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Qutline

Background: L systems and infinite words.

Framework: Prefix languages which
determine infinite words.

Techniques: Infinite subsets of L systems.

Results: Classes of infinite words
determined by L systems.



L Systems

parallel rewriting systems
introduced by Aristid Lindenmayer in 1968

original purpose was to model the
development of simple organisms

applications in computer graphics, fractals,
artificial life

references: [Rozenberg & Salomaa 1980];
[Kari, Rozenberg, & Salomaa 1997]



DOL Systems

® DOL ="deterministic Lindenmayer system
with O symbols of context”

® A DOL system is a tuple G = (A,h,w) where
® A is an alphabet,
® his a morphism on A, and
® w (the “axiom” or start string) is in A™.

® The language of G is L(G) = {hi(w) | i = 0}.
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DOL Words

If h(w) = wx and x is not mortal, we say that
h is “prolongable” on w.

w = w X = w X h(x) = w x h(x) h?(x) = ...
Let & = h®(w) = w x h(x) h%(x) h3(x) ...

We call & an infinite DOL word.



DOL Example

® et G = (Ah,w), where

e A=1{0,I},

® h(0) =01l and h(l) = 10, and

o w=0.
® 0= 01l —-0110—01101001 — ...
® x=0I10100l...(Thue-Morse word)



PDOL and CDOL

® A PDOL system is a DOL system for which the
morphism h is nonerasing (“propagating”).

® [f his prolongable on w, we call h%(w) an infinite
PDOL word.

® A CDOL system is a tuple G = (A,h,w,e) where G’ =
(Ah,w) is a DOL system and e is a coding on A. The
language of G is L(G) = {e(s) | s is in L(G")}.

® |f his prolongable on w, we call e(h®(w)) an
infinite CDOL word.



Infinite VWords

Infinite CDOL
=morphic

infinite DOL @imately perioD
infinite PDOL @e morpD

Qely oerioD




Some Previous Results

® “Descriptional complexity” of infinite words

® [Culik & Salomaa 1982] On infinite words
obtained by iterating morphisms

® [Pansiot 1985] On various classes of infinite
words obtained by iterated mappings

® [Culik & Karhumaki 1994] lterative devices
generating infinite words
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ETOL
=CTOL=NTOL=WTOL=HTOL
=NPTOL=EPTOL=WPTOL=HPTOL
=CTFOL=NTFOL=ETFOL=WTFOL
=HTFOL=NPTFOL=EPTFOL
=WPTFOL=HPTFOL

EDTFOL
=CDTFOL=NDTFOL
=WDTFOL=HDTFOL

EPDTFOL
=WPDTFOL=HPDTFOL

EOL
=COL=NOL=WOL=HOL
=NPOL=EPOL=WPOL=HPOL
=EFOL=CFOL=NFOL=WFOL=HFOL
=EPFOL=NPFOL=WPFOL=HPFOL

EDTOL
=CDTOL=NDTOL
=WDTOL=HDTOL

EPDTOL
=WPDTOL=HPDTOL
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Nondeterminism

® A OL system introduces nondeterminism by
replacing the morphism h with a finite

substitution O.

® A DTOL system replaces the morphism h
with a set H of morphisms or “tables™.

® |n each case, there is no longer just one
possible derivation sequence.

® |nfinite OL and DTOL words?
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Prefix Languages

[Book 1977] On languages with a certain
prefix property

We say that a language L determines an
infinite word « if L is infinite and every x
in L is a prefix of «.

L is called an infinite prefix language.

Example: L = {ab, abab, ababab, ...}
determines & = (ab)® = ababab...
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w(C)

® Where C is a class of languages, let
W(C) ={a | some L in C determines &}.

® W(C) is the set of infinite words
determined by the languages in C.

® We can refer to wW(0OL) as “infinite OL

words”, W(DTOL) as “infinite DTOL
words”, etc.
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Infinite Subsets

If a language L determines an infinite word & and L' is
an infinite subset of L, then L’ determines «.

Take two language classes C and C’ such that C" € C.

If for every infinite language L in C, there is an infinite
language L’ in C" such that L" C L, then wW(C’) = w(Q).

By categorizing L systems with regard to their infinite
subsets, we can categorize infinite words determined
by L systems.



TOL Systems

® ATOL system is a tuple G = (A,T,w) where A is
an alphabet, T is a finite nonempty set of finite
substitutions on A (called “tables”), and w is in A*.

® The language of G is L(G) = {s | s is in Ti...0(W)
for somei > 0 and 0},...,0;in T}.

® [OL pumping lemma due to [Smith 201 3]
Infiniteness and boundedness in OL, DTOL, and
TOL systems



TOL Pumping Lemma

® For every infinite TOL system G = (A, T,w), »
there are are x,y in A such that

® some so in L(G) contains x, and o

® for some composition t of tables from T,

t
® t(x) includes a string s| containing Q . D

distinct occurrences of x and y and l
t

® t(y) includes a string s containing .




Infinite DOL Subset

® Corollary of TOL pumping lemma: Every
infinite TOL language has an infinite DOL

subset. o
® Proof idea: Let h(x) = sy, h(y) = s2,and for !
every other c in A, h(c) = any s in t(c). < | >
X Y
® Then the language of the DOL system
(A,h, so) is an infinite subset of L(G). lt




More Subsets

® Other key subset relationships we obtain, and
use to categorize the hierarchy of L systems:

® Every infinite PTOL language has an infinite
PDOL subset.

® Every infinite ETOL language has an infinite
CDOL subset.

® Every infinite EDOL language has an infinite
DOL subset.
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ETOL
=CTOL=NTOL=WTOL=HTOL
=NPTOL=EPTOL=WPTOL=HPTOL
=CTFOL=NTFOL=ETFOL=WTFOL

=HTFOL=NPTFOL=EPTFOL

EDTFOL
=CDTFOL=NDTFOL
=WDTFOL=HDTFOL

EPDTFOL

=WPDTFOL=HPDTFOL

EOL

=COL=NOL=WOL=HOL CPTOL EDTOL
=NPOL=EPOL=WPOL=HPOL —CPTFOL =CDTOL=NDTOL NPDTFOL
=EFOL=CFOL=NFOL=WFOL=HFOL - =WDTOL=HDTOL

=EPFOL=NPFOL=WPFOL=HPFOL

L \ EPDTOL
TFOL CPFOL ‘ CPDTFOL WPDIOL oL
. ‘ \ T
' HDOL
—WDOL=HPDOL=WPDOL
ToL DTFOL —HDFOL=WDFOL=HPDFOL NPDTOL
—WPDFOL=NDFOL=CDFOL
=NPDFOL=CPDFOL
oL PFOL PTOL DTOL PDTFOL cPoL CPDTOL EDFOL ol
—NDOL=NPDOL
A/V
PDTOL EPDFOL CPDOL EDOL

EPDOL
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wW(PDOL)

PTFOL

TN

PTOL PFOL PDTFOL EPDFOL
o >t
POL PDTOL PDFOL EPDOL

For each class C, every infinite C language has
an infinite PDOL subset, and w(C) = w(PDOL).
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wW(DOL)

RN

TOL FOL DTFOL EDFOL

1 T ]

DTOL DFOL EDOL

\\ f

For each class C, every infinite C language has
an infinite DOL subset, and w(C) = w(DOL).
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ETOL
=CTOL=NTOL=WTOL=HTOL
=NPTOL=EPTOL=WPTOL=HPTOL
=CTFOL=NTFOL=ETFOL=WTFOL
=HTFOL=NPTFOL=EPTFOL
=WPTFOL=HPTFOL

/ A

EOL
=COL=NOL=WOL=HOL EDTFOL
=NPOL=EPOL=WPOL=HPOL =CDTFOL=NDTFOL
=EFOL=CFOL=NFOL=WFOL=HFOL =WDTFOL=HDTFOL

=EPFOL=NPFOL=WPFOL=HPFOL

oo EPDTFOL

=CDTOL=NDTOL 5 M
CWDTOL=HDTOL =WPDTFOL=HPDTFOL

w(CDOL) o S

| v
For each class C, every RN /

=WDOL=HPDOL=WPDOL

infinite C language has an Rpenicen (o
infinite CDOL subset, and

w(C) = w(CDOL). SR

CPDOL
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Future Work

® |nvestigate other language devices (e.g.
automata, grammars) to see what infinite

words their prefix languages determine.

® |nvestigate other infinite words to see in
what prefix language classes they can be
determined.
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Thank you!
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