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Avoidability

» infinite binary cube-free and ternary square-free words [4, 5]
» an infinite ternary abelian cube-free word [2]
» an infinite abelian square-free word over four letter alphabets

[1]

» k-abelian repetitions

» for k > 3: k-abelian cubes can be avoided over binary
alphabets [2]
» 2-abelian squares can not be avoided over a ternary alphabet

(3]
» for any k, k-abelian squares can not be avoided in ternary pure
morphic words [4]

» strongly abelian repetitions
» strongly k-abelian repetitions
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Definition of k-abelian equivalence

Let k > 1 be a natural number. We say that words u and v in ¥+
are k-abelian equivalent, in symbols u ~ v, if
1. pref,_; (u) = pref,_; (v) and sufx_; (u) = sufx_1 (v), and

2. for all w € ¥, the number of occurrences of w in u and v
coincide, i.e. |u|lw = |V|w-

Different words of length at most k are not k-abelian
equivalent as well as words of different lengths.

Remarks:
» ~ is an equivalence relation, and also a congruence
P U=V U~V U=,V

> u=ve(u~v Yhk>1)
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Congruence

» Congruence is an equivalence relation R s.t. uvRu'v’
whenever uRu' and vRV'.

» If uRv then the product uv is an R-square.

Definition:

A word w is a strongly R-square if it is congruent to a square of
some non-empty word v, i.e. wRvv.

Example:

A word aabb is not an abelian square but it's a strongly abelian
square.

M. Huova and A. Saarela Strongly k-abelian repetitions



Introduction
Preliminaries
Main results

References

Strongly R-squares

Lemma:

A word is a strongly R-square if and only if it is congruent to an

R-square.
Proof:

» =: Clear.

» <: If wRuv and uRv, then
uuRuv.
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An example

Example:
Consider words w € {a, b}® having |w|, = 4 and |w|, = 2.

aabaab  aababa  aaaabb
abaaba aabbaa  aaabab
baabaa abaaab  aaabba
ababaa  abbaaa
baaaab  babaaa
baaaba  bbaaaa

All these words are strongly abelian squares.
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Definitions

Definition:

A word w is a strongly abelian nth power if it is abelian equivalent
to a word which is an nth power.

Definition:

A word w is a strongly k-abelian nth power if it is k-abelian
equivalent to a word which is an nth power.
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Related works

» Square freeness in partially commutative monoids was studied
by Carpi and De Luca in [1].

» Avoidability of approximate squares has been studied by
Ochem, Rampersad and Shallit [3].

> uv, where the Hamming distance of v and v is “small enough”
or equivalently as words w such that the Hamming distance of
w and some square is “small enough”
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Strongly abelian nth powers

Theorem:
Let > be an alphabet and let n > 2. Every infinite word w € ¥*

contains a non-empty factor that is abelian equivalent to an nth
power.

Parikh vector:

Let ¥ = {a1,an,...,am}, then Parikh vector is a function
p: X" — N7 where p(w) = (|w|a, [W|ap,s - - - |W]a,)-
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Strongly abelian nth powers

Proof:

» A word x is abelian equivalent to an nth power
< p(x) =0 (mod n).

» The number of different Parikh vectors modulo n is finite.

» = The infinite word w has two prefixes u and uv s.t.
p(u) = p(uv) (mod n).
» = p(v) =0 (mod n).

» . The word v is abelian equivalent to an nth power.
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Strongly abelian nth powers

Example:

Consider the fixed point h*°(a) of the morphism
h(a) = aabc

h:{a,b,c}* — {a, b,c}* defined by { h(b) = bbc
h(c) = acc.

The fixed point h*°(a) = aabcaabcbbcacc... is known to be abelian
cube-free but it’s not strongly abelian cube-free.

The prefixes of length 3 and 12 of this word are u = aab and

uv = aabcaabcbbca. Now p(u) = (2,1,0) and

p(uv) = (5,4,3) =(2,1,0) (mod 3). Thus

p(v) =(3,3,3) =(0,0,0) (mod 3) and clearly v = caabcbbca is
abelian equivalent to abc3.
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Strongly k-abelian nth powers

Lemma:
If a word v of length at least k — 1 is k-abelian equivalent to an
nth power, then

|v|t + [sufx_1(v)pref,_;(v)]: =0 (mod n) (1)

for all t € XX,
Proof:
Let v be k-abelian equivalent to u”. Then

[vle + [sufp—1(v)prefy_1(v)[e = |vpref, ;(v)le
=|u"pref,_;(u")|¢ = n|upref,_;(u")|: =0 (mod n)

for all t € XK. ]
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Strongly k-abelian nth powers

The difficulty in generalizing result from strongly abelian nth
powers to strongly k-abelian nth powers lies in the fact that the
converse of the previous Lemma does not hold.

Example:

The word v = babbbbab satisfies (1) for n =2 and k = 3 but it is
not 3-abelian equivalent to any square.
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Auxiliary notions

We need a few definitions and one Lemma that were used in [5].
> For s;,5 € X571 let S(s1,5,n) =X NsX*NT¥sp.
» For all u € S(s1, s, n) define
fu XK —{0,...,n— k+1}, fu(t) = |ul:.
> If u,v € S(s1,52,n), then u ~y v if and only if f, = f,.

If a function f : ¥¥ — Ny is given, then a directed multigraph G¢
can be defined as follows:

» The set of vertices is ¥ 1.

> If t = s;a = bsp, where a,b € ¥, then there are f(t) edges
from s; to sp.

If f = f,, then this multigraph is related to the Rauzy graph of u.
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Example of functions and their directed multigraphs

Example:
We consider some functions f : {a, b}? — No.

1. If f(aa) = f(bb) =1 and f(t) = 0 otherwise.
2. If f(ab) =2 and f(t) = 0 otherwise.
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Auxiliary Lemma

Lemma: For a function f : £ — Ny and words s;, s, € K71, the
following are equivalent:

(i) there is a number n and a word u € S(s1, s, n) s.t. f = f,,

(ii) there is an Eulerian path from s; to s in Gy,

(iii) the underlying graph of Gr is connected, except possibly for
some isolated vertices, and deg™(s) = deg™(s) for every
vertex s, except that if sy # sp, then
deg™(s1) = deg™(s1) — 1 and deg™(s2) = deg™(s2) + 1,

(iv) the underlying graph of Gf is connected, except possibly for
some isolated vertices, and s f(as) = >, .5 f(sa) + cs
for all s € £*~1, where

—1, ifs=s # s,
Cs = 1, if s = sy # s1,
0, otherwise.
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Example of two words and corresponding Eulerian paths

Example:
Let kK = 3 and consider the word u = aaabaab. The multigraph G,
is

ab

4

aa<—-ba

The word u corresponds to the Eulerian path
aa — aa — ab — ba — aa — ab.
There is also another Eulerian path from aa to ab:
aa — ab — ba — aa — aa — ab.

This corresponds to the word aabaaab, which is 3-abelian
equivalent to w.
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Example of the use of the auxiliary Lemma

Example:

We consider some functions f : {a, b}> — Np.

If f(aa) = f(bb) =1 and f(t) = 0 otherwise, then the underlying
graph of Gr is not connected, so there does not exist a word u
such that f = f,.

If f(ab) =2 and f(t) = 0 otherwise, then the indegree of a in Gf
is zero but the outdegree is two, so there does not exist a word u
such that f = f,.
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Strongly k-abelian nth powers

For a word v it's enough to require |v|; to be large enough to force
the word to be a strongly k-abelian nth power.

Lemma:

If

|v|t + [sufx_1(v)pref,_;(v)]: =0 (mod n) (2)

and either |v|; > (n—1)(k — 1) or |vpref,_;(v)|+ = 0 for all
t € ¥k, then v is k-abelian equivalent to an nth power.
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Strongly k-abelian nth powers

Proof:

Let s; = pref,_;(v) and s, = sufx_1(v). By auxiliary Lemma, the
underlying graphs of Gy, and G, are connected and

Z f,(as) = Z f,(sa) + ¢ and Z fos (as) = Z fss(sa) — Cs

acx EIS acx acx
(3)

for all s € k1 where

—1, if5:sl #52,
Cs = 1, ifS:SQ#Sl,

0, otherwise.
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Strongly k-abelian nth powers

Proof continues:
By the assumptions of the Lemma, we can define a function
f: Zk — No by

£) = (1= s (1)

f(t) =

» Clearly f(t) € Ny for all t € k.
> If |vpref,_;(v)|t = 0 then £,(t) = f;,5,(t) = 0, thus f(t) = 0.
» Otherwise |v|; > 0, and then

fo(t) = [vle > (n = 1)(k = 1) = (n = 1)y, (2)

and thus f(t) > 0.

M. Huova and A. Saarela Strongly k-abelian repetitions



Introduction
Preliminaries
Main results

References

Strongly k-abelian nth powers

Proof continues:

Now the underlying graph of Gy, is connected and if f,(t) > 0 then
f(t) > 0, thus the underlying graph of Gf must be connected, too.
By using (3), we get

Zf(as) = Zf(sa) + s

aex acy

for all s € k1.
So by auxiliary Lemma, there is a word u € S(s1, 52, |u|) such that
f = f,. Then u" begins with s; and ends with s, and

|[u?|e = nlule+(n=1)|s2s1]e = nf(t) + (n—1)fsys, (t) = £i(2) = /¢

for all t € £, so u" is k-abelian equivalent to v. []
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Strongly k-abelian nth powers

Theorem:
Let 2 be an alphabet and let k, n > 2. Every infinite word w € X%

contains a non-empty factor that is k-abelian equivalent to an nth
power.
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Strongly k-abelian nth powers

Proof:

For a prefix u of w, consider the pair (f, mod n,sufy_1(u)). The
number of different pairs is finite, so w has infinitely many prefixes
Ui, Uy, ... such that their pairs are the same. Let i be such that no
factor of length k appearing only finitely many times in w appears
after uj. Let j > i be such that if u; = u;v, then every other factor
of length k appears at least (n — 1)(k — 1) times in v. Then

[v|t + [sufx_1(v)pref,_i(v)|e = |sufk—_1(v)v]: = |sufx_1(ui)v|:
=lujv|s — |uils = fuj(t) — f,;(t) =0 (mod n)

for all t € £, Thus v satisfies the conditions of the previous
Lemma and v is k-abelian equivalent to an nth power. O
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Numerical results

Example:
In {a, b}12 there are

> 64 squares,

168 2-abelian squares,

924 abelian squares,

1024 strongly 2-abelian squares,

vV v. v Y

2048 strongly abelian squares,
4096 words.

Those 1024 strongly 2-abelian squares belong to 32 different
equivalence classes and strongly abelian squares belong to 7
different equivalence classes. Representatives for each of these
seven classes over a binary alphabet are as follows:

3127 310b2’ 88b4, a6b6, a4b8, a2b10’ b12.
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Conclusion and further questions

For n > 2 every infinite word contains a non-empty factor
which is strongly abelian nth power.

For k, n > 2 every infinite word contains a non-empty factor
which is strongly k-abelian nth power.

How many k-abelian equivalence classes of words of length /
contain an nth power?

How many words there are in those equivalence classes, i.e.
how many words of length / are strongly k-abelian nth
powers?

What is the length of the longest word avoiding strongly
k-abelian nth powers?

How many words avoid strongly k-abelian nth powers?
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