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Return words

u= upuiuz--- infinite word over an alphabet A (= {0,1})
W = UjUjy1 - - Uipn—1 factor of u of length |w|=n

L(u) language of u

i occurrence of w in u

|w|s  number of occurrences of the letter a in w



Return words

u= upuiuz--- infinite word over an alphabet A (= {0,1})
W = UjUjy1 - - Uipn—1 factor of u of length |w|=n

L(u) language of u

i occurrence of w in u

|w|,  number of occurrences of the letter a in w

u is recurrent if every factor w has infinitely many occurrences.
If p <--- < nj <njp1 <--- are occurrences of w in u,

then v = uptp; 41+ U1 is a return word of w in u.



Abelian return words

w is abelian equivalent to w’

w o~y W if [wl, = |W], for every a € A,



Abelian return words

w is abelian equivalent to w’
w o~y W if [wl, = |W], for every a € A,

If M <--- < nj <njp1 <--- are occurrences of factors ~,, w, i.e.
UnpUp;i41 -+ Upi4n—1 ~ap W,
UJ'UJ'+1 cee UJ'_|_,,_1 7éab w forj 7& ni,

then v = upup; 11+ Up,,—1 is an abelian return word to w in u.



Sturmian words — many equivalent definitions

» Aperiodic words with exactly n+ 1 factors of each length n.

» Hedlund & Morse:

Balanced aperiodic infinite words:
||W|a - |W/|a‘ <1

for every w,w’ € L(u), |w|=|w/|, and every a € A.



Sturmian words — many equivalent definitions

» Aperiodic words with exactly n+ 1 factors of each length n.

» Hedlund & Morse:

Balanced aperiodic infinite words:
||W|a - |W/|a‘ <1

for every w,w’ € L(u), |w|=|w/|, and every a € A.

» Vuillon:

Infinite words with exactly 2 return words for every w € L(u).



Sturmian words and interval exchange

Irrational o € (0,1), T :[0,1) — [0,1)

T(x) = x+1l—-a !fxe[O,a)zz b,
X—a if x €[a,1)=:J;.
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For any p € [0,1) define u, , = uguytn - -+ by
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"1 i T(p) e 4.

Sturmian word with slope « and intercept p.



Sturmian words and interval exchange
Irrational o € (0,1), T :[0,1) — [0,1)

1-— if =:
T(x) = X+ o' | x €[0,a) =: Jp,
X—a if x €[a,1)=:J;.

For any p € [0,1) define u, , = uguytn - -+ by

L, Jo i T(p) € do,
"1 i T(p) e 4.

Sturmian word with slope « and intercept p.

Language L(u,,,) = L(a) depends only on «.



Abelian return words — Puzynina and Zamboni

Denote AR, . the set of abelian return words of w in u

Theorem (Puzynina & Zamboni) :
An aperiodic recurrent infinite word u is sturmian if and only if

#ARyu € {2,3} for any w € L(u).
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Denote AR, . the set of abelian return words of w in u

Theorem (Puzynina & Zamboni) :
An aperiodic recurrent infinite word u is sturmian if and only if
#ARyu € {2,3} for any w € L(u).
If # AR u = 3, then
ARwu = {R1, R2, R3}, with |Ri| + |Rz| = |R3].



Abelian return words — Puzynina and Zamboni

Denote AR, . the set of abelian return words of w in u

Theorem (Puzynina & Zamboni) :
An aperiodic recurrent infinite word u is sturmian if and only if
#ARyu € {2,3} for any w € L(u).
If # AR u = 3, then
ARy u = {R1, Rz, R3}, with |R1| + |Rz| = |Rs].

Experiment (Bfinda) :

R3 = Ri Ry (for the Fibonacci word f: 0+ 01, 1 — 0)

f: 0100101001001010010100100101001001 - - -



Abelian return words — Rigo et al.

Denote APR, = {ARW,U : w is a prefix of u}.

Theorem (Rigo, Salimov & Vandomme) :

APRy, , < o0 << p#£0.

Ua,p



Abelian return words — Rigo et al.

Denote APR, = {ARW,U : w is a prefix of u}.

Theorem (Rigo, Salimov & Vandomme) :

APRy, , < o0 <= p#0.

Ua,p

Fibonacci word f:  APR¢ = {0,1,01,10,001}.



Our results

v

If #ARW’U = 3, then ARW,u = {Rl, R», R]_R2}.

v

#APR, dependingly on p and a.

v

Algorithm for listing elements of APR,,.

v

APRe, where ¢, =uq1-4
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Factors of sturmian words

a, T Ya), ..., T7""1(a) defines a partition of [0, 1),

[0,1) = U {Uw:w e Ly(a)}.

For w € L,(c), we have |w|y € {[na], [na] —1}.

w is heavy if |w|; = [na],

w is light if |w|; = [na] — 1.

Lemma: wislight < J, C [0, T "(a)).



First return map to | C [0, 1)

Return timeto / by r: [ — {1,2,3,...}

r(x)=min{ne N, n>1: T"(x) e l}.



First return map to | C [0, 1)

Return timeto / by r: [ — {1,2,3,...}
r(x)=min{neN, n>1: T"(x) € l}.
First return map T, : [ — |,

Ti(x) = TM(x).



First return map to | C [0, 1)

Return timeto / by r: [ — {1,2,3,...}
r(x)=min{neN, n>1: T"(x) € l}.
First return map T;: 1 — I,
Ti(x) = T (x).
[-itinerary of x under T

R(x) = the prefix of length r(x) of uq x.



Example

Let I = [0, 3), where max{a,1 —a} <5 <1

Il 12 I3

£ ; = )
T(h) T2(h) T(h)

xeh | rx)= Tix)=x+1—a | R(x)=

1 0
xe€h|r(x)=2]| Ti(x)=x+1—-2a | R(x)=0
xeh|rx)=1] Ti(x)=x—a R(x) =1




Abelian return words as l-itineraries

Lemma:
Let w € L£,(«). Put

| — [0, T~ (a)) if wis light,
| [T"**(a),1) otherwise.

Then
v is an abelian return to w

)

v is an [-itinerary of some x € [ under T.



Abelian returns to prefixes

Theorem:

Let a, p € [0,1), v irrational. Then satisfies

APR.,, = RS URY,

Ua,p

where

Ry = U {R: R=R(x) is the [0, B)-itinerary for an x € [0, 3) } ,
p<p<1

RZJ‘ = U {R : R = R(x) is the [y, 1)-itinerary for an x € [, 1)} )
0<y<p



Abelian returns to prefixes

Theorem:

Let a, p € [0,1), v irrational. Then satisfies

APR.,, = RS URY,

Ua,p
where

Ry = U {R : R = R(x) is the [0, 5)-itinerary for an x € [O,B)},
p<p<1

RZJ‘ = U {R : R = R(x) is the [y, 1)-itinerary for an x € [, 1)} )
0<v<p

Note: R/ = E(R;~) where E:0 ¢ 1.



Return time vs. itineraries — example 1

Let I = [0, 3), where max{a,1 —a} <5 <1

Il IQ I3

€ = ! = )
T(h) T2(h) T(h)

xeh | rx)= Tix)=x+1—a | R(x)=

1 0
xe€h|r(x)=2]| Ti(x)=x+1—-2a | R(x)=0
xeh|rx)=1] Ti(x)=x—a R(x) =1




Return time vs. itineraries — example 2

Let o = % where 7 = %(1 + \@)

x+1-1 ifxelod),
T(x) = . LT
X—z if xe[2,1).

Let I =[4, 1+ L)

p

xeh | r(x)=1] Ti(x)=x+5 | R(x)
x€h|r(x)=3] Ti(x)=x+ %4 R(x)
xeh|r(x)=2] Ti(x)=x—5 | R(x)
x€l | r(x)=2] T)(x)=x— %3 R(x)




First return map for Sturmian words

Interval exchange:
Partition JoU / U---UJx_1 =[0,1),
to, t1,..., tk—1 € R such that

S(x) =x+t; for x € J;, is a bijection S :[0,1) — [0, 1).

Theorem:

First return map T; to /| C [0,1) induced by a 2iet
T :[0,1) — [0,1) is always an exchange of two or three intervals.



First return map for Sturmian words

If =0, a1,ap,...], denote for k >0, 1 < s < axq,

Sk,s = |(s = 1)(pk — aqk) + pk—1 — aqi—_1] ,

where % are convergents of .
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First return map for Sturmian words

If =0, a1,ap,...], denote for k >0, 1 < s < axq,

Oks = |(s — 1)(pk — @qi) + pr—1 — Qi1 ,

where % are convergents of a.
Note: 0xs frequencies of sturmian factors (Berthé 1996)

Theorem:
Let I =[c,c+ ), where 0 < c<c+d <1 Then T;is
> a 2iet, if § = d)s for some k >0, 1 <5 < ajyq;

> a 3iet with permutation (321), otherwise.



Three [0, B)-itineraries

Theorem

Let / =[0,8) C [0,1). There exist words R and R’, R <, R/,
such that the /-itinerary R(x) of every x € | under T satisfies

R(x) € {R,R,RR'}.



Three [0, B)-itineraries

Theorem

Let / =[0,8) C [0,1). There exist words R and R’, R <, R/,
such that the /-itinerary R(x) of every x € | under T satisfies

R(x) € {R,R,RR'}.

Corollary:

For every factor w of a sturmian word u there exist factors wy, ws
such that AR u € {wy, wo, wiws}.



Main result

Recall
Ry = U {R: R = R(x) is the [0, B)-itinerary for an x € [0, 3) }

p<p<1

Corollary:

Let k,s € N be minimal such that p > 04 . Then

#R,=1+a1+a+---+a+s.



Main result

Recall

Ry = U {R: R = R(x) is the [0, B)-itinerary for an x € [0, 3) }
p<p<1

Corollary:

Let k,s € N be minimal such that p > 04 . Then

#R,=1+a1+a+---+a+s.

Note: #R§ = +oo and hence also #APR,, , = +0o0.



Main result

Recall APRy,, =R5UE(RIZS).

Theorem:

Let a,p € (0,1), @ = [0, a1, ap,...] irrational, a; > 2, u = u, .
(i) Let p € (o,1 — ). Then

#APR, € {a1 +3,a1 + 4}.
(i) Let p ¢ (a,1 — ). Then
#APRy=2+a1+- -+ ar+s,

where kK > 0 and 1 < s < ag41 are minimal such that
min{p,1 — p} > dxs.



APR, for characteristic sturmian words

Characteristic Sturmian words ¢, = Uy, 1—a-

Theorem:

Let @ = [0, a1, @2, - - -] be an irrational in (0,1). Then

{1,10,0,01,001,...,02*11} if a > 3,

APRc, = ]
{0,01,1,10,110,...,1%0} otherwise.



APR, for characteristic sturmian words

Characteristic Sturmian words ¢, = Uy, 1—a-

Theorem:

Let @ = [0, a1, @2, - - -] be an irrational in (0,1). Then

{1,10,0,01,001,...,02*11} if a > 3,

APRc, = ]
{0,01,1,10,110,...,1%0} otherwise.

Applying o = % =1[0,1,1,...], we obtain

APR¢ = {0,1,01,10,001} .



Thank for your attention



