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@ abelian repetitions: Erdos (1961), Dekking (1979), Kerdnen
(1992)

@ c-approximate and a-similar squares: Krieger, Ochem,
Rampersad, Shallit (2007)

@ repetitions in partial words: Manea, Mercas,
Blanchet-Sadri,. .. (2007- )

@ similarity relations: Halava, Harju, Karki
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Similarity relation
Definitions

@ Let A be an alphabet.
o Let R4 C A x A be a reflexive and symmetric relation.
@ Two words u=uy---upand v =vy- vy, uj,v; € Aare

R-similar if n = m and (u;, vi) € R4. Then we denote uRv.

A similarity relation R can be represented by listing the
R-similar letters:

R = ({rl, ceey r,,}), r= (a,-, b,') € Ry.

A similarity relation R can be represented by an undirected
graph Gg = (V,E), where V = A and (a,b) € E iff aR b.
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Similarity relation
Example

Gr : d

a—>b—-c

o R= <(37 b)? (b7 C)? (C7 d)? (C7 e)>
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Similarity relation
Example

Gr : d

a—>b—-c

o R= <(37 b)? (b7 C)? (C7 d)? (C7 e)>

@ abcde R acccc

o (abcde, cccec) ¢ R
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Similarity relation
Partial words

@ Partial words were invented by Berstel and Boasson (1999)
@ They are words over an extended alphabet A, = AU {0}

@ The letter ¢ is a hole, i.e., a 'do not know’-symbol which may
correspond to any letter of the alphabet A

@ Two partial words u =uy---upand v=vy---v,, uj,vi € A
are compatible if u; = v; whenever both u; and v; are not
holes. Then we denote u T v.

@ aocbo T obcbo, aocho Y bocba

@ Compatibility relation of partial words corresponds to the
similarity relation Ry = ({(¢,a) | a € A}).
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Chain relations and cyclic relations
o Let A, ={0,1,...n—1}.
@ Chain relation R, is a similarity relation on A% defined by
Ry={(i,i+1)]|i=0,1,...,n—2})
o Cyclic relation R, is a similarity relation on A7 defined by
Ry={(i,i+1)]i=01,...,n—2}U{(n—1,0)}).
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Similarity relation
Chain relations and cyclic relations

o Let A, ={0,1,...n—1}.

@ Chain relation R, is a similarity relation on A% defined by
Ry={(i,i+1)]|i=0,1,...,n—2})

o Cyclic relation R, is a similarity relation on A7 defined by
Ro=({(i,i+1)[i=0,1,....,n =2} U{(n—1,0)}).

@ 543210 Ry 432105
o (543210, 432105) ¢ R

Gﬁ .
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o Let pref,(w) denote the prefix of length ¢ of a word w.
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o Let pref,(w) denote the prefix of length ¢ of a word w.

@ A word w € AT is a global R-repetition of order k if
w = uy - upu' where the words u; are pairwise R-similar,
u' R pref), (u;) for every i =1,2,... . mand k = [w]|/|u;].
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Global and local R-repetitions

Let pref,(w) denote the prefix of length ¢ of a word w.

A word w € AT is a global R-repetition of order k if
w = uy - upu' where the words u; are pairwise R-similar,
u' R pref), (u;) for every i =1,2,... . mand k = [w]|/|u;].

A word w € AT is a local R-repetition of order k if
w=uy- - unu where uiRujyy fori=1,2,...,m—1,
u' R pref|, (um) and k = |w|/|u;].

FB = <(0’ 1)’ (1’ 2)>
u = 0021022 is a local R3-repetition of order %
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Global and local R-repetitions

Let pref,(w) denote the prefix of length ¢ of a word w.

A word w € AT is a global R-repetition of order k if
w = uy - upu' where the words u; are pairwise R-similar,
u' R pref), (u;) for every i =1,2,... . mand k = [w]|/|u;].

A word w € AT is a local R-repetition of order k if
w=uy- - unu where uiRujyy fori=1,2,...,m—1,
u' R pref|, (um) and k = |w|/|u;].

FB = <(0’ 1)’ (1’ 2)>
u = 0021022 is a local R3-repetition of order %

©

©

©

u = 0021022 is not a global R3-repetition of order %
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Relational repetition-freeness

@ A word w € AT is globally (resp. locally) (R, k)-free if it does
not contain any global (resp. local) R-repetitions of order k.
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@ A word w € AT is globally (resp. locally) (R, k™)-free if it

does not contain any global (resp. local) R-repetitions of order
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Relational repetition-freeness

@ A word w € AT is globally (resp. locally) (R, k)-free if it does
not contain any global (resp. local) R-repetitions of order k.

o A word w € AT is globally (resp. locally) (R, k™*)-free if it
does not contain any global (resp. local) R-repetitions of order
> k.

@ An R-repetition of order 2 is called an R-square.

@ An R-repetition of order 3 is a called an R-cube.

@ A local R-overlap is a word of the form uu/vv/w, where uR v,
v Rv' and v Rw. In this case, there are two R-similar
overlapping words uu’v and vww/w.
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Relational repetition-freeness

@ A word w € AT is globally (resp. locally) (R, k)-free if it does
not contain any global (resp. local) R-repetitions of order k.

o A word w € AT is globally (resp. locally) (R, k™*)-free if it
does not contain any global (resp. local) R-repetitions of order
> k.

@ An R-repetition of order 2 is called an R-square.

@ An R-repetition of order 3 is a called an R-cube.

@ A local R-overlap is a word of the form uu/vv/w, where uR v,
v Rv' and v Rw. In this case, there are two R-similar
overlapping words uu’v and vww/w.

@ A global R-overlap is a local R-overlap uu’vv/w such that also
uRw.
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Relational repetition-freeness
n-avoidability

@ Let R be the chain relation R or the cyclic relation R. An
R-repetition of order k is globally (resp. locally) n-avoidable if
there exists an infinite word w over the alphabet A, such that
each letter of the alphabet A, occurs infinitely many times in
w and w is globally (resp. locally) (R,, k)-free.
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Relational repetition-freeness
n-avoidability

@ Let R be the chain relation R or the cyclic relation R. An
R-repetition of order k is globally (resp. locally) n-avoidable if
there exists an infinite word w over the alphabet A, such that
each letter of the alphabet A, occurs infinitely many times in
w and w is globally (resp. locally) (R,, k)-free.

@ An Rj-repetition of order k is globally (resp. locally)
n-avoidable if there exists an infinite word w over the alphabet
Ap U {o} such that each letter of the alphabet A, U {o}
occurs infinitely many times in w and w is globally (resp.
locally) (Ry, k)-free.
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Relational repetition-freeness

Avoidability index

Let R be the chain relation R, the cyclic relation R or the
relation Ry.
@ The global avoidability index v(R, k) is the minimal n (if it
exists) such that R-repetitions of order k are globally
n-avoidable.
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Let R be the chain relation R, the cyclic relation R or the
relation Ry.
@ The global avoidability index v(R, k) is the minimal n (if it
exists) such that R-repetitions of order k are globally
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exists) such that R-repetitions of order k are locally
n-avoidable.

Karki Similarity Relations and Repetition-Freeness



Relational repetition-freeness

Avoidability index

Let R be the chain relation R, the cyclic relation R or the
relation Ry.

@ The global avoidability index v(R, k) is the minimal n (if it
exists) such that R-repetitions of order k are globally
n-avoidable.

@ The local avoidability index A(R, k) is the minimal n (if it

exists) such that R-repetitions of order k are locally
n-avoidable.

@ The indices v(R, k*) and A(R, k™) are defined as above by
replacing k by k™.
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Relational repetition-freeness
Avoidability index

o MR, k) > v(R, k)
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Relational repetition-freeness
Avoidability index

o AR, k)
o )\(RT, k)

—~

R, k)
(RT>k) >2

v

Vi v
2
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Relational repetition-freeness
Avoidability index

o MR, k) > ~(R, k)
) )\(RT,k) > 'Y(RT,k) > 2
AR, k) > ~(R, k) >3
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Relational repetition-freeness
Avoidability index

o A(R, k) > (R, k)
o A(Rp, k) > ~(Ry, k) > 2
o AR, k) >~(R, k) >3
o MR, k) >~(R, k) >4
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Relational repetition-freeness
Avoidability index

A(R, k) > v(R, k)
ARy, k) = (Ry, k) > 2
>~(R, k) >3

If R-repetitions of order k are n-avoidable for R=R, R = R
or R = Ry, then they are also (n + 1)-avoidable.
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Avoidability results

R R Ry
~y A y A y A
2 6 6 7 7 - -
2T 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2
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Square-freeness and overlap-freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ One cannot avoid trivial squares ac or ¢a, where a is a letter.

@ One cannot avoid local cubes acb, where a and b are letters.
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Square-freeness and overlap-freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2t 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ There exists uncountably many infinite words with an infinite
number of holes over a three-letter alphabet such that they do
not contain any squares other than the trivial ones
(Halava,Harju,Kéarki'08; Blanchet-Sadri,Mercas,Scott’09).
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Square-freeness and overlap-freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2" 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ There exists uncountably many infinite words with an infinite
number of holes over a three-letter alphabet such that they do
not contain any squares other than the trivial ones
(Halava,Harju,Kéarki'08; Blanchet-Sadri,Mercas,Scott’09).

o v(Ry,2%) > 2 (BMS'09; HHK,Séébold’09)
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Square-freeness and overlap-freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2" 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ There exists uncountably many infinite words with an infinite
number of holes over a three-letter alphabet such that they do
not contain any squares other than the trivial ones
(Halava,Harju,Kéarki'08; Blanchet-Sadri,Mercas,Scott’09).

o v(Ry,2%) > 2 (BMS'09; HHK,Séébold’09)

Theorem (Blanchet-Sadri,Mercas,Scott’09)

V(RTa 2+) =3
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Square-freeness and overlap-freeness

R R Ry
~y A y A y A
2 6 6 7 7 - -
2" 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

Theorem (K.'12)

V(Fa 2) = )‘(ﬁa 2) =6, ’7(’?’
V(Fa 2+) = A(F’ 2+) = 4, ’7(’?’
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Cube-freeness and 3" -freeness

R R R:
0% A 0% A 0% A
2 6 6 7 7 - -
2T 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

Theorem (Manea, Mercas'07)

There exist infinitely many cube-free infinite partial words over a
binary alphabet containing an infinite number of holes.

Corollary

For any k > 3, we have

V(RT’k):za ’7(ﬁ7k):3 and ’7(,:2\)7/():4 :

\
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Cube-freeness and 3" -freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ For any letters x and y, the factor x1y is a local R3-cube
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Cube-freeness and 3" -freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ For any letters x and y, the factor x1y is a local R3-cube

@ Local R-overlaps are 4-avoidable
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Cube-freeness and 3" -freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ For any letters x and y, the factor x1y is a local R3-cube
@ Local R-overlaps are 4-avoidable
= A\R,3) =4
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Cube-freeness and 3" -freeness

R R R:
0% A 0% A 0% A
2 6 6 7 7 - -
2T 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ Assume that there exists a locally (Ry, 3)-free word w
containing infinitely many occurrences of each letter in Ajy.
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Cube-freeness and 3" -freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ Assume that there exists a locally (Ry, 3)-free word w
containing infinitely many occurrences of each letter in Ajy.

o Let A=1{0,2} or B={1,3}.
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Cube-freeness and 3" -freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ Assume that there exists a locally (Ry, 3)-free word w
containing infinitely many occurrences of each letter in Ajy.

o Let A=1{0,2} or B={1,3}.
@ WLOG: There is a factor 201331 or 201311 in w.
It is followed only by letters in B: a contradiction.
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Cube-freeness and 3" -freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ Assume that there exists a locally (Ry, 3)-free word w
containing infinitely many occurrences of each letter in Ajy.

o Let A=1{0,2} or B={1,3}.
@ WLOG: There is a factor 201331 or 201311 in w.
It is followed only by letters in B: a contradiction.

@ Local R-overlaps are 5-avoidable
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Cube-freeness and 3" -freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

@ Assume that there exists a locally (Ry, 3)-free word w
containing infinitely many occurrences of each letter in Ajy.

o Let A=1{0,2} or B={1,3}.
@ WLOG: There is a factor 201331 or 201311 in w.
It is followed only by letters in B: a contradiction.

@ Local R-overlaps are 5-avoidable
= A(R,3) =5
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Cube-freeness and 3" -freeness

R R Ry
0% A 0% A 0% A
2 6 6 7 7 - -
2+ 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2

For k > 3, we have

ARy k) =2, MR,k)=3 and AR, k) =4

The proof is based on a modification of the Thue-Morse word
7%(a), where 7°(a) is replaced by the word

abbabaabbaabacbabaababbaabbabaab.
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Avoidability results

R R Ry
~y A y A y A
2 6 6 7 7 - -
2T 4 4 5 5 3 -
3 3 4 4 5 2 -
3t 3 3 4 4 2 2
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Thank you for your attention!
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