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°

Quantum I nfor mation

-

What is quantum information?

Reply: Quantum information is information represented
IN guantum systems.

What is information?
What is a quantum system?
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| nfor mation

-

# |Information is difference of entropies
# What is entropy?
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| S=k-logW,
k' Wwhere k is a constant, W is the
BOLIZMANN b number of microstates corre-
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sponding to a macroscopic state



Entropy

. N

‘Elementary” entropy H(n) = number of elementary units
(bits, trits, etc.) to coin n (uniform) conditions.

Binary entropy: {1,2} — {0, 1},
{1,2,3} — {0,1,00},

{1,2,3,4} — {00,01, 10,11}, etc.
Hs(n) =logyn = 10g2 logn
H3(n) = 1553

Measure of “uncertainty”

© © o o o ©
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Entropy
-

fBoltzmann: |dentical particles with same internal condition
Indistinguishable.

# Let ! be the number of particles, each having »n potential
conditions {1,2,...,n}, [ > n.

# List the conditions of all particles: cics ... ¢,
¢ €4{1,2,...,n}

® Assume condition ¢ occurs k; times, so k1 +...+ k, =1
and p; = ’“T IS the probability (frequency) of condition i
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Entropy
E

here are
[!

k! k!
such lists (strings of conditions)
Entropy:

[!
Klog 4
Per particle:
K 1 [!
[ Tl k)
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Entropy
-

Stirling: log k! = klogk — k + O(log k), SO

K [!

o
L Skl k]

K
= T(llogl — 1+ O(logl)

— Z(kz logk; — ki + O(log k;)))
i=1

log [
= —KszlogpﬂrO( lg)
1=1
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Entropy
-

For a probabillity distribution (py,...,p,) of events
{e1,...,en}, define

-

n
H(p,...,pn) = —K ) pilogp;
1=1

S|

Forpi=...=p, =

1 1 1
H( —)=—K-n-—log— = Klogn
n noon
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Entropy

| ® H(pi,...,pn) Symmetric,
continuous

® H(+,...,%)non-negative,
strictly increasing in n

® H(pi,...,pn) +onH(q1, ..., qm) =
H(p1,.--yPn—1,Pnq1, - - -, Pndm)

n
_______ = H(p1,...,pm) = —K ) _pilogp;

Claude Shannon (1916-2001)
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Joint Entropy
L

et
X =A{zx1,...,zn}

be a random variable with distribution p(x1), ..., p(zy,). Then

H(X) == plx;)logp(z;).

1=1

Ifalso Y = {y1,...,yn} IS a random variable, the joint
entropy Is

H(X,Y)==> Y p(xi,y;)logp(zi,y;)

i=1 j=1
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Conditional Entropy
B -

n m

_ Z Zp(wz', y;) log p(wi, y;),

i=1 j=1

but if Y Is known to assume value y;, then

H(X | y;) Zp z; | yj)log p(wi | yj5),
1=1
and
H(X|Y) =) ply)H(X | y;).
j=1

“Uncertainty of X when Y is known”
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Conditional Entropy
-

Lemma: H(X |Y) < H(X)

Lemma: H(X,Y) < H(X)+ H(Y)
Lemma: H(X |Y)=H(X,Y)— H(Y)
(Uncertainty of X when Y is known)

o |
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Conditional Entropy

Example: Team A wins with probability 3, X = {win,loss}.
Then H(X) = —(5logy 3 + 3 logy 3) = 1.

As a home team, A wins with % probability, but as visitor, A
wins only with 3 probability.

3 3 1 1
1 1 2 2
H(X |v) = —(5logy + ;logy ) = 0.918296. .
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Conditional Entropy
B -

3 3 1 1

1 1 1 1

Let Y = {0, 1} be a fair coin toss for deciding if team A plays
home. Then

1 1
H(X |Y) = SH(X | h)+ SH(X | v) = 0.864787...
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| nfor mation

-

Mutual information of X and Y:

I(X:Y)=HX)-HX|Y)

I[(X:Y) = H(X)—H(X|Y)
= H(X)-(HX,Y)-H(Y))
= HX)+HY)-H(X,Y)
= I(Y: X)

“Uncertainty of X minus uncertainty of X when Y known”

Previous example:

o [(X:Y)=1-0.864787... = 0.135213. .. o
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Quantum I nfor mation

-

# Quantum entropy by
Gedanken Experiment (1927)

# Coincides with Shannon (and
Boltzmann) entropy on classi-
cal systems

John von Neumann (1903-1957)
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M echanics

-

Newtonian equation of motion:

A d d d
—ma =m-—vU = —Mv = —
dt  dt dat?

Total energy:

1 2 x

H:—mUQ—I—V(ZE):Qp—m— 5 F(s)ds

Hamiltonian reformulation:

d 0 d 0

—_ = — —_ — ——H

dt" op at” Ox

o |
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M echanics

-

Classical:
d 0 d 9,
Quantum:
9,
— )= —iH
o0 = —iHY,

where 1 Is the wave function.

o |
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Wave Function
Y

ax Born’s interpretation:

[ (x,1)[°

IS the probability density of the particle position at time ¢:

Pla <z < b) = /b (o) da
On the other hand (omitting t):
0 = F@)e) = [ v i
Lis. the probability density of the particle momentum. J
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Wave Function

-

On the other hand (omitting t):

0 = Flotlo) = [ " (@) 2minn gy

IS the probability density of the particle momentum:

—~ 2
U(p)| " dp

P(agpgb):/ab

1y gives the complete characterization of the system at a
fixed time

o |
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Finite Quantum Systems
B -

# Nuclear spin
# Photon polarization

Wavefunction v defined on a finite set.

Formally,
w = CVl'lbl -+ OCQTPQ 4+ ...+ Cvn?’bn,

where {1, ...,%,} Is an orthonormal basis of
n-dimensional complex vector space.

For mixed states, representation must be generalized.

o |
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For malism of Quantum M echanics

-

# Hilbert space
# Linear mappings (operators)

John von Neumann (1903-1957)
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Formalism

Bra-ket notions

(x| y), |y), (], |[y)(z],

Paul Dirac (1902-1984)
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Formalism

-

n-level system «— n perfectly distinguishable values

-

Formalism based on H,, ~ C" (n-dimensional Hilbert space)

# Hermitian inner product (z | y) = 2jy1 + ... + 2 yn
s Norm ||z|| = /(= | )

T1
o Ket-vector |x) =
T
# Bra-vector (x| = (|x))" = («7,...,2))

#® Adjoint matrix: (A*);; = Aj; for m x n matrix A

o |
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°

°

© o o ©

Formalism

Trace: Tr(A) =" | Ay T

For orthonormal basis {z1,...,z,},
Tr(A) = >0 (i | Azy)

Positivity: A > 0 iff (Va) (x| Ax) >0
Self-adjointness: A* = A

Unitarity: UU* =U*U =1
Normality: A*A = AA*

|
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Formalism

K

ronecker product:

/an a2 ... Cl1s\ (bn b2 ... blu\
A ag1 a2 ... Qg B- ba1 D22 ... by
\arl Ar2 ... ars) \btl bio ... btu)
/ ai1B a19B a1sB \
Ao B — ao1B axB ass B
\ a1 B  arB ars B /

o |
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Formalism

- N

X1
“ ]w}(y]: ®(y>1k7°"7yN):
In
T1Y] T1Ys ... T1Yn,

® |z)(y||z)=(y|z)|x)
# |If especially ||x|| =1, |x){x| IS a projection onto a
subspace generated by .

o |

Oiiantiim Information: Part |l — n 22/20



© o o ©

Formalism

Each normal A has spectral representation T
A=) |z (x| +...+ X\ |Tp) (@) |,

where {zx, ..., ,} IS an orthonormal basis of H, and

A, ..., \p the eigenvalues of A.

If Alis self-adjoint, each \; € R

If Ais unitary, each \; has |\;| =1

If A s positive, each \; > 0.

Tr(A) =AM+ ... 4+ M.

|
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Structure of Quantum M echanics

- N

o State of a physical system: Unit-trace, positive operator
1"

T =X |x){x1|+...+ X\ |Tp) (@) |,
where \; > 0, \1 + ... + A, = 1 (density matrix).
# Observable: Self-adjoint operator A:

A:,LL1 ]y1><y1! R V%) ‘yn><yn’7

where 1; € R are the potential values of A
# Minimal interpretation:

P(u) = Tr(T |y;)(y; |)

L IS the probabillity of seeing value u; if A is observed J
when the system is in state 7.
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