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Neighbourhoods of a certain subclass of SP(f3)

T. Ram Reddy and P. Thirupathi Reddy

Abstract. The aim of this paper is to introduce the class SPs(83) which is a
subclass of SP() (0 < 8 < 00) satisfying the condition

2:1(2) 2:f(2)
gl <Re g,
f(z) = f(=2) f(z) = f(=2)
for all z € E = {z : |z| < 1}. We study neighbourhoods of this class and
also prove a necessary and sufficient condition in terms of convolutions for a

function f to be in SPs(). Further more, it is shown that the class SPs(5)
is closed under convolution with functions f which are convex univalent in F.
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1. Introduction

Let A denote the class of function f analytic in the unit disc £ = {z : |z| < 1}
normalized by f(0) = f'(0) — 1 = 0. Any f € A has the Taylor’s expansion
f(z2) = z+ azz*+ -+ in E. Let S be the subclass of A that are univalent in
E. Let C'V and ST denote the subclasses of S consisting of convex and starlike
functions respectively. The convolution or Hadamard product of

fz)=z+ Zanz" and g(z) =z + anz”
n=2 n=2
is defined as -
(f*xg)(z)=z+ Z by 2"
n=2

It is observed that
2 2 [f(z) = f(=2)]
Goodman [1, 2] defined the following subclasses of C'V and ST as follows.

Definition A. A function f is uniformly convex (starlike) in E if f is in CV(ST)
and has the property that for every circular arc v with centre at ¢ contained in
E then the arc f(7) is convex (starlike w.r.t. f(c)).
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Goodman [1, 2| gave the following two variable analytic characterizations of
these classes denoted respectively by UCV and UST.

Theorem A. A function f in A is in UCV if and only if

£(:)
e R

Re {1+(z—§)

for all z and ¢ is in F.

Theorem B. A function f in A is in UST if and only if
Re {f(Z)—f;(Q} -0
(z=<)f"(2)
for every pair z, ¢ lying in F.

It is clear that if f € UST, then f € ST, the class of starlike univalent
functions and if f € UC'V, then f € C'V, the class of convex univalent functions.
However, the classical Alexander Theorem that f € C'V if and only if zf/(z) is
in ST is no longer hold between the classes UCV and UST. Ronning [6] defined

a subclass of starlike functions S, with the property that a function f € UCV if
and only zf’ € S,.

Ma and Minda [3] and Ronning [6], independently found a more applicable
one variable characterization for UCV.
Theorem C. A function f in A is in UCV if and only if

R

Ronning [6] proved a one-variable characterization for S, as follows.
Theorem D. A function f in A is in S, if and only if
/ !/
2f'(2) gRe{Zf(Z)}, o
f(z) f(z)

Ronning [7] generalized the class S, by introducing a parameter 3 and defined
the class S,(3) by

, z2z€k.

-1

2f'(2) 2f'(2)

— A <Re {7 +06, 0<f<o0.

f(z) f(z)

The notion of §-neighbourhood was first introduced by Ruscheweyh [8].
Definition B. For 6 > 0 the d-neighbourhood of f(z) = 2+, a,2™ analytic
in F is defined by

Ns(f) = {g(z) :z—l-anz": Zn\an—bn\ §(5}.

n=2
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T-§ neighborhood was given by Sheil-Small and Silvia [10] as.

Definition C. For § > 0, and T' = {¢,}>°, a sequence of non negative reals a
T-§ neighbourhood of f(z) = z+ >, a,z" analytic in E is defined by

TNs(f) = {g(z) = Z—l—anz” : Ztn\an —b,| < (5} )
n=2 n=2

Padmanabhan [4] has introduced the neighbourhoods of functions in the class
Sp. Parvatham and Premabai [5] has introduced the following class of functions
S P, and studied T-¢, neighborhoods in this class

Definition D. Any function f € A is said to be in the class SP; of uniformly
starlike with respect to symmetric points if for all z € F.

/ !/
’ 2f'(2) __1’§-Re { 2f'(2) }‘
f(z) = f(=2) f(z) = f(=2)
In this paper we introduce a new class of functions and study properties of

T-6 neighbourhoods of functions in this class.

Definition 1.1. A function f(z) in A is said to be in the class SPs(3) if for all
z €K,
' 22f'(2) 22f'(2)
f(z) = f(=2) f(z) = f(=2)
This implies that f € SPy(3) if and only if (22f'(2))/(f(z) — f(—%)) lies in
the region 2 bounded by a parabola with vertex at the origin and parameterized
by (t*+4it) /4 for any real t. It is known. Ronning [7] shown that the function

1+¢z)2]

_4336{ }+ﬁﬂn0<6<m.

4
Q)= |1+ 5 (1os 2

maps the unit disc £ onto the parabolic region . (The branch of square root is
chosen so that Im+/z > 0). Then from the above definition f € A is in the class

SP,(f) if and only if
22f'(2)

f(z) = f(=2)

where < denotes subordination.

= QQ(Z),

First let us state a Lemma due to Ruscheweyh and Sheil-Small [9], which is
needed to establish our results.

Lemma A. If ¢ is convex univalent function with ¢(0) = 0 = ¢'(0) — 1 in the
unit disc £ and g is starlike univalent in E, then for any analytic function F' in

E, the image of Y under %‘ZS) is a subset of the convex hull of F/(F).
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Definition 1.2. Let SP.() be the class of all functions hg(z) in A of the form

L B 4 z 2 +4ift 2
S vy vy | s i T gy

We now give the characterization for function f in A to be in SPs([3).
Theorem 1.3. A function f in A is in SPs(3) if and only if for all z in E for

all
f* hﬁ( )

hg € SP's(8) and #0.

Proof. Let us assume that for f € A and f*hﬁ ) £ 0, for all hs € SP.(() and
for z € E. From the definition of hg(z) it follows that

x hg(z 443 12 + 43t z2)— f(—z
fahs(z) _ B 6 =121 L,
z 40 — 40t — t 43 2
or equivalently
2z f t* + 401t
HE) EHAB e R
f(z) = f(=2) 4p

This means that f(j)zfﬁ lies completely either inside {23 or complement of {23
for all z in E. At z = 0, %15(3) =1 € Q. So that % C Qg, which

shows that f € SPs(0).
Conversely let f € SP!(3). Hence L lies with in the parabola with

f)=f(==
vertex at the origin and where boundary is glven by £ +4Zﬁ t fort € R.
, 22f'(2) t2 + 431t
f € SP,(3) only if =+ ,
) OV E T

or equivalently

12 = z 2 + 403it

z
— 0, VzeE—-{0}.
(1 —2)? 45 (1—,22)} 7 : {0}
Normalizing the function with in the brackets we get

f(2) * hp(2)
z
where hg(z) is the function in Definition 1.2. u

#0, zek

In order to establish the T-6 neighbourhoods of functions belonging to the
class SP;(/3) we need the following Lemmas.

Lemma 1.4. Let hg(z) = 2+ Y poycr2¥ € SPUB), then || < k,k=2,3,....
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Proof. Let hg(z) € SP.(3), then for any real ¢.

h(s) = 8 2 _fdpi (-
ﬁ(z)_4g_4ﬁit—t2{(1—2)2_ 4p (1—22)}

43 ) 2 + 4p3it 5
— 2 S O
15 {(z%— 254 ) 1 (z+z+ )
=z+4+ Z ckzk,
k=2
where
4Pk hen £ is eve
. 46—462'15—1522 WHELL RIS Vet
k= 408k — 406it — t .
15— 4it — 12 when k£ is odd.
and so
o (4kB —t3)? +163%t2
>1
|Ck‘ — (4ﬁ+t2)2 Zfﬂ -
_ 165%k* — 8kt + t' 4 163%°
(40 + t2)?
_168%(k+1)(k—1) = 88t )k + 1 —2) 1
a (48 + %)
1 2 _ _ 3 _
< 65°(k —1)(k+1—208)+328°(k — 1) 41
1642
= k2
Hence, |cx] <k VYV k> 2. n

Lemma 1.5. For f € A and for every e € C such that |e| < § if

Fi(s) = {%} e SP.(9)

h
then for every hg € SP.(3) implies fxho2) #6, Vzek.
z

Proof. Let F.(z) € SP;(3), then by Theorem 1.3
(f *hs(2))/z#0, ¥V hg € SP{(p)
and z € E. Equivalently
fxhg(z) +ez

[ hg(2)
(1+¢)(2) z

#£0 or #* —
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Hence

'M >4, Vzck.
z

Theorem 1.6. Let f € A and € € C and for |e| < 0 < 1, if Fe(z) € SPy(0).
Then TNs(f) C SPy(5).

Proof. Let hg € SP/(0) and g(2) =z + > -, b,2™ is in T'Ny(f). Then

'(g*hﬁ)(Z) _ ’(f*hﬁ)(Z) N (9 —f) xhs)(2)
SUERCINIENICREC
S5 2 (by — an)Cn

Hence, by Lemma 1.5 we have

g* hg(z
== b,
o 4§jw4|
> 6 — Ztn|bn — ay)
n=2
>9)—0=0, by Lemma 1.4.
Thus
(g% hp(2))/z # 0,
for all z € £ and for all hg € SP.(3). Also by Theorem 1.3, we have g € SPs(f3).
Hence T'Ns(f) C SPs(3). u

Next we will prove that the class SP;(3) is closed under convolution with
functions of which are convex univalent in E.

Lemma 1.7. If g € SP,() then G(z) € SPs(8) C ST where
Gy = ) =9(=)

2
Proof. Since g € SP,(3), (j)zgg(( 5 € Q. Now
ZG’(Z) 2g'(z)  (=2)d'(=2) o @
Glz)  26(x) " 2G(—m) 227

where ¢ and ¢ € (23.
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Since € is convex g3 € Qg and hence zG'(z)/G(2) € Qg it can be easily seen
that SPs(3) C ST. Thus G(z) € SPs() C ST. u

Theorem 1.8. Let f(z) € CV the class of convez functions and g(z) € SPs(3).
Then (f * g)(z) € SPy(5).

Proof. Let f(z) € CV and g(z) € SP;(5), G(2) = (9(2) — g(—=2))/2 and Qp is
a convex domain. Since g € SP(3), G(z) € ST by Lemma 1.7. Hence by an
application of Lemma A we get

Af+9)e) _ (Fr2)) _ I EFOE) (%) o

(f=G)(z)  (f+G)(2) (f *G)(z2) G(2)
Since € is convex and g € SP,(f). This proves that (f * g)(z) € SPs(3). [
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