6) by contradiction. Note that when
a =0, (3.3) is equivalent to (3.1), so we only need to investigate the case when
a > 0. We consider Hy(s) and assume A < —2. From (3.8), the inequality (3.3)
becomes

(a+ 1) [Hy(s)|* + |4+ 4Hy(s) + (o — 1) HF (s)| < 4(2a + 1).
This implies that

(a+ 1) |Ho(s)]” +4+ 4%Re {Ho(s)} + (a — 1)Re {Hj(s)} < 4(2a +1).

Therefore,
%Re {Hy(s)} < % (4 —Re® {Hy(s)}) — %Im2 {Hy(s)} < % (4 —Re® {Hy(s)}) .

Choose 6, the same as above. Then for |0| < 6y,
Re {Hp(0)} = Re {Ae”} = Acosf < Acosfy = —2.

This together with the inequality above imply that Re {Hy(s)} is a decreasing
function of s when |0 < 6. Thus we get Re {Hy(s)} < Re {Hyp(0)} < —2 and

L Re {Hy(s)} < _Q

Re? {Hy(s)} — 4~ 2




Hyperbolic geometric characterizations of convex regions 175

By integrating this inequality with respect to s, we obtain
1. Re{Hp(s)}—2 1 Re{Hy(0)}—2 o _as

1 ®Re{Hy(s)t +2 4 PRe{H,(0))+2~ 2’

or equivalently,

—2as

Re {Hy(s)} =2 _ Re {Hy(0)} —2
Re {Hy(s)} +2 ~— Re {Hp(0)} +2
Note that Re {Hy(s)} < —2 implies
Re {Hy(s)} — 2
Re {Hy(s)} + 2
By letting s — 400, we see that the right-hand side tends to 0, a contraction.

> 1.

We now prove that (3.4) yields (3.6). If not, then by performing a rotation if
necessary, we may assume A > 2. By using (3.8), the inequality (3.4) becomes

(a+ 1) [Hy(s)]> + |4+ 4Hy(s) — (o + 1) HF (s)| < 4(2a + 1).
This implies that

(v +1) [Hp(s)]> — 4 — 4%Re {Hp(s)} + (e + 1)Re (Hj(s)) < 4(2a+1).

Therefore,

TR (Hol)h = S35 (Re? (Hofo)) —4).

As A > 2, this time we choose 0 in (0, 7/2) with cos 6y = 2/A. Then for |0] < 6,
Re {Hy(0)} = Re {Ae”} = Acosf > Acosty = 2.

This together with the inequality above imply that Re {Hy(s)} is an increasing
function of s when |0| < 6. Thus we get Re {Hy(s)} > Re {Hy(0)} > 2 and
4 Re {Hog(s)} Lot 1
Re? {Hy(s)} —4 — 2
By integrating this inequality with respect to s, we find
llog Re {Hp(s)} -2 llog Re {Hy(0)} — 2 > (o + 1)37
1 °Re{Hy(5)} +2 4 °TRe {Hy(0)} +2 2

or equivalently,

Re {Hy(s)} =2 _ Re {Hy(0)} =2 o)

Re {]?g(s)} +2 7 Re {]7@(0)} + 2
The left-hand side is less than or equal to 1 while the right-hand side tends to
infinity as s — 400, a contraction.
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Finally, we discuss the sharpness of these inequalities. From the example at
the end of Section 2, it is straightforward to verify that each of the inequalities
becomes an equality where as stated if f is a conformal mapping onto a sector
or a strip. So we need to show that f maps on to a sector or a strip if equality
holds in one of (3.1), (3.2), (3.3) and (3.4).

Clearly, equality must hold in (3.1) at the same point if one of the inequalities
becomes an equality. Assume equality holds at zp € D in (3.1). By performing a
Koebe transformation and a rotation if necessary, we may assume that zy = 0,
f(0) = f(0) —1 =0 and f”(0) > 0. Under our assumption, f(z) = z + az® +
asz3 + -+ with 0 < a <1 and

6’a3—a2’+2a2:2.

If a = 1, then we know that f(z) = z/(1 — z) with f(ID) a half-plane.
Now we consider the case when 0 < a < 1. Define a holomorphic function
¢(z) in D with ¢(0) =0 and |p(2)| < 1 by
2f"(z) _ 1+ ¢(2)
fiz) 1=0(2)
Then ¢(2) = b1z + byz? + -+, a = b > 0 and 6(ag — a®) = 2by. Moreover, the

above equality is equivalent to |by| = 1 — b%. If we apply the Schwarz Lemma to
the function

1+

¢(2)/z—=bi _ b
1—biop(2)/z 1—102

Z+"',

we see that

¢(2)/z — b — il

1 —big(2)/2
for some 6 € R. Therefore,

ez + b

9(z) = “1 + breifz

and
f(z) 2a + 2¢" 2

fl(z)  14a(e? —1)z —ef22
Set B = /1 — a?sin®(0/2) + iasin(f/2). Note that |B| = 1. Calculations show
that
f"(2) aB — /2 1 abB + /2 1

friz) V1 —a?sin?(0/2) 1 + Be?/2z \/1 2sin2(0/2) 1 — Be/22
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Integration yields

aB — ei9/2 )
log f'(z) = log (1 + Be'/?
8 /2) Be/2\/1 — a2sin?(0/2) ( )
D . ,i0/2
- = ol 4 log (1 — Be'/?z)
Bei?/2\/1 — a2sin?(0/2)
= acos(6/2) —1 | log (1 + Bei‘mz)
V1 —a?sin?(0/2)
(a0 ) g (1 - B
V1 —a?sin?(0/2)
Hence,
; acos —a?sin?(6/2)—1
ey = LEB)

(1- Beia/gz)awswm)/\/mﬂ'
If acos(0/2) # 0, then direct integration gives us

o—i0/2 1+ Bei?/2, acos(6/2)//1—a? sin®(6/2)
T 2 cos(6/2) (1 - Bew/?z)

f(2) -1

Y

so f(D) is a sector. If acos(f/2) = 0, then
B 1 B 1

"(2) = , + -
) 2v/1— a?sin?(0/2) L + Be2z ~ 2,/1 — a2sin?(0/2) 1 — Be?/2z
and
e 10/2 1+ Be?/?2
f(Z) = log n_,i0/2 .,
2v/1 —a?sin?(0/2) 1 — Be/2z
so f(D) is a strip. u

By using (2.5) and (2.7), we can restate Theorem 3.1 as characterizations of
convex regions.

Corollary 3.2. A hyperbolic region ) is convex if and only if one of the following
holds.
(a) For allw € Q,

Sa(w)| + gITa(w) < $AA(w).

1
2
(b) For allw € 9,

(3.9) So(w) — %Fé(w) < %)\%(w).
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(¢c) For allw € Q and any o > 0,
+ 1 1

P+ [saw) - 580 < (a+3) Mh(w

(d) For allw € Q and any a > 0,

« + 1 « 1

Fa(w) +[Sofw)+ ST < (a+3) w)
Moreover, for a convex region strict inequalities hold unless ) is a sector or strip.
For a half-plane the inequalities become identities, while for a strip or a sector
with angular opening Bm, where 0 < 3 < 1, equality holds if and only if the point
w lies on the centerline.

4. Hyperbolic convexity of log \q

In order to investigate the hyperbolic convexity of log A\, we calculate its
second derivative along a hyperbolic geodesic parameterized by hyperbolic ar-
clength. Suppose 7 is a hyperbolic geodesic in §2 and v : w = w(s) is a hyperbolic
arclength parametrization of v, so w/(s) = € /\q(w(s)), where ) is a Eu-
clidean unit tangent to v at w(s). Set v(s) = log Aq(w(s)). We calculate the
first and second derivatives of v.

()= LB ) D8 alute)

o ().

Next, we find the second derivative.

" Re ew@)FQ(UKS)) 3AQ(UWS))U/ s Qégﬁggflzuﬂ S
R{ 3 (w(s)) ( TR T ())}

[ Ta(w()ie™ 05
R { Aa(w(s)) }
o { o ol ())+3F9(w(3))}

A3 (w(s)) Ow Ow
B 1 o lezw(s)2ws lﬂws 2
o ())R {2 h(u(s) + glau(s)P
9/

z@(s
" (w(E) m {Co(w }.
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Because 7 is a hyperbolic geodesic arc, its hyperbolic curvature vanishes; that
is, Ka(w(s), ) = 0, where
Ke(w(s),7) + Im {Tq(w(s))e?™)}

Ao(w(s))

(4.1) ra(w(s),7) =

and
1

Re(s), ) = [l (5) = Do) (5

denotes the Euclidean curvature. Therefore,

(4.2) 0 (s) = ke(w(s)),y)  Im {To(w(s))e”™}

Aa(w(s)) Aa(w(s))

(6) = e {0 (T St ) |

L flalwls) L
el e R

and so

— Tm? w(s))e?®
+ A%(w(s))l {FQ( ( )) }
From (2.2) and (2.3), we obtain
,U//(S)

1 2i6(s 1 2 2 i0(s 1
= sz (Be {0 Satu(s) = SIrawl)E + n? (Ta(w(e)e} ) + 5

By using —(1/2)|2|> + Im*{z} = —(1/2)Re {2}, we find
—%\Fg(w(s))]2 + Im? {Fg(w(s))ew(s)} = —%Re {eQie(S)F%(w(s))} )

Hence,

e {470 (St - 3o ) b+ 5.

(4.3) V'(s) = o w 5

Theorem 4.1. A hyperbolic region § is convex if and only if log Aq(w) is hyper-
bolically convex. Moreover, log Aq s strictly hyperbolically convex on any convex
region other than a strip or sector. For the exceptional cases it is strictly convex
along all hyperbolic geodesics except along centerlines of symmetry.

Proof. (3.9) provides a characterization of convex regions. From (4.3), we see
that v”(s) > 0 if and only if

“Re {eM@ (smw(s)) - %r%xw(s)))} < DR(u(s).
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This holds for all unit vectors ¢?*) at w(s) if and only if (3.9) holds. Thus, (2
is convex if and only if log Aq(w) is hyperbolically convex. The strict convexity
result follows from the case of strict inequality in (3.9) that was asserted in
Corollary 3.2. [ ]

Example 4.2. The density of the hyperbolic metric on the upper half-plane H
is Ag(w) = 1/Im{w}. The function w(s) = v+ ie ® s € R, is a hyperbolic
arclength parametrization of the intersection of the vertical line Re{w} = u with
H;; this is a hyperbolic geodesic in H. Then v(s) = log Ag(w(s)) = loge® = s and
v"(s) = 0.

It is elementary that if log Aq is hyperbolically convex, then so is A for all
a > 0. Likewise, if \g is hyperbolically concave for some o < 0, then it is
straightforward to verify that log(1/\q) is hyperbolically concave, or equivalently,
log A\q is hyperbolically convex. Thus, to show Theorem 4.1 is best possible we
show that A3 is not hyperbolically concave on any hyperbolic region for any
a < 0. We employ formula (6.1) that is valid for a < 0. In this case, v/(s) <0
along all hyperbolic geodesics in € if and only if

o
AG(w(s))

This implies the inequality in Corollary 3.2(b). Hence, 2 must be convex. A
conformal map f : D — 2 is a convex univalent function. By using (2.5) and
(2.7), the inequality above is equivalent to

’o L—a (Daf(2)\?| _ o |Duf(2)
(1= 1218 (2) + —; (Dlﬂz)) =2[Dife)

Now we consider Hy(s) defined in (3.7). From (3.8), we have

Ta(w(s)? | 1
Bw(s) 2

a—1
2

Sa(w(s)) +

I%(w(s)) < 5

2

)2 4 2H!(s) — %Hg(s)’ < % |Hy(s)[? + 2.

This yields

4 Re {Hy(s)} < %R& {Hy(s)} < 0.
sl Dy f(z)
|l

ds
Dif () :zE]D}zQ

for a convex function f [7], we may assume f(0) =0, f’(0) =1 and f"(0) <0
by using a suitable Koebe transformation and a rotation if necessary. Then
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for |0] < %, Re {Hy(s)} < Re {Hp(0)} = f"(0)cosf/f'(0) < 0. Moreover, by

2 )
integrating

LR {Hy(s)} _ o
Re? {Hy(s)} — 2
with respect to s, we obtain
1 _ 1 < as
Re {Hp(0)} Re {Hy(s)} — 2

Since Re {Hy(s)} < 0 when |0 < 7, we have 1/Re {Hy(0)} < as/2. By letting
s — 400, we get a contradiction as a < 0.

5. Euclidean geodesics in hyperbolic regions

We begin by investigating hyperbolic curvature of Euclidean line segments.

Theorem 5.1. Let €2 be a hyperbolic region. €0 is convex if and only if every
Fuclidean segment in  has absolute hyperbolic curvature at most 1.

Proof. First, by using (2.5) and (3.5), we see that §2 is convex if and only if
ITo(w)] < Ag(w) on Q. Let v be a Euclidean segment in € parameterized by
hyperbolic arclength, say w = w(s), where w'(s) = € /\q(w(s)). Note that 6 is
independent of s since v is a Euclidean segment. As k.(w(s),v) =0, (4.1) gives

Tuu(s)),

(5.1) ka(w(s),v) = Im {m

Hence,

[Ca(w(s))l

[ka(w(s), y)] < =
Aa(w(s))

If © is convex, then |I'g(w)| < Ag(w), and so |kq(w(s),7)| < 1 for any Euclidean

segment 7y in €.

Conversely, assume that any Euclidean segment in () has absolute hyperbolic
curvature at most 1. Given wy in €2, choose a Euclidean segment ~y through wy,
say wy = w(0), which is parallel to e? at wy, where this unit vector is selected
so that

Then |ko(w(s),v)| < 1 produces |I'g(w (0))\ Aa(w(0)). Since wy = w(0) is
arbitrary in {2, we conclude that €2 is convex. [ ]
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In a uniformly perfect region, a hyperbolic geodesic arc is not too far from
being a Euclidean geodesic. The next result shows that Euclidean geodesic arcs
in a uniformly perfect region are nearly hyperbolic geodesic arcs in the sense that
the absolute hyperbolic curvature is bounded by a fixed constant.

Theorem 5.2. Let €2 be a hyperbolic region. €2 is uniformly perfect if and only
iof there is a finite constant K > 1 such that every Euclidean segment in €2 has
absolute hyperbolic curvature at most K.

Proof. The proof of Theorem 5.1 shows that
Ca(w)] }
K =su tw €Ny,
p{ Aa(w)
which is finite if and only if Q is uniformly perfect [6]. n

Not only is the hyperbolic curvature of Euclidean segments uniformly bounded
in uniformly perfect regions, the rate of change of the hyperbolic curvature of
Euclidean segments is uniformly bounded.

Theorem 5.3. Let ) be a hyperbolic region. €2 is uniformly perfect if and only if
there is a finite constant B > 0 such that every Fuclidean segment in ) parame-
terized by hyperbolic arclength has absolute rate of change of hyperbolic curvature
at most B.

Proof. Consider any Euclidean segment ~ contained in . Then (5.1) holds,
from which we have
d e (3Fg(w(s)) , Il (w(s))

£Hg(w(8),’7) =Im {/\Q(w(s)) I (s) + Tw/(s

. {em(w(s)) (a1, Dol )

~—
N——
H,_/

A (w(s)) ow 0w
Im e??  Olg(w(s)) 1 9lg(w(s))
e e )

1 [PTRw(s) | [Ta(uw(s)P?
i {0 SR )
As [To(w(s))]|/Aa(w(s)) is real-valued, we obtain from (2.3)

fara(w(s). ) = { /\(w()) (arﬂgz(S)) B %F?’(w(s)))}
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o Sa(w(s))
d Salw(s
il < AT
oralute), )| < Saey
It is known that 2 is uniformly perfect if and only if [2]
|Sa(w)
(5.2) B(2) = sup {2 tw e Ny < oo
A§(w)
Therefore,
d B(2)
_ < 220
ol < 2

Conversely, one can show that 5(2) < 2B, so in fact, 3(Q2) = 2B.

183

Corollary 5.4. A hyperbolic region €2 in C is Nehari if and only if every Fu-

clidean segment ~v in ) parameterized by hyperbolic arclength satisfies

1

Soraluh)] <

Next, we turn to the question of determining when log A is hyperbolically
convex along Euclidean geodesics. Suppose 7 is a Euclidean line segment in €2
and v : w = w(s) is a hyperbolic arclength parametrization of 7. We calculate

the first and second derivatives of v(s) = log Aq(w(s)).

(o = 21BNl ) Dlomdolvle)

= Re {eww}.

The second derivative is

J(s) = { — (3FQ w(s) + 3F9(w(5))w,(8

{”Fn w(s)) (%( w(s))

2 (w(s))

_ o €2i93FQ(w(3)) Il q(w(s))

- e L

_ ; e €2i9 2 wls olw(s 2
QA%(w(S))R {e*TE(w(s)) + [Ta(w(s))*} .

From (2.2) and (2.3), we have

(5.3) v"(s) = ()

o0 Ut

(Re {27 S0 (w(s))} — —jrﬂ( (s ))\2) + %
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Theorem 5.5. Let Q be a hyperbolic region. log Aq(w) is hyperbolically convex
on Fuclidean segments if and only if

1
(5.4) |Sa(w)| + §|F9(w)|2 <
that is, if and only if ) is convex.
Proof. From (5.3), we see that v”(s) > 0 if and only if
1
—Re {€*’So(w }+ FQ( (s)) < 5)\522(10(5))

This holds for all unit vectors e at w(s) if and only if (5.4) holds, which char-
acterizes convex regions by Corollary 3.2. [ ]

Example 5.6. From Example 4.2, we see that for the upper half-plane Hi,
v"(s) = 0 along vertical half-lines, so Theorem 5.5 is sharp.

Next, we consider the behavior of A\;* along Euclidean segments. Let v,(s) =
Ag"(w(s)), where 7 is a Euclidean line segment in 2 and v : w = w(s) is a
hyperbolic arclength parametrization of v. We calculate the first and second
derivatives of v,.

(o) =~ () (P (s) + BT

= —av,(s)Re {%} '

Now, we calculate the second derivative.

V!(s) = —an),(s)Re {L((»))}

— avy(s

ZGFQ (w(s) (3>\Q(w(s))w, )+
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From (2.2) and (2.3), we have

i2t6) = atua(oret { ST e { o sa(uisn )
(

[Co(w(s))|”
AG(w(s))

+ 3Re {2%}, we get

va(s)

By using Re” z := (Rez)? = 12|

(5.5)
vi(s) =

R L) T S PN SPU S
o) [ St R { gty (Sotwto) - Grawon) § -3,

Theorem 5.7. v,(s) = A\g%(w(s)), @ > 0, satisfies v/ (s) < a*v,(s) along all
Fuclidean segments in € if and only if ) is convexz.

Proof. From (5.5), we see that v/(s) < a?v,(s) along all Euclidean segments in
Q if and only if

« + 1 Ta(w(s))) - Re {6%6 <Sg(w(s)) _ %F%(w(s)))} < (a + %) g (w(s)),

which is equivalent to the inequality in Corollary 3.2(c) because 6 is arbitrary.
Corollary 3.2 implies the equivalence with the convexity of 2. [ ]

The differential inequality v” < 4v (similar to those in Theorem 5.7) was
utilized in the characterization of hyperbolically convex regions by Kim and
Sugawa [4].

6. Hyperbolic convexity of )\

In order to study the hyperbolic convexity of \g, we perform similar calcu-
lations for the function v, (s) = A& (w(s)), where w(s) is a hyperbolic arclength
parametrization of a hyperbolic geodesic.

o) = o (e (P ) + P

Lo (w(s))e” } '

= ava(s)Re { Aa(w(s))
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Now, we calculate the second derivative.

ol (5) = vl (5)Re {—m"(s))e”“) b+ (oo {Fg(ﬂg)ﬁ'@”(”@'@) !
|

oo { 5y (e + )

v (s)Re {Pgi;:((;)(le)i)@(s) (8Agéz(8))w,(s) N 3>\Qég(8))w,(s)) }
ey e

+ ava(s)Re {A%(;(S)) ( 216() 8%@(2(8)) 8nga(zj(8)))}

~ ozvg(s)Re {Ag(i}@)) (T2 (w(s)) + rrn(w(s)>\2)}

A2 (w(s)) (arﬂéﬁ-ﬂ(‘g)) - %Ifn(w(s))ﬁ)}
= o'va(s)Re FQ)(\:((S))();;( )} + ava(s)Re {Agffffl»m s }
)= e eyt { PR
so that
Fatn(o)Re S |+ Frals) — Suats I
From

1+ a—1

aRe® 2 + Im? 2 = 5 a|z\2 + TRG {z*},
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we get

o() = ava(s) (1 o ‘F/\%((Z((i))))P ke {F%(w(s))e%@(s) })
2100

—+ ava(S)Re {mSQ(w(S))} + §Ua(3) - Eva(s)m.

Finally,
(6.1)

vi(s) =

ana(s) (SIERDE e L (Ssntuten + S5 |+ 7).

Theorem 6.1. Let Q2 be a hyperbolic region. For o > 0, A& 1is hyperbolically
convex if and only if

a—1

62 [Sa(w(s) + S TRw()]| < STalw(s) + 5 ¥aw(s).

In particular, for any o > 0, A\g s hyperbolically convez if 2 is convex.

Proof. From (6.1), we see that v,(s) is convex along all hyperbolic geodesics in
Q if and only if

a|Ta(w(s))]? 1 1

23 @() 2 Rw()
or equivalently (6.2).

If Q is convex, (3.9) holds by Corollary 3.2. (6.2) then follows from (3.9). =

a—1
2

I3 (w(s))| >0,

Sa(w(s)) +

Observe that (6.2) becomes (3.9) when o = 0. Also, if €2 is a Nehari region in

C, we see that (6.2) holds for @ = 1/2 by using (2.7), so /\;2/2 is hyperbolically
convex as established by Chuaqui, Osgood and Pommerenke [1].

If v is a hyperbolic geodesic parameterized by hyperbolic arclength w = w(s)
and v, (s) = AZ(w(s)), then (6.1) holds. Rather than asking when v,(s) is
hyperbolically convex, we ask when v, (s) is a-hyperbolically concave in the sense
that

Ua(s) < a®va(s)

for some « > 0. By (6.1), this holds if and only if

O ICaw(s)*+Re {em@ (Sg(w(s» += 1F522(w(5)))} < (O‘ - %) Aa(1(s).
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Because this holds for all §(s), we must have

63)  STalw() + |Saw(s)) + 5 TAw(s)

< (a-3) i)

For a > 1 and © a convex region, Corollary 3.2(d) implies that v”(s) < a?v4(s).

Example 6.2. For the upper half-plane H, we have from Example 4.2 v,(s) =
e for any vertical half-line and v/(s) = a?v,, so the differential inequality

v (s) < a?v,(s) for a > 1 is best possible.

[e%

Theorem 6.3. X\, a > 1, is a-hyperbolically concave if and only if C) is convex.

Proof. Preceding work shows that v/(s) < a?v,(s) for a convex region. That
is, A& is a-hyperbolically concave for convex Q. Now, suppose v”(s) < a?v,(s)
holds along all hyperbolic geodesics in a hyperbolic region. This means that (6.3)
holds. Corollary 3.2 then implies that €2 is convex. [ ]

7. Rate of change of Euclidean curvature of hyperbolic
geodesics

We investigate the Euclidean curvature of hyperbolic geodesics. In any disk
or half-plane, the hyperbolic geodesics are circular arcs and so have constant
Euclidean curvature k.(w(s),~y). Then the rate of change of Euclidean curvature
vanishes. It is plausible that in convex regions, the rate of change of Euclidean
curvature of hyperbolic geodesics should not be too large. We show that the rate
of change of the quantity k.(w(s),v)/Aq(w(s)) is bounded in a convex region.

If ~ is a hyperbolic geodesic, then kg (w(s), ) vanishes and (4.1) gives

ke(w(s)9) _ " Tafu(s)
Malw(s) { Aea(w(s) }
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We are interested in the rate of change of the quantity r.(w(s),7)/ a(w(s)),
where 7 is a hyperbolic geodesic parameterized by hyperbolic arclength. Now,

drwl)) {A 0 (arg(w(s»w,(s) . Mw—@)}
Qlw

ds Aq(w(s)) (w(s)) ow Ow

g (w(s)) (O quw(s) O (s) (s
e {5 R (u(s) (a0 S5

_Im{ <(>€Q)<)w< y
= {5 <(< )>> e S0
g { o <F ((:;gs» § |Ff§f<1fu(<?>)>‘2}

Because |I'g(w(s))|/Aa(w(s)) is real-valued, (2.3) and (4.2) give
L))y {000 () L))

ds Aq(w(s)) ( (s)) ow 2
Ola(w(s) . O la(w(s))
“m{ Aea(w(s) }R{ Aa(w(s)) }

From Re{z}Im{z} = (1/2)Im{z?} and (2.2), we obtain

4 r(w(s).7) 200 -
N W) :‘Im{ww(s)) (Sﬂ(w(s”‘érﬂ(w(s”)}‘

Theorem 7.1. Let ) be a hyperbolic region. §2 is convex if and only if

d me<w<s>,v>’ .1

7-2) ds a(w(s) | =2

-2

for every hyperbolic geodesic v in ) parameterized by hyperbolic arclength.

Proof. From (7.1), we have

gne(w(SM)' 1
ds Aa(w(s)) | = Ag(w(s))

If © is convex, then (7.2) follows from Corollary 3.2.

P2 (w(s)) .

Sa(w(s)) - 5
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Conversely, assume (7.2) holds. Given wy in € choose a hyperbolic geodesic
7 through wy, say w(0) = wy, in a direction (®) so that

d ke(w(0),7) 1 1,
— = S 0)) - =I 0))].
35 da(w(0) gy | O gTelv)
Then (7.2) implies that
Lo Ly
Sa(w(0)) = 5Ta(w(0))| < 5A5(w(0)).
Because wy = w(0) is arbitrary, Corollary 3.2 implies that € is convex. |

Example 7.2. This result is sharp for H. Note that Ag(w) = 1/Im {w}. For
any a € R and b > 0, v : w(s) = a + be2aane¢" ig 4 hyperbolic geodesic in H

with ke(w(s),v) = 1/b. Let t = 2arctane®, then ’Z\él(iis()s)';) =sint, £ =sint, and
d ke(w(s),7)

ds Aa(w(s))

which achieves its maximum value 1/2 when ¢ = 7/4.

1
=costsint = 5 sin(2t),

In Theorem 7.1 we considered the rate of change of Euclidean curvature di-
vided by the density of the hyperbolic metric. Now, we consider the rate of
change of the Euclidean curvature.

Theorem 7.3. Let 2 be a hyperbolic region. € is uniformly perfect if and only
if there is a finite constant C' > 0 such that every hyperbolic geodesic in €
parameterized by hyperbolic arclength satisfies

d

%He(w(s)v ’7)

< Chg(w(s)).
Proof. Consider any hyperbolic geodesic v in {2 parameterized by hyperbolic

arclength by w = w(s). From (4.1),

Ke(w(s),y) = —Im {eie(s)FQ(w(s))}.
Then by using (4.2),

L he(w(s).7)

~ Im {ems) (ww@ 4 Ww’(s)) + ieig(s)Q’(S)FQ(w(s))}

o [ alae) ) | [ ITaw) | o o
o s ) ey e (o))
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As Re{z}Im{z} = (1/2)Im{z?}, we obtain
: [ (onafu(s) 1,
fonlu9),7) = —tm { £ ( ST )}

ow
216' S)S ’l,U S
= —Im { }
w(s))

Hence,
L [Sa(w(s)]
ra(u(s). )| < Bl
Identity (5.2) implies C' = 3(Q2)/2. n

Corollary 7.4. A hyperbolic region Q) in C is Nehari if and only if every hyper-
bolic geodesic v in §2 parameterized by hyperbolic arclength satisfies

forlwls) )] < Paluls)

8. Hyperbolic geodesics with Euclidean parametrization

Finally, we consider the case of a hyperbolic geodesic with Euclidean ar-
clength parametrization. Let v be a hyperbolic geodesic with Euclidean arclength
parametrization w = w(s), so w'(s) =€), Set

va(s) = Ag(w(s)).

Then
o) = o (o) (P2 P )
= ava(s)Re {e”“Ta(w(s))} .
Next,
v (s) = s)Re {e”®Tg(w(s))} + ava(s)Re {zew(s ) (w(s))}
+ ava(s)Re {ew(s) (ww(s) 4 Zoluwls) “ ) }
= a?va(s)Re’ {e/CTq(w(s))} — ava(s)d'(s)Im {ew“ (w(s)

ow ow
From (2.3), (4.1), ko(w(s),v) = 0 and €'(s) = k.(w(s), ), we have

0'(s) = —Im {eie(S)FQ(W(S))}

+ av,(s)Re { 20 S)arﬂ( w(s)) + Oa(w(s ))}



192 Ma and Minda ICGFT06

and
vl (s) = av(s) (aRe? {eDTq(w(s))} + Im? {’OTq(w(s))})
+ avg(s) (Re {G%G(S)W} + %)\é(w(s))) :
As a+1 a—1
aRe’{z} + Im*{z} = T\ZF + Re {2*},
we obtain

1£(6) = ava(s) (S5 H Tl + Re (9 (Sau(s)

F5TB) } + 4wl ).

For a = —1, this simplifies to

o,6) = =oma(o) (e 0 (Sa(w(s) - 5TACw(s)) | + pblwte) ).

Consequently, v”,(s) < 0 if and only if

Re {290 (Sa(u(s) - 5TAw(E) ) b+ P(wls) 20

This holds for all unit vectors at w(s) if and only if the inequality in Corol-
lary 3.2(b) holds, which characterizes convex regions by Corollary 3.2. Thus, we
have established the following result.

Theorem 8.1. Let Q2 be a hyperbolic region. 1/\q is Euclidean concave in the
sense that v”(s) < 0 along all hyperbolic geodesics in Q0 with Euclidean arclength
parametrization if and only if €2 is convex.

Example 8.2. This result is sharp for H. Since Ag(w) = 1/Im(w) and w(s) =
u + is is a Euclidean arclength parametrization of a hyperbolic geodesic in H,
we have v_;(s) = s. Then v”,(s) = 0.
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