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Relational repetition-freenessn-avoidabilityLet R be the 
hain relation R or the 
y
li
 relation R̊. AnR-repetition of order k is globally (resp. lo
ally) n-avoidable ifthere exists an in�nite word w over the alphabet An su
h thatea
h letter of the alphabet An o

urs in�nitely many times inw and w is globally (resp. lo
ally) (Rn, k)-free.
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Relational repetition-freenessAvoidability index
λ(R , k) ≥ γ(R , k)
λ(R↑, k) ≥ γ(R↑, k) ≥ 2
λ(R , k) ≥ γ(R , k) ≥ 3
λ(R̊ , k) ≥ γ(R̊ , k) ≥ 4If R-repetitions of order k are n-avoidable for R = R , R = R̊or R = R↑, then they are also (n + 1)-avoidable.
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Avoidability results
R R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2
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Square-freeness and overlap-freeness
R R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2One 
annot avoid trivial squares a⋄ or ⋄a, where a is a letter.One 
annot avoid lo
al 
ubes a⋄b, where a and b are letters.
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Square-freeness and overlap-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2There exists un
ountably many in�nite words with an in�nitenumber of holes over a three-letter alphabet su
h that they donot 
ontain any squares other than the trivial ones(Halava,Harju,Kärki'08; Blan
het-Sadri,Mer
a³,S
ott'09).
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Square-freeness and overlap-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2Theorem (K.'12)
γ(R , 2) = λ(R , 2) = 6, γ(R̊ , 2) = λ(R̊ , 2) = 7,

γ(R , 2+) = λ(R , 2+) = 4, γ(R̊ , 2+) = λ(R̊ , 2+) = 5.16/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2Theorem (Manea, Mer
a³'07)There exist in�nitely many 
ube-free in�nite partial words over abinary alphabet 
ontaining an in�nite number of holes.CorollaryFor any k ≥ 3, we have
γ(R↑, k) = 2, γ(R , k) = 3 and γ(R̊ , k) = 4 .17/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freeness
R R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2For any letters x and y , the fa
tor x1y is a lo
al R3-
ube
18/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freeness
R R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2For any letters x and y , the fa
tor x1y is a lo
al R3-
ubeLo
al R-overlaps are 4-avoidable
18/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freeness
R R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2For any letters x and y , the fa
tor x1y is a lo
al R3-
ubeLo
al R-overlaps are 4-avoidable
⇒ λ(R , 3) = 418/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2Assume that there exists a lo
ally (R̊4, 3)-free word w
ontaining in�nitely many o

urren
es of ea
h letter in A4.
19/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2Assume that there exists a lo
ally (R̊4, 3)-free word w
ontaining in�nitely many o

urren
es of ea
h letter in A4.Let A = {0, 2} or B = {1, 3}.
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Cube-freeness and 3+-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2Assume that there exists a lo
ally (R̊4, 3)-free word w
ontaining in�nitely many o

urren
es of ea
h letter in A4.Let A = {0, 2} or B = {1, 3}.WLOG: There is a fa
tor 201331 or 201311 in w .It is followed only by letters in B: a 
ontradi
tion.19/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2Assume that there exists a lo
ally (R̊4, 3)-free word w
ontaining in�nitely many o

urren
es of ea
h letter in A4.Let A = {0, 2} or B = {1, 3}.WLOG: There is a fa
tor 201331 or 201311 in w .It is followed only by letters in B: a 
ontradi
tion.Lo
al R̊-overlaps are 5-avoidable19/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2Assume that there exists a lo
ally (R̊4, 3)-free word w
ontaining in�nitely many o

urren
es of ea
h letter in A4.Let A = {0, 2} or B = {1, 3}.WLOG: There is a fa
tor 201331 or 201311 in w .It is followed only by letters in B: a 
ontradi
tion.Lo
al R̊-overlaps are 5-avoidable
⇒ λ(R̊ , 3) = 519/ 22 Kärki Similarity Relations and Repetition-Freeness



Cube-freeness and 3+-freenessR R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2TheoremFor k > 3, we have
λ(R↑, k) = 2, λ(R , k) = 3 and λ(R̊ , k) = 4.The proof is based on a modi�
ation of the Thue-Morse word

τω(a), where τ5(a) is repla
ed by the wordabbabaabbaaba⋄babaababbaabbabaab.20/ 22 Kärki Similarity Relations and Repetition-Freeness



Avoidability results
R R̊ R↑

γ λ γ λ γ λ2 6 6 7 7 - -2+ 4 4 5 5 3 -3 3 4 4 5 2 -3+ 3 3 4 4 2 2
21/ 22 Kärki Similarity Relations and Repetition-Freeness



Thank you for your attention!
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